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Vectors in R" and C"
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INTRODUCTION e
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In varfoys ]}h}'si__ca! npplimqa?qa there appear certain quantities, such as temperature

And speed, which possess only “magnifude”. These can be represented by real numbers and
are called scalars, On the other hand, there are also quantities, such as force and velocity, =+~
(T ich Possess both “magnitude” and “direstion”. These quantities can be represented by
" arer® (baving Sppropriate lengths and directions and emanating from some given ref-
S~ Shenca Point O) and are called vectors. In this chapter we study the properties of such
' vectors in some detail ).« =\

Ak = 9y = 15
We begin by considering the following operations on vectors. —
w Mg 5
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number I’ﬂ_bﬂf & vector u is obtained by multiplying
the magnitude of u by k and retaining the same 0
direction jf =0 or the opposite direction if
%<0, as shown op the right,

dn
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By ni;tf'_i'-'_ *;-fe aAssume the reader i familiar with the repre;entat_iun of the points in theL t:;line
ered pairs of real numbers. If the origin of the axes is chosen at the reference point"

above, thep every vector is unj i : 1
ove, L ; quely determined by the rdinates of its endpoint The
relatmnjsth between the above operations and endpoints gzﬁuwzq, i

(1) Addition: 1f (2, b) and (¢, d) are th i
_ . : : e endpoints of the vectors u and v, then
Wwill be the endpoint of u-tv, as shown in Fig. (a) below. i<

fa+e b4 d) -

- (a, b)

Fig. (a) Fig. (b)

(ii) Scalar mﬂtfﬁﬁaﬁﬁn: If (a,b) is the mn{pnint of the vector u, then (ka, kb) will be the
endpoint of the vector ku, as shown in Fig. (b) above.
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VECTORS IN R AND C® ‘0

L L 2 d t; t'nél.;:s we)"rcall the ordered |

. ally, we identify a vectﬂ-l' wi 1.]1 lts en pum 14 ered pair \

a, h;l{:; ril:lﬂlt-ufmbim a m-:tury In fact, we shall gﬂnerﬂli-&ﬁ this notion and call an n-tuple
‘ as a.) of real numbers a vector. We shall again generalize and permit the co-
(@1, 82+« + not just real numbers. Furthermore, in

b A d
_\“ordinates of the n-tuple to be complex nu mbers an .
Chapter 4, we shall abstract prﬁpurimq nf these n-tuples and fnmall}r deﬁm_: the mathe- <t ;i .

".. o .
matical H‘I-'HI'EIT.I called a vector Space. = e
We assume the reader is fnmnimr with the ciemcntary pmp&l‘tll‘&ﬂ of the real number

b L

field which we denote by R.

. [~ 8

VECTORS IN_R- ’ a =X
The set of all n-tuples of real numbers, denoted by R”, is mHed mspuce A particular

-”,..tl,[ |E L A 1 pom L
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is called a pmnt or vﬂc!ar, the real numbers 1 are called the cﬂﬂﬁmnﬂr {ar" Gﬂﬂ-ﬂfluqf,ﬂs}

of the vector u. Moreover, when discussing the space R" we use the term scalar for the

« elements of R, i.e. for the real numbers. .

E:-nmirrrr the following vectors:

Example 1.1:
0,1), (1,-8), (1,2,V54), (=5 40,7

The first two vectors have two components and 20 are points in E®: the last two
vectors have four components and so are points in RS,

if they have the same number of com-

Two vectors « and v are equal, written u = v,
ponents, i.e. belong to the same space, and if corresponding components are equnal The
vectors (1,2, 3) and (2, 3,1) are not equal, since corresponding elements are not equal. '
. - C—
Example 1.2: Suoppose (x—y,x+y, z2—1) = (4, 2, 3). Then, by definition of .:.;,—m.,;- of vectors, !
" v = 4 :
5 4+ y 2
T z—=1 = 3§ '
Solving the fhove system of equations F'L'-.ﬁ r=3 y==1,and z=4
VECTOR ADDITION AND SCALAR MULTIPLICATION
Let » and v be vectors in R
U = (%, ... %) and _v = (v Vs ..., Ps) L
The sim of w and v, written « + v, is the vector ﬂbtumcd by adding mrrﬂﬂwﬂdmﬂ me'““e“m
.y Y+ ) : e A

u+v = {u, + 1, Uz 4y, .

written ku, is the vector uht.mned by mulh-

The prmft:wt of a real number k by the vector t,

plying eaqr:h component of %« by k:
S < = (K, kuz, .., Ktin)

il . | ",-. L R ¥
Observe that # + v and ku are also vectors in R. We also define
—¢4 = =]l and u—v = u+(-7)
ents is not ﬂEﬂ!'lEd

i
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The sum of vectors with different numbers of compon £ ﬁ
- ._]_ -. . war

u_ ¥ i __F
= L IR e (I - i
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(CHAP. 1] VECTORS IN E* AND C»

EI"H' IJ= Ltl, = ‘l. —u-.l-!-‘]_ -..ﬂi ¥ = t'} E|._'I... _”I m
wtv = (148,-8+462~1,4-2 = (6212
b = (6-1,6-(-9),56-2,6-4) = (5 —15, 10, 20)
2u—3v = (2,-6,48 +(-9,-1586 = (-7,-2.714)
Example 1.4:  The vector (0,0, ..., 0) in R, denoted by 0, is called the zere vector. It is similar
] to the sealar 0 in that, for any vector u = (i, 4y, . ... W),
WH0 = (4+0,u340, ..., 440 = (Mg, gy <-rMp) = M
Basic properties of the vectors in R* under thé operations of vector addition and scalar
multiplication are described in the following theorem.
Theorem 1.1: For any vectors u,v,% € R* and any scalars kK €R:
(i) (+v)+w=wu+(viw) (v) Ku+v) = ku+kv

(ii) u+0=u (vi) e+ kY = ku+ ku !
(iii) u+ (—%) = 0 (vii) (ke = k(kw) .,!
fiv) u4+v=v4+u (vili) 1l = w 3

Remark: Suppose u and v are vectors in R* for which %= kv for some nﬁm'.?m scalar
k € R. Then u is said to be in the same direction as v if k> 0, and in the op-
posite dirgetion if k<0,

DOT PRODUCT
Let u and v be vectors in R~
¥ = (U, ...,%) and ¥ = (V,Pn ..., V)

The dot or inner product of & and v, denoted by -, is the scalar obtained by multiplying
corresponding components and adding the resulting products:

K'? = v+ et + = 4+ UxUs
The vectors u and v are said to be orthogonal (or: perpendicular) if their dot product is
zero: u-v=10. '
Example 15: Lot wu={(1,-23—4), »={6,7,1,—-2) and w=(5—-4.5T7. Then
e = 164+ (—2)-74+314+(A4)-(-2 = 6—14+3+8 = B
urwe = 1B+ (—2)*(—4)+ 85+ ()T = E+8+15—28 = 0O
Thus # and w are orthogonal. =
Basic properties of the dot produet in R* follow.
Theorem 1.2: For any vectors u,v,w € R* and any sealar k € R:
Je (i) u+v)w =uww+ovrw (iii) w-v = veu :
(ii) (Fw)-v = Kfu-v) (iv) =0, and u-x=0 iff =0

Remark: The space R* with the above operations of vector addition, scalar multiplication
and dot product is usually called Euclidean n-space,

p A
NORM AND DISTANCE IN R~

Let u and v be vectors in R u = (43, %, ...,%s) and © = (vy,vs,...,v.). The dis=
tance between the points w and v, written d(u, v), is defined by e

d1,v) = Vi —0) F (Ma—va) + - + (ta—va)
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sfined to be the nonnegative square |

al: 0

The n;rm fu;-; length) of the vector %, written |juf], is d
5 - : ) —
P root of u-u ”“”= e '-,f'i_l'a:-’r*ﬁ.ﬁtf "

iat that
By Theorem 1.2, u-u>=0 and so the square root exists. Observe
du,v) = |ju— |
Let u=1(1,—2,41) and v= (3,1,=5,0). Then i

Example 1.5:

= /95

duv) = VI=SFEF(Z—1F+ @+0 + (1 —0F
o]l = V@ + 12+ (-BF + 0% = V35

\. - e A : oy 2 ; R!' then
5 Now if we consider two points, say 7= (a,b) and g=(c,d) in the__lslaﬂﬂ
. _ lo]l = Va*+b*  and dip,q) = 1_,#_{5.-,—:.:}1_ + (b—4d)

R : S from the origin to the
That is, ||p]| corresponds to the usual Euclidean length of the arrow o the points p and

point p, and d(p, g) corresponds to the usual Euclidean dist_a:.'t:ce betwee
g, as shown below: iy byt o ol 1

- -
e B

A similar result holds for points on the line R and in space R’

"Remark: A vector ¢ is called a unit vector if its norm is 1: |le|| = 1. Observe that, for §
any nonzero vector ¥ € R*, the vector e.—= w/|ju|| is a unit vector in the sam
direction as u. )2 . ilee W ey

We now state a kuﬁﬂaﬁélnlai retati.nnship known ag the Enus:-.h:-hs-ci]t:mrz mequalﬁf

Theorem 1.3 (Cauchy-Schwarz): For any vectors w,v € R, he-v| = |ju| [|v]|. £

Using the above inequality, we can now 'deﬁne the angle § between any two nonzero
£.(3| vectors u,v € R by
&, we v

cosfd =
lbell Tl N S e
-, Note that if u-v=0, then 6=90° (or: §=x/2). This then agrees with our previous
* definition of orthogonality. :
T y o e
L r aF
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COMPLEX NUMBERS e =

The set of complex numbers is denoted by C. Formally, & complex number is an
ordered pair (a, b) of real numbers; equality, addition and multiplication of complex num-
bers are defined as follows: LIz

2 L AAE
= (@,b) = (¢,d) if a=c and b=d
(@,0) + (¢,d) = (a+ec,b+d)

(@, b)(e, d) = (ac— bd, ad + be) -

:.‘]dl—-il ...'-...:l-_.i.l—--. :_'If' LR —— I-r*_.-.‘l -
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We identify the real number @ with the complex number (e, 0):
a « (a, 0)

This is possible since the operations of addition and multiplication of real numbers are

preserved under the correspondence: S
= 0)(b, 0) = (a0, -
Thus we view R as a subset of C and replace (a,0) by ¢ whenever eof enient and possible.
. ) .;l_-l.-F .
The complex number (0, 1), dénnﬁ by i, has the important property that
i=(0,1)0,1 = (1,00 = -1 or i=y-1
) ""'-*"--P':L # L {UJ H } { }

Furthermore, using the facts

Il

j (2,8) = (a,0)+(0,0) and (0,0) = (b, 0)(0, 1)
> we have \ (a,8) = (a,0)+(b,0)(0,1) = a+ b
B -l"'.hp -1 ]

7, The notation a + bi is more convenient than («,b). For example, the sum and product of | _
complex numbers can be obtained by simply using the commptative and distributive laws L.:-‘_é-
and = —1: pasUE=S P o I\ =

' (@+bi) +(c+di) = a+c+bi+di = (a+e¢)+(b+d)y =

T = (@ +bi)(e+di) = ac+ bei + adi + bd® = (ac— bd) + (be + ad)i

T =y " P —

! The conjugate of the complex number z = (a,b)=a+bi is de_;'lfaffed aiﬂ deﬁ;ad b_T;r

‘ Loy T PR =) P S |

(Notice that zZ = a*+ p2, i = = —rerr
e ) If, ll‘.l_ﬂdﬂlhﬂl'l. z7 0, then the inverse z—* of z and division by

=1 =

SO n -b . w
Z  o+BE @t and z

where w € C. We also define

= wz~t

. =z = =1z and w-—2z = w+ (—z)
= .r.'r‘L-:l- L
Example 1.7: Suppose 2z =248 and w=E8 —2i. Then

ztw = @+3)+ (6—20) = 2+6+3i—2 = 74
#w = (2+3)(6—2) = 10+ 16i —4i— 6% = 16 + 11¢

E=2F8 =2—8% and mw= 5—2i = b+ 25
. w _ E=2 (5—20)E8—35) _ 4—1g; 4 19 /
= 2+38i — (2+3(2—-3) ~ " 13 = 18 13"

L
_Just as the real numbers can be rep@tfted by the
points on a line, the complex numbers can be represented
by the points in the Spécifichlly, we let the point -,
(2,D) in the plane represent the complex number z = g + bi, |
i.e. whose real part is a and whose imaginary part is b. The I !
of % [ i 1
£rom £ o he oyl written |z, is defined as the distance .:.
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Hmth“”*liﬂﬂquﬂltﬂtheﬁg?mnftheﬂﬂhr[qb}. Aﬁt 2| = /25 e
Example 1.8: Suppose = =2+43{ and w0 =12—6i Then
i YRR ARt i =
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@ the algebraic structure called a field. We emphasize |

z dix B we defin : :
ﬁn ,:Lghp:nﬂelt C of complex numbers with the above operations of addition and

multiplication is a field.

e bers, denoted by C-, ia called

The set of all n-tuples of complex nUMBeEIE, enoted by C°, complez m-space.

Just as in the real case, the alements of C" are called points or vectors, the elements of C

are called scalars, and vector addition in C* and scalar multiplication on C" are given by
{z;+w;,z;+w1, P e w.._]

{_ ;‘J"’r{‘é‘,};}l H{:Ip T/ am s I‘I} i & {‘W:, 1'?]‘, | wl} =

z(z1, 22, ) = (224,253, ..., BE8)
where 2z, w2z € C.
Example 139: (2+8i,4—1,8) + (3—2,0{,4—61) = (51, 4+ 43, T—6d)
= 2il2+ i, 4—i,8) = (—6-+4i,2+8i6)

(2N ) s .
Now let u and v be arbitrary vectors in C™

e U= {zi;zlr--ﬂﬂ'l}.r U= {wh wlr-”rwl}r Ze, W e C
ot o, :
I The dot, or inner, product of © and v is defined as follows:
fC\; L ®rw = zZihh + 2202 + - -+ + Zaila e
LS T = f_,.t"

|
| : R e LS - B>
Note that this definition reduces to the previous one In the real case, since 1wy =i when

10y is real. The norm of u ig defined by

r

Jl| - yusu = Vaidi + zada + - -+ + 2ada = Vi +lzaaf + - + |nf?

Observe that u-% and so ||u| are real and positive when %+ 0, and 0 when «=0.

Example 1.10: Let = = (24 35i,4—1, 21) and v = (3—24 5, 4—681). Then
T uew = (2430320 + (4— 00 + CIE—6D
- - (24 33+ 20) + (4 —)(5) + 4+ 6D
! — 13+ —-06i—12+8i = 8+ 16

il

wew = (24+3EF00 + @—DFE—0 + (2){E)
= (2+302—8) + D4 +9 + (29(=29)
= 13+ 17+4 = 84

]l = Veerw = V34
E . C-E The space C* with the above operations of vector addition, scalar multiplication and dot
product, is called complex E}taﬁdann N-§Pace.

-
Remark: If u-v were defined by u-v =
’;h.ﬂ?'*" wew=0 even though u+0, eg. if u=
be real. '?‘J"H"‘

ilmt+ R LT th._ it i.ﬂ Fﬁsib!& f ¥
(1,i,0). In fact, u-% may not evem




