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5. Matrix Norms . G Ln e T

P‘rnrlnnHl:[un 1.4, U:;}i; mafrices Pm:cr:fz the Euclidean inner pmducr ie.,

{ﬂ.‘h Q]r} = {Ir f}

for any unitary matrix Q and any vectors X and Y.

A2 Proof. Indeed, (Qx, 0y) = (x. 2" @) = (x.3)- .0

A vector n6rm ona vector space X isa real-valoed TSR matﬁﬁﬂ
the following three conditions:

L llxl=0 ¥x € X and x| =0iff x =0.
2. llax|l = |ellzx] YxeX YaeC.

3. x4+ yll -¢HIH+Il:rII vx,yeX

A
For the pamf:ular case when X = C", e can associate with the inner product (13)
the Euelidean norm of a complex vector definéd by

lxllz = (x, %), :
.l!._-'.

It fﬂl]uws from Proposition 1.4 that a unitary matrix preserves the Euclidean nom metric:
i A2

2 Bk S llﬂxllz = flx]j. ¥ x.
The hne.ar I:ransfm]natmn assu-mamd with a unitary matrix 0 is therefore an l.mmc

iry.
The most -:m:ﬁmnn.l.:.r used vector norms in nu:m:ncal linear algebra are spcmal-:amul
the Hilder norms

e
|!I||p = (E: |x; ip) . (16)
':""1'?!" __.I'F Sy
Note that the limit of ||x[|, when p tt.nd.s to infinity exists and is equal to the maximum
<~ modulus of the x;"s. This defines a uﬂrmdemt:db]r 0+ lloo- lecases p=1p=221d

p=00 ]Hﬂ to the most important norms in practice:
e ™

o= Ll-..i-\.'l

xlh = eyl + |x2l + -+« 4 |z,
Ixllee = max |x;.
=)

The Cauchy-Schwarz inequality of (1.2) becomes

) x )1 < xllallylla.

o

1.5 I";latrix Norms

-.-l'l' -:..-E—""

For a general matrix A in "™
E n C, we define (he following special set of norms:

1Alpg = max 14Xl (1
IEE-.:;H] HIHq )
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