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Chapter 1. Background in Linear Algebra

The matrix A has the pair of complex ::unju?A eigenvalues

2.4069... i % 3.2110...
and the real eigenvalue 0.1863 . The stan is oi um air "~
e .. 1he standard (complex) Schur form is given by P
0.3381 — 0.8462f 0.3572—0.1071i  0.1749
V=1 03193 -00105% -02263—0.6786i —0.6214
0.1824 +0.1852i —0.2659 —0.5277i  0.7637
and
24069 4+ 32110/ 4.6073 —4.7030i —2.3418 —5.2330i
=1 - 'J,ﬂ 2.4069— 321100 =2.0251 —1.2016¢
/0 0 0.1863

It is possible to avoid “““‘P]E-I;f arithmetic by using the quasi-Schur form, which consists of -
the pair of matrices /

/ f —09768 01236 0.1749
U'=| -00121 07834 -0.6214
02138 06091  0.7637

d
- 1.3129 -=7.7033  6.0407
f’ R=1| 14938 3.5008 -—1.3870 |.
/ 0 0 0.1863

We conclude this section by pointing out that the Schur and the quasi-Schur fnr_ms
of a given mat;fx are in no way unique. In addition to the dcpmdcncf: on _Em ordenng
of the eigenvalues, any column of Q can be multiplied by a cnmpttm sign 'Y and a new
corresponding R can be found. For the quasi-Schur form, there are infinitely many ways to
celect the 2 x 2 blocks, corresponding to applying arbitrary rotations to the columns of @
associated with these blocks.
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1.8.4 Application to Powers of Matr! ]
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The analysis of many numerical techniques is h;i';;d nn understanding the behavior of the

farba ot

aor Vi successive powers A of a given matrix A. In this regard, the following theorem plays a
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linear algebra, more Pafiiiﬂi[ﬂ_fl:'n’ il.lel"m,?ﬂi‘{ﬁis of iterative

' fundamental Tole in numerical )
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= At k=0,1,..., converges to zero iff p(A) < L. S
7 »> Theorem 1.10, The sequence /1, = .ot = 2!
2

27 Proof. Tb‘brgve the necessary
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sar cniridiﬁi:lm. nséﬁﬁi: that A* = 0 and consider uy a unit

j 1 igeny 1 modulus. We have
1 ated with an eigenvalue 1, of maximum
eigenveclor assocjale

-l;_(" » E-“-F ccs Atﬂl_ = .li“l.
WIEE;J imgrlj':s. by taking the 2-norms of both sides,

Ak = lAM Iz = 0.

This shows that p(A) = Il < L
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1.8. Canonical Forms of Matrices YA — 2
The Jordan canonical fmmﬂ.ﬂwiﬁatm oo % sﬂ?f_'fi
p(A) < 1. Start with the equality _
At =XIVX.

/. ent to show that J* converges to zero. Ay |
block form. Therefore, it is sufficient to proy,

To prove that A* converges to zero, it is s
zero. Each block is of the form

important observation is that J* preserves i

= A0 + Eiq,
e, Ef =0. Therefore, for k-= I,

h-i kt

fai - t—IEJ‘_
B Eﬂ{k o= i

Using the triangle inequalityfor any norm and taking k = I; yields

. =1 kl k—:f E.f"

n.r;uﬂzj![krﬂ!}m IE -

Since |A;] < 1, eackof the terms in this finite sum converges to zero as k — 00. Therefore,
the matrix J converges to zero. o
An equally il:!_:pnrtant result is stated in the following theorem.

Theorem 1.11. The series

e = T o0
2 A
k=0

=

e — "1
canv;;'gzs iff p(A) < 1. Under this condition, I — A is nonsingular and the limit of the
| .+ seriesisequalto (] — AL =
| LS

P

.- Proof.  The first part of the theorem is an inunndiam_p_ﬂqsﬁﬁénc:: of Theorem 1.10.
Indeed, if the series convérges, then JA*|| = 0. By the previous theorem, this implies that

| o/ ) p(A) < 1. To show that the converse is also trie, use the equality

-~

| JL ey o 1A =AU+ AL A+ 4 AY

| - “.--i_'-.{'_.-"' L -

- «!  and exploit the fact that, since p(A) < 1, then I — A is nonsingular and, therefore,
L ' i

K U—ATU—A") =T+ A+ A2+... 4 4K,
This shows that the series converges since the left-hand side will converge to (I — A)™-
In addition, it shows the second part of the theorem. o

Another important consequence of the Jordan canonical form 3
spectral radius of a matrix to its matrix norm. 1s aresult that relates
o o .-.‘,.-‘_.i' ' :-{,"
Theorem 1.12. For any matrix norm || - ||, we have

tl_.ﬂ "A"- I!'IIIi = p{AL

s Proof. The proof is a direct application of the ] . _ _
¢ Exercise 10. . ordan canonical form and is the suh_ltﬂutt.:r
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1.9  Normal and Hermitian Matrices g
- 5 e
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. This section examines specific properties of normal and Hermitian matrices, including some
A ﬂ'npmw Pmﬁmﬁs related to their spéctra. The most common normal matrices that mj&
in practice are Hermiti it =t
p.,.:[-?b" L ,_;pan and skew H:rnnlﬁl:-_.\ '
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1.9.1 Normal Matrices

- -~ e B e I1
o S a8 L o T e

By definition, a matrix is said to be normal if it commutes with its transpose conjugate, i.e.,
if it satisfies the relation

P L = i g 1

: A*A = A4 . (129
. ’fr Lo T L ¥ o gt
An immediate property of normal matrices is\statr.d in the following lemma.
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re m& @ normal matrix is triangular, then it is a diagonal matrix.
=~
'\; Proof. Assume, for example, that A is upper triangular and normal. Compare the first
. diagonal element of the left-hand side matrix of (1.29) with the comresponding element of
the matrix on the right-hand side. We uh}in that
"

/*/i;nE: = E lay; 12,

A

7
J
;

[
{
]

g
same argument can now be used for the second row, the third row, and so on to the last row,
to show that a;; = O fori # j. O

A consequence of this lemma is the following important result.
I %, ".';"-' -I.::J ll-. il ?--‘l‘:a-.
Theorem 1.14. A matrix is normal iff it is unitarily similar to a diagonal matrix.

Proof. It is straightforward to verify that a matrix that is unitarily similar to a diagonal
matrix is normal. We now prove that any normal matrix A is unitarily similar to a diagonal
matrix, Let A = QRQ¥ be the Schur canonical form of A, where @ is unitary and R is

upper triangular, By the normality of A, fﬁ;’
EE"Q"’QFQ:"/: grQ" oR" Q"

or S
- QRYRQ" = QRR" Q".
Upon multiplication by ¥ on I}}Efleﬁ and Q on the right, this leads to the equality RF g =
RR". which means that R is,normal and, according to the previous lemma, this is only
_ possible if R is diagonal. | b e - o
wa_!_.:-* :I;’_._-‘-'p' TP S N o " ":_'.- Sy
< Thus, any normal matrix is diagonalizable and admits an orthonormal basis of eigenvectors,
namely, the column véctors of Q.
The following :n::su]:yﬁll' be used in a latér chapter. The :1?5{]
of

- n aJ : on that is asked is,
; )r.-"{ Assuming that any eigepvector of a mg,r,nﬁf is also an eigenvec

A" is A normal? 1f
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which shows that the elements of the first row are zeros except for the diagonal one. The -
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