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Aol S x Chapter 1. Eackgmundin Linear Algebra
The norm |l - I, is m:fugdb the tw s
umalpmpcm“ of nomms: j.e y 0 norms || - I, and || - ||,. These norms satisfy the

IAI20 YA eC™ and [jA|=0 iff A=0, (1.8)
fled) = lellAll YA e C"™ VaeC, (1.9)
{A+Busuﬂll+nﬂﬂ YA,B eC™™. " (1.10)

A norm matsaﬁsﬁﬂmeabn%m s el

properties is nqung but a vector norm apph:d to the
matrix considered as a vector consisting of the m coldmns stacked into a vector of size nm.

The most lmpcmantc&&:-smaga.m those associated with p, g = 1,2, oo, The case

q= : p is of particular interest and the associated norm | - [IH is simply dmﬂlﬂd by Il - lp
and called a p-norm. A fundamental property of a p-norm is that

o . NABl, < lAllIBIlp,

-

an immediate co i
"‘“‘-’l‘-lencc of the, definition (1.7). Matrix norms that satisfy the above
s property are sometimes called consistent. Often a norm satisfying the pmpe.m:-s (1.8)- -

/é‘,/ (1.10) that is consistent is called a matrix norm. A result of cnnsmenc;.r is that, for any
square matnx A, LA L)

2 Ilﬁfll VATl

,;.;_. In particular the matrix A* cnmrarge.i to zero if any of its p-norms is less than 1.
The Frobenius norm of a matrix is defined by

"__ —~— 12
L, .-Lj’lf' cpe =t
: .-i‘_ o IAllF = (ZZlﬂiﬂ:) . (1.11)

J=li=l
l.-"-"'!-*n.]
This can be viewed as the 1-11{:111‘: of the column (or row) vector in 'I'.l consisting of all
the columns (resp., rows) of A listed from 1 to m (resp., 1 to n). It can l:ul:-. Ehﬂ'l-'-"l‘l Il'I:Ell. l.h.'ls
nOrm is alm consistent, in Eplll'."- of the fact that it is not mduced by a pair of vecior uﬂrms
i K e., il is not derived from a formula of the form (1.7); see Exercise 5. However, it does not
7" <, satisfy some of the other properties of the p-norms. For example, the Frobenius norm of
o the n:ll:nm;l.r matrix is not equal to one. To avoid these difficulties, we will only use the térm
matrix norm for a norm that is indviced by twoporms, asin the defiriition (1.7). Thus, we will
not consider the Frobenius norm to be a proper matrix norm, according o our -.:unv-:rrgnn 5,
even though it is consistent. Pz
The following equalities satisfied by the matrix norms defined above lead 1o alternative
definitions that are often easier to work with:

R B s, B P
o = ‘_. - ¢ | A = ax i |1- | {:I'Pli] 4
}-ﬁ"iﬂﬁj‘i?- s s g‘i > Nt
: o
< et o= g8, 2k &
||A||1-[pm”m]”—[ (AA”}]'“ | (1.14)

1AL = [o(a” )] = [waa™)]". (115)
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1.6. Subspaces, R;nge:and Kernel

= P .
e A Ty s jr squa

: SN HA ative. Their SqUATe roots are:

As will be shown later, the eigenvalues of A" A arenodRCBRTL L Sl rotaion (1.14) 1

called singular values of A and are denoted by gy, i = 1, -+ 7"
states that || Al is equal to oy, the largest singular value of A. !
& - -

: ]

T ) .,-"""-"I =il g i

) pectral radius £(A) 1s equal to|

Example 1.1. From the relation (1.14), it is clear that Bos it : not apmatﬁx norm in’

the 2-norm of a matrix when the matrix is Hermitian. Hﬂ?ﬁ since, for i
general. For example, the first property of norms Is e I

o1
A=|g o) = =

; : L R 2 |
we have p(A) = 0 while A # 0. Also, the riangle inequality 18 niot satisfied for the pair 4 |
and B = AT, where A is defined above. Indeed, |

p(A+ B)=1 while p(A) + p(B) =0.
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1.6 Subspaces, Range, and Kernel B
i ] . i ) f;::. vector space. The set of all linear
A subspace of C is a subset of C" that is also a comp :
- combinations of a set of vectors G = (a1, @z, -2 3¢l of C" is a vector subspace called the

-~

linear span of G:
i -span{G) = span{ay, a2, - - - » Gg]
q
— [1 = cn £ = Zﬂ'[nn [ﬁl}rvl ..... g = Eq }-
=1

T sRfs Nt

If the a;'s are linearly ind&pﬁndcnt, then each vector of span(G} admits a “"iflﬂi :xqrﬁm
as a linear combination of the a;"s. The set G is then called a basis of the subspace span{G].

Given two vector subspaces 5; and 53, their sum § is a subspace defined as the set of
all vectors that arc equal to the sum of a vector of §; and a vector of 53. The intersection
of two subspaces is also a subspace. If the intersection of §; and §; is reduced to (0}, then
the sum of 5; and 5 is called their direct sum and is denoted by § = S €D S2. When §is
equal to C", then every vector x of C" can be wrilten in a unigue way as the sum of an
clement x; of S; and an element x3 of S;. The transformation P that maps x into x; isa
linéar transformation that is idempotent, i.rT.., such that P? = P. Itiscalled a projector ooto

) along 5;. ¢ o C-2"T L Ao,
Two important subspaces that are associated with a matrix A of C"*™ are its range,
24+ defined by -
S i " Ran(A) = {Ax | x € C"), (1.16)

and its kernel or null space ' *7 'l ved w0y

7" *’Ker(4) = {x € C" | Ax = 0).

The range of A is clear] Ly Je A = .
e o e e o el o b . The ik of 1 80
columns. This column rank i S ¢ number of linearly in
24 s is equal to the Jﬁ}f"‘ r:;ﬂlf, the number of linearly inde e
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