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~ complement of § and de
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rows of A. A matrix ijn C™*™
n A fundamm]m result of lin

§

18 of full rmfk when its rank is equal to the smallest of m and
ear algebra is stated by the following relation:

S et )b | i II:.I'I; =RM[A}$KE[[AT}‘ {Ir]?]

. dicar
The imi. result ap!lhe:! to the transpose of A yields C” = Ran(A”) & Ker(A).
Subspace § s said to be invariant under a (square) matrix A whenever AS C S. In

.';E}Ecular. lgm any eigﬂn:-’r'a]ué dof A the .sul_}sEace Ker(A — Af) is invariant under A. The
pace Ker(A — 1) is called the eigenspace associated with ). and consists of all the

eigenvectors of A associated with 1, in addition to the zero vector.

1.7 Orthogonal Vectors and Subspﬂteg

Assetof vectors G = {a;, 4, ..., 4,) is said tnbeaﬂl(a@l if
_o-"""'r'—'"-

{ﬂ;‘.-ﬂj}ﬂﬂ when im

It 15 orthonermal if, in addition, every vector f G has a @mélé to unity. A vector

ogonal to this subspace.

complement. Thus, any
in § and a vectorin §-.

divide 1t by its 2-norm, to obtain the scaled vector g; of norm unity. Then
against the vector g by subtracting from x; a multiple of g, to make

the resulting\yecior orthogonal 10 gy; 1.€.,
x; + X2 = (X2, q1)4i-

The resulting vector is again normalized 10 yield the second vector g;. The ith step of the
Gram-Schmidt process consists of orthogonalizing the vector x; against all previous vectors

4

- LT

.. ALGORITHM L.L. Gram-Schmidt

. Compute ryy := [xill2- Ifry = 0 Stop, else compule gy = x/ry

]

2 Porj=2ius r, Do _
3. Compulte rij \= (xj,q) fori= )i =l
o gi=x-Thing

5 I:j_;' = ||"§||3 i

i Ifrj; = 0 then Stop, elseqj = q/7jj

1. EndDo



1
1.7. Orthogonal Vectors and Subspaces r—t

will not break down. i.e., all r steps wil] p,
linEii];,r independent. From lines 4 ang 5
following rﬁ! ?Einn l'.l:ulds:

.~ Itiseasyto Pl:;ll‘l!i: that the above a]guﬁtl'm'!
~ completed iff the set of vectors Xy, X2, ---» X 15
it is clear that at every step of the algorithm the

]
Xj= Z Fijdi-
i=] s &
denotes the r % r Upper tnangula,
If X =[x, 32,00 50), Q= (91,42 9) and R : ‘
matrix whose nﬁﬁmﬁﬂéﬁéﬁlﬂ are the r;;'s defined In the algorithm, then the above relatiop,

can be written as B (1.13}

This is called the QR decomposition of the n X 7 matrix X. From what was SMd‘abﬂ“*
the QR decomposition of a matrix exists whenever the column vectors of X form a linearly
" independent set of vectors.
~ The above algorithm is the standard Gram-Schmidt process. There are altemnative
" formulations of the algorithm that have better numerical propertics. The best known of
these is the modified Gram—Schmidt (MGS) algorithm.

- . ALGORITHM 1.2. MGS

1. Define ry := |lxyllz. If ryy = 0 Stop, else q) := x,/ry
2. Porj=2,....,r,Do

3. Define § := x;

4, Fori=1,...,j—1,Do
5 rij =14, q)

&) é‘ = li = rr'qu

7 EndDo

8. Computer; := ||§ iz
9 Ifrj; = 0 then Stop, else qj = q/ry
10.

Yet another aliemative for orthogonalizing a sequence of vectors is the Householder
algonthm. This technique uses Householder reflectors, i.e., matrices of the form

P=1[-2we'

in which w is a vector of 2-norm unity. Geometri . :
I S m:rhypa'ipgﬁe span[;u]ﬁa:"?. the vector Px represents a mirror
To describe the Householder orthogonalization
as that of finding a QR factonzation of a givenn %
w for the Householder transformation (1.19)

process, the problem can be formulated

: m mat_rlx X. For any vector x, the vector
15 selected in such a way that

Px = aey,

where a is a scalar. Writing (J - 2ww™)x — ae, yields

2w’ =
Ty -.’.'wl—.["l:l'fl_ []-.2['“
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