Sets and Relations

SETS, ELEMENTS - .,-:u'.
Any well defined list or collection of objects 18 called a set; the objects comprising the

set are called its elements or members. We write

p €A ifpisanelementin the set A

If every element of A also belongs to a set B, ie. if z€A 1mp11e5 r € B, then A i3 called

a subset of B or is said to be cantamed in B; this 1s dennted by
SR AcB or BDA

- Two sets are aqwﬂ if they buth contain the same elements that is,
A=B Ifandnnly if ACB and BCA

‘I‘he negatmns of pEA, ACB and A= B are written p€ A, AZB and A~B

x‘# rE.ﬂpECtlv&!F. v/ PR & _J. " s \11-' D 5;,
We Epﬁﬂlfj" - partmular aet by either listing its elements ur by stating properties which

’ characterize the elements in the set. For example,
~ (1,3,5,7,9)

means A is the set mnslatmg of the numbera 1 3,5, 7and 9; and
{:-.: zisa pnme number, = < 15}

F‘r

means that B is the set of prime numbers less than 15. We also use apecm.l s}'mbnls to
denute sets Whl{!.}l": occur very often in the text. Unleaa otherwise apeclﬁed CAS O 735Ny 3

= the set of pﬂsltwe mtegera | i T

&= theaetaf integers: .. -2, 1,0,1,2_ 27
— the set of ratmnal mrmbera

= the set of 1 r_ea_Ll numbers;

= the set of cﬁﬁfplex numbers.
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than 16. We also use H[}{Tlﬂl H}rmhnh | 18

means that B is the set of prime numbers less
Unless otherwise H[H‘{‘]ﬁed (ot

denote sets which occur very often in the text.
N = the set of positive integers: 1,4,3, ..

7 — the set of integers: ...,—2,—10,1,%, ...;
Q - the get of rational numbers;

R = the set of real numbers;

C = the set of complex numbers.

We also use @ to denote the empty or null set, i.e. the set which contains no elements; this
set is assumed to be a subset of every other set. I ; 2/
. Frequently the members of a set are sels themselves. For example, each lme in a set 2
“of lines is a set of pmnts To help clarify these a:tuatmnﬂ, we use the words class, collection
and family synonymously with set. The words suhclass, mbwﬂectm and mbfmmdy have
= E?FEIIHIEH analogous to subset.

Example A.l: The sets A and B above can also be written as pven

L5

= {x€EN: zisodd, < 10} and = {2,8,6,7,11,13)

Observe that 9 €A but 9&€ B, and 11 €B but 11 & A; whema 3€A and
8€EB, and 6€ A and EEB v
L "u:

Example A2: The sets of numbers are related as fuliuws HEZCQC RCC.

Example A3: Let C = {z: 2® =4, z is odd}. Thfm G—ﬂ, that is, C is the empty set.

Example A4: The members of the class {{2, 3}, {2}, {5. 6}} are the sets {2, 3}, {2} and {5, 6}.
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'-I'he following theorem applies. T _‘ o ? e
Theorem A.l: iet A, B and C be any sets. Then: m A Cl::l_, (:?Cli('?fl | an 3 CA,
then A = B; and (ii1) if ACB and BcC, then o e
{ ‘ .sibility that A = B, However, if

e the tlSﬂl S\
nﬂt __ExﬂludE A .’p (S{}HIE Euthﬂrs use the

We :em'- Haaize that A CB does > the. )
; A is a proper subset of B.

ACB but A+ B, then we say that
symbol C for a subset and_thelgymbgl C only for a proper subset.) Cln : |

k of an indezed set {ai: 1 €I}, or simply {a:}, we mean ina ere is a
S ingr s foethe ot 1t e : ¢ i e is denoted ai. The set

““mapping ¢ from the set I to a set A and that the ima e 4(i) 0 . s
¢ e g r&gﬂ]dq tq_he.d.nﬂﬂ.{ﬂd b:”’ 1.

/ is called the indering set and the elements @ (the range of ¢) aI : _ d by 1.
' lled a sequence. An indexed class
P

A set {a:,as, ...} indexed by the positive integers N is calles
of sets {A:: i €I}, or simply (A}, has an analogous meaning egcggpt that now theqr_n}ap ¢

__ assigns to each 1 €1 a set A rather than an element a:.
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SET OPERATIONS m il s

Let A and B be arbitrary sets. The H:JI';‘IEG‘{I of A and B, written AUB, is the set of
elements belonging to A orito B; and the intersection of A and B, written A N B, is the set
of elements belonging to both A and B: el

AUB = {(z:z€Aorz€B} and ANB = {z: x € A and z € B)

If ANB=9, that is, if A and B do not have any elements in common, then 4
said to be diﬂjﬂiﬂt. et P ; ’ n and F are
= thasaume that all our sets are subsets of a fixed universal set (denn{ediere by U).

en the camp!:;}_ﬁnt of A, written A<, is the set of elements which do not be}ptjtg to A:

e o A= {zeU:x¢ A) e

I v S -:. [ il u LY F
Example A5: The following dllg‘!‘}f}ﬂ, called Venn diagrams, illustrate the above set operations.
Here sets are represented by simple plane areas and [/, the universal set. bv the
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A = {(z €U:z2 €& A)

Example AS5: The following diagrams, called Venn diagrams, illustrate the above set operations.
Here sets are represented by simple plane areas and U, the universal set, by the
area in the entire rectangle.

AUBRB is shaded
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APPENDIX A]

Sets under the above operations satisfy various laws
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or identities which are listed in

the table below. In fact, we state
Theorem A.2: Sets satisfy the laws in Table 1.

LAWS OF THE ALGEBRA OF SBETS

"¢+ ldempotent Laws

la. AUA = A 1b. AnA = A
Associative Laws
2a. (AUB)UC = AU (BUO) 2b. (ANB)NnC = AnN(BNC)
=4 0 Commutative Laws
3. AUB = BUA 3b. ANB = BNnA
~*_+"1 Distributive Laws
4a. AU(BNC) = (AUB)N(AUC) éb. AN(BUC) = (ANB)U(ANC)
AN Y gt [ 2] Identity Laws
ba. AU = A Sh. AL ="A
6a. AUU = U 6b. AN = @
\“J' Complement Laws
7a. AUAc = U . AnAc =
8Ba. (A°)c = A 8b. Uce=Q, Oc=U
o\ (50 De Morgan’s Laws
92. (AUB)c = A°cnBr 9b. (ANB)c = AcuBs

Table 1
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Table 1
Ly Sl

Remark: Each of thé above laws follows from an analogous logical law. For example,

ANB
| {Hére we use the fact that the -:.ﬂmpﬂﬁ.ité' statement “p and q¢", written PAQ, 18
Iﬂgically equivalent to the composite statement “q and p”’, i.e. ¢AD.)

{z:2€A and z € B} = (z:z€Bandz€A} = BNA

The relatmnshlp between set mcluamn and the above set ﬂperatlunﬂ follsws.

Theorem A.3: Each of the following candltmnﬂ is equwalent to A & B:
i) AnNB=4A (iii) BcC A° (v) BUA =T

(i) AUB=B  (iv) ANB"=90

.--. : = L |||.

We generaiize the above sef uperauuns as fuﬁowa Let 1.&1. i €I} be any famﬂy of
sets. Then the union of the A, written U,., 4, (or simply U(A), is the set of elements
each belonging to at least oné of the A and the intersection of the A, written Ny A, OF

simply N A, is the set of elements each belnngmg to every A

A X L'f..._ ?_.J S P AN o
o
'PRODUCT SETS e o3
Let A and B be two sets. The product set of A and B, dennted by A X B, consmta ‘of all
nrdered gmrs (a,b) where a € A and b € B:
2 | AXB = {((a,b): a€ A, b€ B)

; W ¥ 3 N
The product of a set with itself, say A X A, is denoted by A2,

B s A% TR Pt YT R - bay r r -
' s = b ¥ 2l P TR e
ol 2 i e LN r "1 ] .**Ll' ';-L qu lw-"" ’-u- 5 =
L - - L.
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Example A6: The reuder 15 famtha-.r with the cartesian plane R =R X R as shown below. Here

each point P represents arr ordered pair (g, b) of real numbers, and vice versa.
L = ] _... y . ....‘_.

Example A7: Let A = {1,2,3} and B = {a,b}. Then
AxB = {((1,a), (1), 2a), 2b) 3a). G, )}

Remark: The ordered pair (a,b) 1s deﬁned rlgﬂrnualy by (a,b) = {{a)}, {a,b}}. From this
definition, the “order’” property may be proven; that is, (a, b) = (c,d) 1f and nnly
1f a=¢ and b=d. _ |

The cuncept of product set is extended to any ﬁn:te number of sets in a natural way.
The product set of the sets Ay, ..., Am, written A; X A2 X - - - X A, is the set cuq;%tl_ng of
_all m-tupl&ﬂ (a:;,as, . ..,an) where a; € A; for each 1. e

..# —r\
e
HELATIONS
o s &
A Qmm-y relation or simply relation R from a set 4 to a set B 3.3315115 to each ardered
pair (a,b) € A X B exactly one of the following statements: (b - ‘Y,

(i) “ais related to b"”, written a R b, |
(ii) “a is not related to b”, written a B b. 23



A binary relation or simply relation R from a set A to a set B assigns to each ordered
pair (a,b) € A x B exactly one of the following statements:

(i) “ais related to b”, written a R D,

(ii) “a is not related to b"”, written a I,f b.
A relation from a set A to the same set A is called a relation in A.

Example A8: Set inclusion is a relation in any class of sets. For, given any pair of sets A and B,
either ACB or A{B.

Observe that any relation R from A to B uniquely defines a subset R of A X B as follows:

5

R = {(a¢,b): a RDb)
Conversely, any subset R of A X B defines a relation from A to B as follows:
a Rb if and only if (a,b) € R

In view of the above cnrrﬁaﬁbndence between relations from A to B and subsets of A X B,
we redefine a relation as follows:

Definition: A relation R from A to B is a subset of 4 x B.

i

EQUIVALENCE RELATIONS e

A relation in a set 4 is called an equivalence relation if it satisfies the following axioms:
(E:] Every a € A is related to itself.
[E2] If a is related to b, then b is related to a.
[Es] If ais ;-_elateq tod a:pd b is related to ¢, then a is related to e.

: -"" 3 2 - J"l.,'-.u-- s s P s a :

o e i Etﬂ be reflezive if it satisfies (E1], symmetric if it satisfies [Ea],

and transuive i 1t satisfies [F;]. In other words, a relation i . it kit

it is reflexive, symmetric and transitive. = ct_luwa{gns relf gl
» et e

=
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Consider the relation C of set inclusion. By Theorem A.l, A CA for every set A;

J: B cvi iti
AR andif ACB and BCC, then AcCC. Thatis, C is both reflexive and transitive.

On the other hand, C is not symmetric, since ACB and A ¥ B implies B{ A.

i e

. B . L '-..'_I:_... A o g ) ‘
Example A.10: In Euclidean geometry, similarity of triangles 1s an_equwa!_e:nc‘e re}atl?n.. For if
a, B and y are any triangles, then: (i) ais similar to itself; (ii) if « is similar to 8,

then B is similsr to o; and (iii) if a is similar to 8 and 8 is similar to y, then « 1s
similar to v.

N

If R is an equivalence relation in A, then the equivalence class of any element a € A,
denoted by [a], is the set of elements to which a is related:

[¢] = (z: a R 7}

The collection of equivalence classes, denoted by fi}'R, is called the -quﬂfient of A by R:
A/R = ([a]: a € A}

L =

~. - -

The funﬂamentﬂ pmperty of equivalence relations follows:

Theorem A.4: Let R be an equivalence relation in A. Then the quotient set A/R is a

=~ partition of A, i.e. each a € A belongs to a member of A/R, and the mem-
bers of A/R are pairwise digpint.

Example A11: Let Bg be the relation in Z, the set of integers defined by

L oy z =y (modb5) = Rt
which reads “z is congruent to ¥ modulo 6” and which means “z — y is divisible by 5. :
Then Es is an equivealence relation in Z. There are exactly five distinct Eqﬂl“w

. R e o sloaacs 2= TID _



The collection of equivalence classes, denoted by A/R, is called the quﬂtiﬁﬁt of A by R:
A/R = ([a]: a € A}
The fundamental property of equivalence relations follows:

Theorem A4: Let R be an equivalence relation in A. Then the quotient set A/R is a
partition of A, i.e. each @ € A belongs to a member of A/R, and the mem-

bers of A/R are pairwise disjoint.

Example A.ll: Let Rg be the relation in Z, the set of integers defined by
e z =y (modb)

which reads “x ia cﬁﬁg‘rﬁent to ¥ modulo 6” and which means “z — y is divisible by b".
Then Rg is an equivalence relation in Z. There are exactly five distinct equivalence

O et % classes in Z/R;:
g Aﬂ e

{l

L]
——

{..., =10, -5, 0, 5, 10}

A, = (...,—9,—4,1,6, 11}

A, = {...,~8,-3,2, 17, 12}

Ay {...,~7,-2 8,8,18)

Ay = {...,—6,—1,4,9, 14}
R e ¥ LA

Now each integer z is uniquely e:ﬁusgila_{g in the form = = 6g+r where 0 = r < b;
.t observe that z € E, where r is the remainder. Note that the equivalence classes
are pairwise disjoint and that Z = AgUAUA,UAUA,.
« i



