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v IR Chapter 1. Backguund in Linear Algebra
Definltion 1.30, A ix is ai
/t,"f’ i matrix is said 10 be an M-matrix Lf it satisfies the following four proper-
1. @y >0feri=1,... n

2. a,) =0fori £ j, hj=1 fi

3 A T nonsingalar
=] .
4. A1 >0 : R
&

' Ve 5, e
S 11';]“311”3&% four conditions in the above definition are somewhat redundant and
7' equivalent condifions that are more rigoros will be given later. Let A be any matrix that
2t 5;““;3 properties (1) and (2) in the above definition and let D be the diagonal of A. Since
= U,

r

A=D-(D-A)=D(I-(I-D"A).

Now define
B=1-D"A.
Using the previous theorem,  — B = D~'A is nonsingular and (/ — B)"' = A~'D 20

iff p(B) < 1. It is now easy (o see that conditions (3) and (4) of Definition 1.30 can be

mplacﬂ with the condition p(B) < 1.

e — "5-"""'-'-—_-—} .-:"'lﬂ

ﬁ Theorem 1.31. Lef a matrix A be given such that

ve

r

l.ayy>0fori=1,....n;
2.a,;=0fori#j i, j=1,...,n
Then A is an M-matrix iff
Uz (3 p(B) < 1, where B =1 — D™'A.
?g v (3. p(B) <L w ere B =1 a
: r
1y ¢ Proof. From the above argument, an i jate application of Theorem 1.29 shows that

J}" properties (3) and (4) of Definition 1.3 equivalent to p(B) < 1, where B = I =Cand

C = D-'A. In addition, C is nonsingular iff A is and C™" is nonnegative iff A is. o

The next theorem shows.that condition (1) of Definition 1.30 is implied by its other
three conditions.
Theorem 1.32. Let a matrix A be given such that
1. ai; = Ofori#j, i,j=1-...M
2. A is nonsingular,
3, A7V =0

Then

4 a;>0fori=1,....m ie. Aisan M-matrix;

5. p(B) < 1, where B=1— D'A.
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proof. Define C =A™ Writing that (AC)y = 1 yields
K-'f Z-‘Jn:ﬂﬂ ="1;

whi;h gh"ﬁ
ajicy=1— ZEHEH-
ki
b '
all k, the right-hand side is not less than 1 and, since Cii >0, theg|
Pphﬂhnn '

i <0
i:!‘: g“'f!‘,;l: d part of the result now follows immediately from an 4

Theorem 1.3K
Finally, this useful result follows.,

Theorem 1.33. Let A, B be two matrices that satisfy
e

1. A< B, _
vh
;"--'". Fbu < Oforalli # J. . H-“ﬂkt
Then, if A rsaﬂMnmmx,mufhemmmH

) -?, Proof. Assume that A is an M-matnx d let Dy denote the diagonal of a matrix X_ The
37 matrix Dp is positive because |

Dg = Dy > 0.
Consider now the matrix / — D" B. Since A < B, then

' | p(I — D;'B) < p(1 = D;'A) < 1.

This £stablishes the result by using Theorem 1.31 once again.

..:'EJ

1.11 Pnsltwe Definite Matrices

A real matrix is said to be positive definite or positive real if

A A s . e - e i

| n
j; (Au,u) >0 Yue R", u#0. o t;"-‘f’fr‘ﬂl
hen fmmu]amdmuﬂif :

It must be emphasized that this definition is only useful W (Au, ) 5%
variables. Indeed, if u were not resfricted to be real, then assuming e a.d::l*:nnn
t p, forall u complex would imply that A is Hermitian; see Exercise 15. If, In
-F/l -u~l_.'."r' -1 Hr‘ .ﬂ-:,-r-' 4;.,
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N Bt A Y Thot Wt
definition stated by (1.48), A is symmetric (real), then A 1s said to be symmetric positive
o gfﬂ'l.fl'e (SPD), -Si.l'lli.!:l.'lj_[hf‘ if Ais HEII_IE];[H.‘[I. then A is said to be Hﬂ_mﬂdﬂﬂﬂj_@f__ﬂfﬂ ire

o i
i b N

(HPD). Some pmp”&r:ﬁ.:acl‘HPD matrices were seen in Section 1.9, in particular with mga:"& -

to their eigenvalues. Now the more general case where A is non-Hermitian and positive

definite is cofigidered. = ;
R¢ We begin with the observation that any square matrix (real or complex) can be decom-
posed as il £
A=H+i§, A=W+ G (1.48) -
in which H-_L‘rmla”“.
{ ity ; 1 ' 3
5 2 H=gaeat, B3R
e~ r Wy,
% - i -ﬂ-":.P ol
2 S=—(A-AM). " o
Lo 27 T iyl 8 = -8 (1.50)

Note % both H and § are Hermitian while the matrix i § in the decomposition (1.48) is
Hermiitian. The matrix H in the decomposition is called lhcﬂemiﬁm part of A, while

the matrix i § is the skew-Hermitian part of A. The aBove decomposition is the analo

ufﬂwdmnﬁ;:?;siu‘un nfa:gﬂglgx number z into z = x + iy: ?‘%ﬂ

3 1
=)= 2@ +D y=9m() = %ﬁ—-i}.,

When A is real and u is a real vector, then (Au, u) is real and, as a result, lhgdmﬁ_
position (1.48) im.nﬁifiﬂely gives the equality 7=

[AII. u)= [;?H.H]. {151}
A1
This results in the following theorem. .'.-*;:j L

Theorem 1.34. Let A be a real positive definite matrix. Then A is nonsingular: In addition,
there exists a scalar & > 0 such that

(Au, u) auﬂuﬁh (1.52)

for any real vecior u.

\ .7 Proof. The first statement is an immediate Consequence of the definition of positive
" definiteness, Indeed, if A were singular, thefi there would be a nonzero vector such that
Au = 0and, as aresult, (Au, u) = 0 for thi$ vector, which would contradict (1.47). We now

prove the second part of the theorem. From (1.51) and the fact that A is positive definite
we conclude that H is HPD. H m (1.39), based on the min-max theorem, we get '
_ {Au, . (Hu,u)
= Imin > A A 8
e R e

king & = Amin(H) yields the desired inequality (1.52). 0

A simple yet important result that locates the eigenvalues of A in terms of the spectra
of H and § can now be proved.
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Theorem 1.35, Ler A be any square (possibly complex) matrix and l¢;
and § = 3(A — A¥). Then any eigenvalue A of A is such that

Lm0y (H) < Re(A)) < Amax(H),
Amin () < IM(A)) < Amax(S).

.7 Prool. When the decomposition (1.48)is appliedtothe
277 u, associated with X ;, we obtain

l;s'[-l'lﬂjmuj}={ﬂ .H’J’}"l—i{sujruj}m_

assuming that |Ju;jl; = 1. This leads to

He(d;) = (Huj, uj),
,/E}m[jl.,!] = (Suy, uj).
ra
The result follows using properties established in Sﬁﬂﬁﬂn1l.9.
s -
Mm&mvﬂmufnmﬁxmmmmam%g!adcﬁmdhyhﬁ
of its Hermitian and non-Hermitian pags. In the particy r case where A is real, ihey jg
skew Hermitian and its eigenvalues form a set that is s 1¢ with respect to the
Va3 in_dmmmplﬂplnm. Indeed, in this case, i S is real and its eigenvalues come in
£ pairs. e

Note that all the arguments h mhasndunﬂ:eﬁeldnf\ruluum.
;H-_.? they provide ways to localize genvalues of A from knowledge of the field of
However, this imati be inaccurate in some cases.
.~ Example 1.3. Consider the matrix £
| S
10 1)

101. Those of H are 1 4+ (10* + 1)/2 and those

A

The eigenvalues of A are —99
are +i(10* — 1)/2.

When a matrix B is D, the mapping
*y =+ (x.Y)a=(Bx,y)
from C" x C C is a proper inner product on C” in the sense defined in Se®

is often referred 1o as the energy norm or A-norm. Sometime®.
possible to fidd an appropriate HPD matrix B that makes a given matrix A Herm!

: [AI-}'}I={I,11}F:I! "l'_:_}!_
ﬂlhm.lgh_ ug Aham-ﬂmﬁmmﬁmmmmgﬁucﬁmmﬂ%
simplest examples arc A = B~'C and A = CB, where C is Hermitian and B i



B e T - - — -l 5 TR R

)

LA LY T3 e
A\ 2R ame oIy M
0 Vi PO P . B
5){)‘ }) e 1|- -, L - -

;4 , .
"') --""‘:"*u'“,.‘;-m el LA L\_gg_‘ﬁ,_,;v_.;/"_,@wﬁ
E'J c. A €& Rol. A Fb-t -2 -on “Lf.:'-*f ;,—-—";'11?-01‘?.}...-4'";‘"'-5
5) = \ ; . .:-'-__.--'_'.:" =
1.1.] 'q- ? Fa

,rw/w@pﬁbﬁ,ﬁuuuwﬂkgﬁw}p, x'%,j“ SRS
: S ﬁ:-::?_.-‘ u"LL.,.-r" At o _r"_.!""- #..Jld.l'lﬁ_:p/)l.l
DAJ;ﬁprﬁmf,wa@ MER Al s e i qu(i&

™

T aE u—rffw-»-ll Y 7 ALY NN i T I VAP
- : : : : Dro
_ﬂ =D ﬁb._-_.w, - ml-ti..ts‘&a\
" : S -~ e |
. B - In.hﬂ ; e
(- ,r‘"'ﬂu,.h-ﬁ-"v?:t ST RS fwt_-ix -*-,fﬁ-le:.m_.-ﬁl.--

-

o e AR U (XY SR Ye s B s
L ?,;VQI:J'IM/)\ f.a“,_.._h(fl’-’-'{.ﬁrc“"..aldﬁ_.'-’,i ,_L,_,/lhrn'f.ﬂ_j.)ifwt =
AN N B I e a) g

+ L P e . T s, 1o 1 1 __'E:L.:;y_s__{th
1 - : T
e — e —— — o2 —T‘Lﬂ-‘-!*—-a.-?-..---tir._ﬂi ____,(:"___
SRR | (BN L WY S5, o R
S ) S P G P T

et e "H'%..c?:""- AiS o Waomade X i R8 . N
3 _fi%}ﬁj_ _Uhene Bad o R:T\‘ A

SEIETLENG @

g S o I Tl L - L T T o -ﬁ'vﬁ#ﬁii—"
| 4 = 5 . . - T _ : ri '

L ra -
i
I




C

} Chm Lo ?‘n‘{ i A el VA e L I U S S

- SRR 5 1L Y O IS

5y ﬁ*‘-m e R L e s it

it hpeaa o LN e ) N tia g
T e T
el

T .
e L — V). FPRIPN 1 _-_J.e.ﬁfﬂf"-—i’—ﬂ— —
h m_ e LN S | BT3B
e —— st it SO ST o

L

e ot e L SorEnie, wae S g L J,.P\_--L,!:&___-.
SRS | 3 LR =
/ﬂl;;/uh ) by o6 ot attin) S
,,,rt'j/,/,{, B m..ﬂ_f.'?_,f Mo~ez W o P ;:i;-.:-{.ii_L.ﬁf '.a.r o = —
b L e B L2 apph -
-'1--{"’/;‘ Fﬂ-’-/"-l"“ P A 5L W [ N ,{L-
/J/,,.g} 2) ﬁwfr“ o ﬁukrfb LA -ﬂ‘.r.._.!}i .-_f,,..m_ﬁgm lj‘l..g_:.___.. (o
S e l{ﬁmi vueR™ |
Ty it g m T e
A - 'ZFI:LJL ::J,LLJJ_:E.-:...-..JL— _____{ﬁ
Aa, W) uf/fx - vm?.r " wiam-»ﬂxj edis(w
ﬁaf WA ﬁ*.s’f*41ﬂtéL J?.ML*?’HL, (SwAY S5 d!,lbe.p (X}

e =
e f/l;’-’rﬂ“rf‘ fm‘?ﬁpﬁ*’ﬁ‘%ﬁ‘ﬁ”"ﬁ*ﬁj‘\ .;:.._.‘.--:J5

[ AR 2 AN st ) _E:
N e ekl D -




x L

A | “?;D ML o
! o’ me-'“-‘““-‘?‘} "fP'L--: ‘P'*. q.:,_..u.é.l'! u‘u‘.;m;_p/u)l Lyl .

E e
- P_/(L-.:- ﬂ-FJ—-"' ﬂ,.:_‘_,..;..- “y\ O o e ly
- ___.Bmpdlwdg,w#c LB i Wl il H/_,..s-

o S 1= "i-J;P_::LE,ﬁ-' tl.!‘,fi-"{}’"'
- \‘5? J*fe}uﬁw,m-f HPD- guﬂ-eixuf_g..m_..e.u

..
b /&'LFM /‘;’f f Ma*ﬂpﬂgbﬂ-ﬁ r‘_,)[qJBVJ_;J‘. o

— . e R et e ] LT ik -2 _n »
J_.__ M{{‘?fﬁ;lmﬁ)@fm%:ﬁiulﬂ_ﬂp_ﬂiﬂjl "—1.-""

["} I e e, & N — e — __,..__:i"'!"'r L.—-iJ[_ Iflﬁ '_1"'{5'"" iy
e St 4 _P\__:.. Hax o
v

A I _ﬂ/ﬁ‘rﬂ—"i]{ﬁuu_;fvﬁﬁf SR
B ——NWeida. _J )

i‘_.;__ ; A e H:" LF&AH\}___
e sk Re Bl '-h."'} S

- tﬁ——ﬂ#f“dll-ﬂ“ %/PMMWP,E;H arril s S

;- fﬂ/]d'\@gu s m_._.f_.l'r a-;JLsu_- /F" o ..n.uu._.-*’\,r&..nl.ﬁhg_____
B

i.-.-'f_J",:'(‘J 45 Q:;JMLLIW E’k ;.'L.hr-*-ﬂd,d ;M/?)'Ilr"'c-j\ri‘-j'

- i 2 B LJLs-l\ Jf‘*"/;/l

- (Jy;rbﬁ?lw.g Jau;.-.f-l"“}—?L.-f ,--*-’i-rf‘fl-:}f'ud;-.._;i_.__
TEEERAE —--Z_,'Iﬂ‘j*r\._% . . ] 1

P [ ?—LTE———-E—K%-I'E\} 28
R SN T Im_'%_\ - 5 S

). (P ."'f'é st leleoy J “;'“"i'ﬂ‘u—-w A ﬁuxllm.ﬁf u,L_

..l'_ P A I RN T DT T PP Lol DL SRR Mﬂf L-l' .r::'m__‘j" .‘_;c‘..__p

',.. e e e T IR V0 RN F"L-l\ ﬁf"l—‘“ ;.-'ﬂ-r_.'- ‘E\u\_]\
ﬂwu‘ﬁmll\.uiﬁ-_-. :

' 2 O A ik
. ——————— 20 AN e
l

————
Fyi T sy ) @

——— ey,




: :
(
( ?

ST ST e a2
J"‘Jm"‘f-"‘l' ﬁ-?l.-f"'f_ﬁif._.ﬂ#-"_ "’i-'ﬁ-'-ﬁ__f :;r.—m:!? Arils H "f's """ :

e el

T R i ﬁ“'ﬂ-" KO d S ool
" -~—--'-——-—_---__._[Em gy g.xu&.\ e ]

— F@JL,._:. w0 R | Jd:’-_--n--———f

T ——— — = g J;Jﬂmﬁ

= e RUBE SRR

el Al _ B I, T [ﬁ,#]&P.f“—*—m-—
2 Hs .lE_Lﬁ_—tﬂ}_Jp_; A et .-ulu m'-—[[ W}_ﬁﬂ/’_&?_f‘-_ﬂﬁ-'_iL..ll E

- - e i
—-ﬁ-—ﬁﬂdﬂﬂfi&_@_‘z_ ﬁ.-a_f_‘.,.:a_ !-:_L.IE__'...F_-_.,E-_,‘:- l—_{_,LE-_“_‘}_

B P SR S LA T 3 S—
ﬂ{dﬂﬂ;ﬁaﬁf’ J‘C?-_L:::f_un_g.afﬂ.zlu.@.kﬂl w_itwﬂ\ ol ‘:';Ps

o *fa,.;/?_,uth.- “l-"d)\() I, St BRI
,-{’./L’th,—a::a*.w«il'la L---ﬁ-w-?—?e o menln P\ J_,,,(f L-t'.—l'-:—q‘é Bya\iaz
_A'_ﬂ:.«)lf 2\ e MJJLJ .f:LJ,aJm"},‘—D,,.:- caah__ﬂ____.q...-f -
e 1.5,4@-1)\-1}-_-5-1_.; p--e-_w_-LL_.._,..

-_— =

] [;-fj‘!;_..r .Jf),a:: ;M_..Li Bty \2 “Jl?‘\“-‘?-r—ﬂ-‘-'-ﬁ-l ‘—:5 —-

-
S e R e . ﬂ-"f"f‘-" HW--M—#% S
F_..J.-c_'ta-_‘—\"_'l-.-rl-__.-

g e ol AR /&M\ g/LZ\“,,m -

L]

Pl o Sl T e e = i il e e e = = - =m 1= ==

-
i O Oy P, (R Ly — o e a e meem wm—— = i
= m m = — e N PR = — o By R Y
n.
= R ——
—— —_— — e —— e — - TS — - — o




