4 Chapter 1. Background in Linear-Algebra
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It can be easily shown that the trace of A is also equal to the sum of the eigenvalues of A
counted with their multiplicities as roots of the characteristic polynomial. :

PI'“PW:EM 1-_1 If A is an eigenvalue of A, then \ is an eigenvalue of A". An eigenvector
vof A" associated with the eigenvalue X is called a left eigenvector of A.
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When a distinction is necessary, an eigénvector of A is often called a right eigenvector.
Therefore, the eigenvalue A as well as the right and left eigenvectors u and v satisfy the
relations
CAu=iu, vfA = 2
or, equivalently, ‘
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1.3 Types of Matrices

The choice of a method for solving linear systems will often depend on the structure of
the matrix A. One of the most important propertics of matrices is symmelry, because of its
impact on the eigenstructure of A. Anumber of other classes of matrices also have particular
Z-~ gigenstructures. The most important ones are listed bﬂq? S
« Symmetric matrices: AT = A.
* Hermitian matrices: A = A,
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« Skew-symmetric matrices: AT = —A.
o Skew-Hermitian matrices: AY = —A.
+ Normal matrices: AM A = AAY.
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« Nonnegative mafrices: ajj = 0,i,j=1,...,n (simiar definition for nonpositive,

positive, and negative matrices).
. Unitary matrices: Q% Q =1.
It is worth noting that a unitary matrix Qi
H a
, since
° og=1 - 0'=0". (1.1)
; h is diagonal i d orthogonal.
A matrix Q such that Q¥ Q is diagonal is often calle ' |
mﬂSnmf matrices have particular structures that are often convenient for computational

sy 1 i i idea of these special matrices,
urposes. The following list, though incomplete, gives an ick _ mal
thich play an important role in numerical analysis and scientific computing applications.

« Diagonal matrices: aij = 0 for j
A= djag{'ﬂ“r 1y PR ﬂn.n]+

s a matrix whose inverse is its transpose conjugate

- i, Notation:
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. Ui:rpar triangular matrices: dij = 0 fori > J.
e 0 .1.:[:]";

g fﬁw;ar triangular matrices: Gij = 0fori < J.



|1
Fita -

1.4, "'-"ectnr Inner Products and Norms
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s UPPEF b:dmguna! matrices: aj = 010r FR o) 7
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N Lower b:dmgmmt mafrices! @jj = I]fur J ;5 jorj#i
S j such that |j — il > 1. Notation:

Ny e Thdrﬂgﬂnﬁi m;unc;:s aj = 0 for any pal.l' I

A = tridiag(ai,i-1» 9l
j<i+ma where my and m,, are twq
led the bandwidth of A,

such that i > j + 1. Lower

ar+1)-

i Bﬂndﬂd malrices: dij ié 0 only f | — M < i
nonnegative integers. The number my + My +1is¢

* Upper Hessenberg malrices: aij = 0 for any pair i J
"y - Hessenberg matrices can be defined similarly.
e = up® whnr:l:rulhuandum'

~ 4 = Quter product mafrices: A
A are a permufal 5n of the columns of the

-« Permutation matrices: the columns of
identity matrix.
radh diagonal
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i.e., the positions of the nonzero elements

that there are many zero elements or that

the matrix is pf Jow rank. Tlus is in contrast with the classiﬁqaﬁnns listed earlier, such as
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Products and Norms

1.4 Vector|
An inner product on a [mmpll:x] vector sp-ar:e }E is any mappmg 5 from X x Xinto C,
xcX,yeX = 30y €C,
that satisfies the following conditions:
ek 1= 205 y) is linear with respect to x; i.e.,
ey SN sOuxs +Azxa, ¥) = Ms(x, Y) + Aas(02, y) Yx,m e X,VA, 2 € C.

2, s(x, y) is Hermitian; i.c.,
-i;"‘l. .--..*.,.I""JIIII
= s(r.x)=s(x,y) ¥Yx,y € X,

3. s(x, y) is positive definite; i.c.,
Wl M
s(x,x) >0 ¥Yx #£ 0.
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Note that (2) !l'llilllff-‘-i that s(x, x) is real and, llr;fgm}:m, (3) adds the -1 4

must also be positive for any nonzero x. For any x and y, COnstraing ghy, 5(x, x)

s(x, 0) =-'-":1|']"}"}=ﬂ'-i[-t,}']=[l.

Similarly, (0, ¥) = Oforany y. Hence, 5(0, y) = s(x. 0y = :
condition (3) can be rewritten as e }‘“f“'ﬂﬂhandr. In particujar
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as can be readily shown. A useful relation salisfied b

Cauchy-Schwarz inequality Y any inner product is the so-caljeq
13{xl}'}12 EI[x-,.I + ¥).
Aor . ES )50y, y) 02
The proof of this inequality begins by expanding s(x — Ay, x — Ay) usi Ry
= Y) using the properties of

5(x — ,.'l.,}i'. X — l}‘] = 5(x, I} _'jnr{-t:- :l'} o h(}', I]' + I:"'11'RUI ¥)

If y = 0 then the inequality is trivially satisfied. Assume that ¥ #0and {;k"
i A=
s(y, y). Then, from the above equality, s(x — Ay, x — 1y){Z\0 shows that g _ﬂx )/
0<s(x—=dy,x = Ay) =s(x,x) - 1"’[‘- e + lsx, y)I2
s(r. y) s(y, ¥)
ls(x, )P
s(r.y)

=j'|:_[_l_t] =L

which yields the result (1.2). e
In the particular case of the vector space X = C", a_canonical inner product is the

Euclidean inner product. The Euclidean inner product of two vectors x = (x;)jmy__, and
¥ = (Ji)i=1,.n of C" is defined by ERAV RS LY

=) =) % (1.3)

which is often rewritten in matrix notation as

(x.7)=y"x. ; (14)
0} I : Pr N .
Itis easy to verify that this mapping does indeed satisfy the three conditions required for
inner products listed above. A fundamental property of the Euclidean inner product in matrix
computations is the simple relation

(Ax,y) = (x,A"y) ¥x,yeC". (1.5)
r e :_:'.."f.': [ . .."-"1;
The proof of this is Strﬂlgjr'ltfc-'r:-.rard The adjoint of A with respect fo an arbitrary inner
;meﬂia 'rajslimm B ,Fﬂ,lfﬁ;tilﬂt (Ax, y) = (x, By) for all pairs ui: wﬁ:::’_mrsx and y. A Tﬂn:t
is self-adjoint, or Hermitian, with respect to this inner product if 1t1s equal to its adjoint.
The following proposition is a consequence of equality (1.3).
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