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L Chapter 1. Background in Linear Algebra

© and R are the matrices sought. In summary,
. X = OR,

. : - s
in which R isthe maﬂgﬁhf)rfmrix obtained from the Householder reduction of X (see(1.26)
and (1.27)) and o

y

ALGORITHM L.3. Householder Orthogonalization =

1. DefineX =[x,,..., %]

2. Fork=1,...,m, Do

3. Ifk > | computery :== Py Piz--- Pixs
4 Compute w; using (1.23), (1.24), (1.25)

5. Compute ry = Pyry with Py =1 - 2wy w]
6. Compute gy = Py Py - -+ Pyey

7. EndDo

ﬂl!‘j = P]F: R Fm-':ﬂjr

Note that line 6 can be omitted since the g;'s are not needed in the execution of the
pext steps. It must be executed only when the matrix ¢ is peeded at the completion of the
algorithm. Also, the operation in line 5 consists only of zeroing the components k+1,....0
and updating the kth component of ry. In practice, a work vector can be used for ry, and
-1s nonzero components after this step can be saved into an upper triangular matrix. Since
the components 1 through k of the vector wy are zero, the upper triangular matrix & can be
saved in those zero locations that would otherwise be unused.
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1.8 Canonical Forms of Matrices

This section discusses the reduction of square matrices into matrices that have simpler
forms, such as diagonal, bidiagonal, or triangular, Reduction means a transformation that

preserves the eigenvalues of a matrx.

Definition 1.5. Twe matrices A and B are said to be similar if there is a nonsingular matrx

X such that
A=XBX™,

The mapping B — A is called a similarity transformation.

[tis clear that similarify is an equivalence relation. Similarity ransformations preserve
the eigenvalues of matrices. An eigenvector up of B is ransformed into the eigenvector

wq = Xugof A, In effect, a similarity transformation amounts to representing the matnx

B in a different basis. Vo
We now introduce some erminology. |
1. An eigenvalue A of A has algebraic multiplicity if it is a root of mu]qj_l;ljcity 1 of
the characteristic polynomial. s :
2. If an eigenvalue is of al gebraic multiplicity one, it is said to be simple. A nﬁnshnp]g
cigenvalue is multiple. : *



/ / dependent eigenveclors associated with L.
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1.8. Canonical Forms of Malrices ———
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the distinct eigenvalues of A, Ty j
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Often, Ay, A,..., A, (p = n) are usad to dmma
casy to show that the charactéristic polynomials of two
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Theorem 1.6. 4
cigenveciors.
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Mn hur:arly mdependem w:r.:mrs exist—the n column veﬂm

of X—such that A 1% Ea.ch of these column vectors is an cigcnm:mr of A. 0

"ﬁf malrix that is diaghpalizable has only seu:usunplr. eigenvalues. Conversely, if all the
eigenvalues of a matriX\A are semisimple, then A has n eigenvectors, It can be easily

shown that these eigenvectors are lincarly independent; see Exercise 2. Asa result, we have
the following pmpm:man :

I

mple.

Since every simple cigenvalue s semisimple, animmediaie
i i corollary of
is as follows: When A has n distinct eigenvalues, then it is dmﬂ“ﬂ:l]l:;i]ﬂg the above result
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the well-known Jordan form. A full develépment of the steps leadlng to the Jordan form
is beyond the scope of this book. Only the main theorem ;s stated, D::taﬂa, including the
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