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This chapter gives an overview of he relevant concepls in linear algebra that are usefu] iy
later chapters. It begins with a review of basic matrix theory and introduces the elementary
notation used throughout the book. The convergence analysis of iterative methods requires
a good level of knowledge in mathematical analysis and in linear algebra. Traditionally,
many of the concepts presented specifically for these analyses have been geared toward
matrices anising from the discretization of partial differential equations (PDEs) and basic
relaxation-type methods. These concepts are now becoming less important because of the
trend toward projection-type methods, which have more robust convergence properties and

require different analysis tools. The material covered in this chapter will be helpful in

2* ¢ establishing some theory for the algorithms and defining the notation used throughout the
book. s
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1.1  Matrices

ST - |h|:_ sake of generality, all vector spaces considered in this chapter are complex, unless
otherwise stated. A complex n x m matrix A is an n x m array of complex numbers

aij, f=1+...,r:l:, j: l....,m.

o

The set of all n x m matrices is a cnmf&lﬁ'?mr space déﬁatéd by €"*". The mais

operations with matrices are the following:
* Addition: C = A + B, where A, B, and C are matrices of size n x m and
£ Cij :-f:;f +by, i=12,....n,

* Multplication by a scalar; C = e A, where

i=L2....,m

:‘:”:l:h‘ﬂ”, I'=1+2,...,H, j=1|1|+=+|m'
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1.2. Square Matrices and Eiﬁnvalues -

274 in several ways. For simplicity, g,

The determinant of a matrix may be de : i
following recursive definition is used here. The determinant ofa 1 x | matrix (@) is defineg

as the scalar @. Then the determinant of an n X 1 matrix 15 given by

n
"':I-';'" ..:l'-ﬂ"" :f“.".:-""“ ﬂﬂ{ﬂ] - E{—-]]"Hlﬂudﬂl:iqn u].

1
o .

where Ay is an (n = 1) x (n — 1) matrix nht.i};né'd. by deleting the first row and the jy,

column of A. A matrix is said to be singular when det(4) = 0 and nonsingular otherwise,

We have the following simple properties:
L * det(AB) = det(A)det(B).
o det(AT) = det(A).
* det(xA) = a"det(A).
o det(A) = det(A).
« det(]) = 1.

From the above definition of determinants it can be shown by induction that the function
that maps a given complex value X to the value py(2) = det(A — A1) is a polynomial of
degree n; see Exercise 8. This is known as the characteristic polynomial of the matrix A

. Definition 1.1. A &am}:!‘gr scalar ) is called an éi-g:éni-'ﬂfue of the square matrix A if g
.I ,':'_Ift’p;j = ONZEro Vector u af{:" exists such that Au = hw. The vector u is called an El'g-Eﬂ!-'cn‘.‘lﬂrﬂf
: A associated with L. The set of all the eigenvalues of A is cal led the spectrum of A and is

denoted by o (A).
' H',i"’ Ascalar ) is an eigenvalue of A if and only if (iff hereafter) det(A — AI) = pa(A) =0,
-~ ‘That is true iff A is a root of the characteristic polynomial. In particular, there are at mostn

i 50 v/ =+ distinet cig:nv:ﬂu.:s- Fia
) It is clear that a matnix is singular iff it admits zero as an eigenvalue. A well-known
result in linear algebra is stated in the following proposition.

Proposition 1.2, A matrix A is nonsingular iff it admits an in verse.

Thus, the determinant of a matrix determines whether or not the matrix admits &
nverse. | oleta) il o e
The maximum modulus of the eigenvalues is called the spectral radius and is denoted
by p(A): '
A) = max [A].
. p(A) Ko ] i

The trace of a matrix is equal to the sum of all its diugn:]s;! elements:

w(A) =) au.
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o o
.rfltﬂnhmﬂ”hummnﬂnmnf.&mﬂmaqua!lnth:sumnfthcng:nmmnfj
counted with their multiplicities as roots of the characteristic polynomial.

tion 1.3. If A is an eigenvalue of A, then \ is an eigenvalue of A¥. An eigenvector
vof AY associated with the eigenvalue ) is mﬂ:d a left eigenvector of A.

w'ht-ﬂld.lﬂlnﬂﬂﬂﬂ 15 nﬁﬂtﬂirj' I.nl:ig-?ﬁtﬂr of A is often called aright eigenvector.
Therefore, the eigenvalue ) as well as the right and left eigenvectors u and v satisfy the
relations
- Au = du, v A =¥
or, equivalently, %, -
wia =, A%v=1v.
i:'l__.l L"‘"\ ,:};ﬁ'ut

1.3 Types of Matrices

The choice of a method for solving linear systems will often depend on the structure of
the matrix A. One of the most important properties of matrices is symmetry, because of its
impact on the eigenstructure of A. A number of other classes of matrices also have parnmﬂu
f:lgmsmurcs The most important ones are listed below:

S}mumr matrices: AT = A.

. Hmmnanmamus AH = A,

- :-'1_..

. Sl:cw-ﬂmamr: matrices: AT = =A,

* Skew-Hermitian matrices: A% = —A.

» Normal matrices: A"A = AAY,

+ Nonnegative matrices: ay; = 0, i,j =1, ..., n (similar definition for nonpositive,

ptmuvz. and negative matrices).
Lr'nmrjl matrices: Q"0 =
Itis worth noting that a unitary matrix Q is a matrix whose inverse is its transpose conjugate
Q" since
0"g=1 - Q'=0" (1.1)
A matrix such that o¥Qis d:aguna] is often called nrlhngnna].

Some matrices have particular structures that are often convenient for computational
purposes. The following list, though incomplete, gives an idea of these special matrices,
which play an important role in numerical analysis and scientific computing applications.

* Diagonal matrices: a;; = 0 for j # i. Notation:

A _ﬂilgtﬂlltﬂﬂm---maﬂﬂ}'

Lt h vallly

. Uppcrmaugutnrmameu a;y =0fori > j.

. Lﬂmr ma.nguhtr matrices: a;; =0 fori < j.
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