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| (i Theorem 1.19. The eigenvalues of a Hermitian matrix are real; i.e., a(A) C R.

il 2\ ~*7 In the proof of Theorem 1.17 we used the fact that the i

1.9. Normal and Hermitian Matrices
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The spectral radius and numerical radivs are jdentical h?.:h n; T t can oy
casily shown (see Exercise 21) that v(A) >AAll2/2, W

The numerical radius is a vector - i.e., it satisfies (1 -FHI-In). but it is not ¢opg:
(see Exercise 22). However, it fatisfies the power inequality (see [171, p. 333)):

v(Ah) < v(A)-. (13

1.9.2 Hermitian Matrices

A first result on Hermitian matrices is the following.

Proof. Let A be an eigenvalue of A and u an associated eigenvector or 2-norm Unity. They

‘A= (Au, u) = (u, Av) = (Au, u) = X,

which is the stated result. ol

It is not difficult to see that if, in addition, the matrix is real, then the eigenvectors can be

chosen to be real; see Exercise 24. Since a Hermitian matrix is normal, the following is
rﬂ_;?;r consequence of Theorem 1,14, < :
:‘F; _'H_:- E.J':-"
yThmrm 1.20. Any Hermitian matrix is unitarily similar to a real diagonal matrix,
,l'r
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In particular, a Hermitian matrix admits a set of orthonormal eigenvectors that forms
basis of C".

Jelyy ol
fner products (Au, u) are real
sy~ Generally, it is clear that any Hermitian matrix is such that (Ax, x) is real for any vectn
R eC.I turns out that the cofvérse is also true; i.¢., it can be shown that if (Az, 7) is red

for all vectors zin C”, then the matrix A is Hermitian (see Exercise 15),

ipl

Eigenvalues of Hermitian matrices can be charalierized by optimality properties of i
Rayleigh quotients (1.32). The best known of these is

the min-max principle. We now label|
all the eigenvalues of A in descending order: et L
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Here, the eigenvalues are not necessaril
its multiplicity. In the following theo
e generic subspace of C°,

-

e 0
y distinct and they are repeated, each according
rem, known as the min-max theorem, § represeats
ves

: ; ad o .
Theorem 1.21. The eigenvalues of a Hermitian matrix A are characterized by the rela

lt = ; min max -l:a"iI.I}.
5, dim (S)=n-k+1 2eS.xf0 [;I.'. I}
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Proofl.  Let [gi)ia,...n be an orthonormal hasiA C" consisting of eigenvectors of 4";
associated with 4, .. ., An, respectively. Let Sy'be the subspace spanned by the first k ©

these vectors and denote by 41(§) the maximum of (Ax, x)/(x, x) over all nonzero veclors
of a subspace S. Since the dimension of Sy is k, a well-known theorem of linear algebra
shows that its intersection with any subspace § of dimension n — k + 1 is not reduced 10

{0); i.e., there is a vector x in .5'['1.5‘;7]‘11&5; = Ef-l £,q;, we have

Ax,x)/_ Tl _

{'I"?, i Efﬂl&ll: =
4

so that u(5) > 2.

Consider, on the other hzrr':i the particular subspace Sy of dimension n — k -+ 1 that is
spanned by gy, ..., g,. For éach vector x in this subspace, we have
;
(Ax,x) YoMl »

s ] i 1&1-
(x, x) f=t 15

50 that 12(Sp) < Ax./In other words, as S runs over all the (n — k + 1)-dimensional sub-

spaces, j1(S) is never less than Ay and there is at least one subspace Sp for which 4£(So) < As.
This shows the desired result. 0 .

The above result is often called the Courant-Fisher|min-max prim:ip!&l-ur theorem. As a
particular case, the largest cigenvalue of A satisfies

: ' (1.37)

) Mo J 1 et 2N
Actually, there are four different ways of rewriting the above characterization. The

second formulation is
— _J-I:

A= max i AL -

e 5. dim (5)=k B e (x, x) (1.38) -
and the two other ones can be obtiined from (1.36) and (1.38) by simply relabeling the
eigenvalues increasingly instead of decreasingly. Thus, with our labeling of the eigenvalues
in descending order, (1.38) tells us that the smallest eigenvalue satisfies

. (Ax, x)
J‘ﬂ — ]
Tig . 5) ) (1.39)
1 = -t . ] 1;__:1,._= S ALy ;F.t,l-r_-._.'::
with 4, replaced by 1, if the eigenvalues are relabeled increasingly.
G, In order for all the eigenvalues of a Hermitian matrix to be positive, it is nGEEsTary and
sufficient that

r{ :"-1_._;_}_ >0 _¥xeC’, x40

e

Such a matrix is called positive definite] A matrix that satisfies (Ax, x) > 0 :
e o ey AN e fﬂl‘ﬂn}rx 15 said

I & . - . N 5 ° L :

o be posirive semidefinite] In particular, the matrix AY A is semipositive definite f

- o1,

L .

rectangular matrix, since: Aty s Or any
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