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Similarly, AA¥ is also a Hermitian scmipositive definite matrix. The _5‘1“?: E“ of the
cigenvalues of A% A Tor a general rectangular mainx A are called the singu r[ ues of A
and are denoted by o;. In Section 1.5, we stated without proof that the 2-norm Of any matnx
A is equal to the largest singular value oy of A. This isnow an obvious fact, becanso

Iﬁui‘_ M:mM:_mﬂ———-:ﬁl.
#ﬂ xli x#0 Lx}x] 0 (x,x)
which results from (1.37). /

Another characterization of eig values, known as the Courant characterization, is
“stated in the next theorem. In contrasf with the min-max theorem, this property is recursive

Theorem 1.22. The eigenvalue ; and the corresponding eigenvecior gi of a Hermitian

(Agqi. q1) (Ax, x)
Aj = ————— = max
l (g1 q1) zeC sg0 (X2 X)
and, for k = 1; ) -
hy = (Age. qa) s (Ax, x) _ (1:40)
(g, qu) tﬂ.q;":nu-nq.tlxsﬂ (x, x)

-

/ In other words, the maximum of the Rayleigh quotient over a subspace :hatisﬂrthugnﬁﬂ
to the first k — 1 eigenvectors is equal to A and is achieved for the eigenvector g, associated

with A;. The proof follows easily from the expansion (1.33) of the Rayleigh quotient.
t=— /\.}I
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Nonnegative matrices Eﬁ}r a gﬂ:ml rnll: in the 1]11:!;1}* of mﬂ:;'lcﬂ They are important ip

the study of IEJ?.P;\HEEEE of itefaiive methods and afise in many applications, including

economics, queuning theory, and chemical engineering. :

A nonnegative matrixis simply a matrix whose entries are nonnegative. More generally,

a partial order relation can be defined on the set of matrices.

o
Definition 1.23. Let A and B be two n % m matrices. Then

A<B ~per
7 o ’
if, by definition, ayy < bjjforl <i =n, 1 = j =m. If O denotes the n X m zero it
then A is nonnegative if A > O and positive if A > O. Similar definitions hold ﬁ:m
“posirive” is mpfa:.-_:pd by "negative.”

SN s Ll :
The binary relation < 11:|:|p¢s¢5 mﬂy apartial orderon R™™ smo&% arbitrary ma

in R™™™ are not necessarily comparable by this relation. For the remainder of this

we assume that only square matrices are involved. The next pmpﬂ' sition lists a number

rather trivial pmpcrtms regarding the partial order relation just defined.
-.nf <l Wt Pl A
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/)) Proposition 1.24. The following pmpemra hold:
e %

1.|.r"
g’ L. The relation < formatrices s reflexive (A < A), antisymmetric(ifA < Band B < A,
'M and trénsitive (if A < Band B < C, then A < C).

. If A and B are nonnegative, then so is their product AB and their sum A + B.

. IfA < B, then AT < BT,

2

3. If A is nonnegative, then so is AL,

4

5.IfO < A < B, then | Al = ||1B]l; and similarly | Al < | Blla- ;

The pmuf of these ies is left to Exercise 26.
A mntmr. 15 33.1,55 to be ﬁfnﬁh if Lh::rt is ap : nl:l matrix P such that PAPT

ey n}'\.-‘ L1
1o be reducible but the conclusion 15

3l C be nonnegative matrices, with A < B, Then

AC<BC and CA=CB.

¢ first inequality only since the proof for the second is identical. The

Vo S
4 )’” result that is claped translates into ‘_-’;
n " a
Eﬂimﬂrfi E-‘Jucﬂ. 1<i,j=n,
k=1 k=1 '
which is clearly true by the assumptlions. ' 0

A consequence of the proposition is the following corollary.

ﬂpf Corollary 1.27. Let A and B be two nonnegative malrices, with A < B. Then
AE < B* Yk =0. (1.41)

Proof, The proof is by induction. The inequality is clearly true for k = 0. Assume that
(1.41) is true for k. According to the previous proposition, multiplying (1.41) from the left
by A results in

A < ABY, (142)

a |
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&2 Theorem 1.28. Let A and B be two square mairices that satisfy the inequalities
O0<A<B. (1.44) -
]
Then
p(A) = p(B). (1.45)
_»e”7 Proof. The proof is based on the following equality stated in Theorem 1.12:
' Eylfk
2 p(X) mll:’i i
for any matrix norm. Choosing the 1- _for example, we have, from the last property 3
in Proposition 1.24,
: Ik
p(A) = lip A" < lim B = p(B),
which completes the proof. d

E‘,.q:_"'__}‘ !
=== Theorem 1.29. Let B be a nonnegative matrix. Then p(B) < 1 gf I — B is nonsingular
and (I — B)~! is nonnegative.

« ¥ Proof. Define C=171—B. Ifitis assu
,_.?"J" C = I — B is nonsingular and

In addition, since B > 0, all the
ative. =2 !
To prove the sufficient condition, assume that C is nonsingular and that its invers

is nonnegative. By the Pofron-Frobenius theorem, there is a nonnegative eigenvectors
associated with p(B), which is an eigenvalue; i.e.,

Bu = p(B)u
or, equivalentl
Clu= : .
1 - p(B) g
Since yand C~! are nonnegative and I — B is nonsingular, this shows that 1 — p(B) ?ﬁ
whigh is the desired result.
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