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1.12  Projection Operators

quun Operalors of projeciors play an important rol numtn linear '
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Apmijjsmrhnwmappmg&nm C” to itself that is idempotent, i.c., such that
Pl=p.

,Ii-
A few simple properties follow from this definition. First, if P j s a pm;‘ur, then so is
(I = P), and the following relation holds: i

Ker(P) = Ran(J - P}

: (L57),
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In ton, the two :au Kt:{P_) and Ran(P) mtctm:t unl]r at lh:: t!:.mc.nl'. Zero.

Indeed, if a vector x belongs to Ran

(P), then Px-xh]rlhcllitm]:lmem Ifit
is also in Ker{P), then Px = me

0. Hence, x = Px =0, wh;chpmvc.sﬂxmu]t. Moreover,

every element of C" ca.nh-ﬂ:wmn:nasx-'ﬁ'x+[1 P)x. Th-cmfnm.ihcspw::l: can
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umqus projector such that Ran(P) = M and Ker(P) = S. This e

jropctur P
‘. maps an II:]I:II;}_M x of C" into the component x;, where x, is the M compofient in the

uniqie dmampumupn X=x +x associated with the direct sum..
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In fact, this association is n.uuqu: that is, an Erhntrar:.r PI'DJEI.':T.W P can be f:u;rc.l}r

» 2 determined by two subspaces: [l]th:ranchanand{l}:tsuu]l_:pamS which is also
the range of I — P. For any x, the vector Px satisfies the conditions

Px e M,
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The linear mapping P is said to project x rmm M and along or parallel to the subspace S.

IfPtsufrfnkm Lh:nﬂmmngcnﬂ P is of dimension n — m. Therefore, it is natural 1o

define S throiigh its orthogonal complement L = S*, which has dimension . The above
conditions, which define u = Px for any x, become e

) e
<8 ue M, (1.58)
x=plL. (1.59) :
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These equations dfjﬂ_;pmpctﬂr P onto M and orthogonal to the subspace L. The first
coMh statement, (1.58), establishes the m degxees of freedom, while the second, (1.59), gives
the m consfraints that define Px from these degrees of freedom. The general definition of -

projectors is ﬂ]us_ua;tdejguml 1.
e P
e — Yomd\h-P) g fmarfeden) plop

t = RBec @) ® ongp)



q'/gﬂ.aﬂ_}\ ::-/?Lé-l' A
LS9 c::u&.f_jy

N

{ it v
| 2= it 1

Vottiibinati

|

: - R S 1P - W Zanpiss Al
? Uﬂue }L'“":" E-E-?/-?)lv-e:\/‘g!ﬁ P> wad S }"-F.'-r"_f ;_—’L.. 1'_5._,1
'!f"”"’*"':c’“"ll..-.ﬂ,:?yuf«dl cf@.c.-:.; c)(L,u:_.-ﬂ'Jﬁ ‘ﬂ,),..&/re_)u
) H'QJ—’?WMUL,:_;\ M—WJ‘FF Mjﬂ-" JL___{_J\,, .

| ORI ..%:w_csm(_ S D\ o e S0P AN
N b WA, d ;wl;,,.;é_s;: DS\ 0 Y G ioN
A e ST L. DAVEES RS AT e,
, | ,;J/J 075 )0 s 232, Bdesy ey R, 4 Sl
T s om 1 Lo l 19 e e b 100 s

s ey fft‘:—'fiﬁ fonlx= 'i’} :
r.) r-"'-!‘{’hf""—'?":""i S Lﬂﬁf?l W}\ -;i*’hicj\,.JL. ‘_.JU,J ) —
e coigans, Sy - =
& L2 =N g _.m.é\ hm.:x ih_,n‘ ,ﬁ,.;;w_.ﬂ. w}@___
.ﬁ.-—\—— " - #.IJL-LEU . o
Ay ? Mfﬁﬂ-’fﬁﬂ“@ﬂﬂhwﬁ“ 5 LT
(S Ma gl : F_ -
T = = sl asre e m vy o
B —-—W“ WL"E}I‘*’ Csle i i 205 S

~ —— =QAA LT 00 _

~ ,(‘-J‘uz.n"".udl c-“uiyli G L_,_EJ\,__;LH Yo
T S . ¥ Et{{.?l@s LN
!/LL;J,,J‘JL" 2N S ﬂ-.f,ﬂ éﬁ.!-b-ae.\gw’h:p Lj'&.Q_ML_, o
3 " . ) % - S st2a N -
. ;yﬁwh@m\rﬂ dﬂii_bqf_;jlk_&r:_l_e;r&_, L

———-.____-
.......... ®

-




—— F
e i ilasnisi 1
M

A 'F_,J .-E"_,..:.r"_.r.i -‘L‘j_p_ljf}ﬁuﬂ__}".
r.-‘np ; n

'!I"i F fda_..}ﬁ.i_- Ve q f.-..,—'r_jjip__;—‘? J"I..L...-"_,-‘J s BP0
r"fl'J"le" '/ _,,_,;/E-f "'“""r-"j"'JU'""'w-- K-> ,af’..-‘-ie—*-""

.-?-"'--" ,;.J"; gJLE'? I':'-'L.,;_f'h..f_b\c_.__f?-nf'}__p ﬁL‘-"",/Jn L_}‘.., ;’P’h!._-':

—

L.F’-':' C“"'wa,,: Jh 2 s UL.:l,.r _'h—-__-'-
Lo r_b..r,--?\@?r_..
[kc;‘:.-fﬁ} iy o 5 TP
. f:'j..ql DIES, H-yu-ﬂ-'—i..u,:
ﬂ;/af:e.ﬁwm,gwﬂm. Gig Dy
bre MW
A-RY €%
Sd/l"lsu::?,}\all;b\'“\ \en D 1""..:,.--1.::1-:\*—1-—;?;«33\ =

,-_r“z'_.-j!:__-."l.
N-m I.r-"?l? }L-E_JIJLIT-" jﬂ_ﬁ'uum‘r}?@f‘pwd"-}\

L= J ,..ﬂ"'[ S J,ﬂF.:,.:-ﬁ Ao\ e Sy 'M_J“J-' -

B LR T

, /
cea N3

AT L S

i i |
]
. g e o e | -1 e T . F oy - _— | e i e e

Ao N L
LR P T L e P T




