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1.8. Canonical Forms of Matrices . —N

! f A is the maximum numbe;
ety e f envalue A © of .
of an eig
- ?j[hg ent ;Tgi::';f]:‘a?s:ﬂk ted withit. In HT;; words, the geometric m“]tlphctq,
epen 5
y is the dimension of the c:gtnsFace Ker(A — ¢ $ Vs iy
S et ty uf a[ least one of its mg':m’ﬂlﬁ
4. A mam:x. is derogaio
s ]arﬁcr ﬂmn qm: ;
P -_-*1. S gl f mu]'l_lpllc[t}' ]5 Eq:uﬂl to “‘5 gt-ﬂmﬂrt
emisimple if its a;ggbrmﬂ
5. An eigenvalue 1s 5 imp i s ot s mele is u::a]]'E'-d efective.

multiplicity. An eigenvalue = - 3
to denote the dwnm'f eigenvalues of A, p;
Often, Ay, Az, ... Ap (P2 n) are “Sﬂd imilar matrices are i eqm:a] e

: jals of two 5
easy to show that the u:haracte:nsi:c- pnl:mﬂ':m areCeqe
Exercise 9. Therefore, the eigenvalues of two similar matfic?s K20 Ei;ﬁ;n o i‘l
algebraic muiglghcnum Moreover, if v is an “gmmm;f-l e

of A and, ci'fnversel}f. if y is an e:genve-:lnr of A, ﬂ'iﬁﬂ
a result, the pumber of 1nde.p-:nc[ent mg:nv:r.:mrs ASSOGH

g T
ry if the Em[l]ﬂmﬂ El“l[uphcl

e
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Theorem 1.6. 4 dmganahzabfe !ﬂ" it f'ﬂf n -**"fﬂ”'}’ independent

yzaple iff there exists a nﬁﬁsingulnr matrix X ar:d a dfag?nal
.equivalently, AX = XD, where D is adlagnnal matrix.
' n hnearly independent vectors exist—the n column vectors

of X—such that A ;; Ea::h nf t]ms:. column '.recmrs 18 an Esgcnvmmr ﬂf A. 0

A matrix that is diagbpabizable has only m:mnsuanc c1gcnvalur:3 Cﬂﬂ\'ﬂ!ﬁﬂj’. if all the
eigenvalues of a matriX\A" are semisimple, then A has n eigenvectors. It can be easily

shown that these eigenvectors are linearly independent; see E:mrmse 2. Asa r:.sult, we have
the following prﬂpﬂsmﬂn :

- ! i
R —

- Proposition'1.7. A matrix is dmgﬂna!'lzﬂbie iff aH its ergenva!ues are semisimple.

Since every simple eigenvalue is semisimple, an immediaie corollary of the above result

is as follows: When A has n distinct eigenvalues, then it is diagonalizable.
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me the theorétical wawp-nmt one of the most important ca:iuu;{:u] fIEHnZ of matrices is
the well-known Jordan form. A full develGpment of the steps leading to the Jordan form
is beyond the scope of this book. Only the main theorem is stated. Details, including the
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- proof, can be found in smnéaﬂ books of lingar algebra such as [164]. In the following, m;

= psies to thﬂ.l]gtﬂ‘raiu multiplicity of the individual elgenvalue A; and J; is the index of the

. ¢ig¢ﬂ"|’ﬂ]1-lﬂ~.. 1.e., the ETE]]FSI inlEgEI for which Ker(A - lff]ir-lrl = Ker(A = X f}l.r‘

F klr_a-f' 1 'f;_ uﬁ ‘,'J-I,l.uﬁ',-:' .{.-.r‘:; fsrS 3 s s ,;’-:_,.!l,:_:

./ Theorem 1.B. Any matrix A can be reduced to a block diagonal mairix consisting of p
diagonal blocks, each ﬂﬂ.ﬁﬁf with a disfinct éiﬁ}ﬁigiua );. Each of these diagonal
Hﬂf.k’ has "’i‘.uf.ﬁl“”fk dfﬂ.‘gbmf}.rmﬁ:ﬁre cmﬁ}:";:g of vi sib-blacks, where y; is the

4 +geometric multiplicity of the eigenvalue );. Each of the sub-blocks, re erred to as a Jordan
i block, is an upper bm"ﬂﬁﬂ;ﬂ!iﬁ&ﬁx nfsg'éle not :.rEEEng I; < m;, with the consianf Ajpon
the diagonal and the constant one on the superdiagonal o =\
. VP O R ?J‘_ 5.
The ith diagonal block,i = 1,..., p,is known as the ith Jordan submatrix (sometimes
“Jordan box”). The Jordan submatrix number i starts in column j; = my + m2 £ R

m;-y + 1. Thus, g _ .IQ,QJ-H;;-
4 /
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where each J; is associated with A and is of size m;, the algebraic multiplicity of ;. It has

. - ail - hr b Sad il )
itself Tff}fcillnmn £ structure: A ) S8 0% "
ot iy, o2 il A A
¢ Jia . ﬂlﬂ“f“\\\.". Fary o0
J; = 1 , with J = - : S |
e ' B! :
Jin o A

o T iy 37 I:.i-—-' ___:':-:_::_ : 1
Each of the blocks Jix corresponds to a different eigenvector associated with the eigenvalue
A;. Its size lj is the index of A;.
) ¥

77 1.8.3 The Schur Canonical Form 3

Here, it will be shown that any matrix }5 unitarily similar to an upper triangular matrix. The
only result needed to prove the following theorem is that any vector having a 2-norm can
be completed by n — 1 additional vectors to form an orthonormal basis of C”.

Theorem 1.9, For any square matrix A, there exists a unitary mafrix Q such thar

; Q"AQ =R

/
is upper triangular. /

T, R A

Proof. The proof is by induction over the dimension n. The result is trivial forn = 1.

Assume that it is true for n — 1 and consider any mauiﬁﬂ of size n. The matnix admits

d'HG'E{'A = % = ';""'-"1”.553«.1--,_"-&- L Nl
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