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Abstract

Classnotes L i
J tes on basie properties of finite difference methods for time dependent
linear PDEs

1 Convergence, Consistency, Stability

General form of time dependent linear PDE (Partial Differential Iquation) is:

P8y, 0:)u = f(t, (11)
Examples are:
up = buzz, 5> 0, (1.2)
heat equation for real function u = u(t, ) with heat conductivity b > 0;
e+ auy =0, (1.3)
wave equation for real function u = u(t, ) with velocity a;
Aty = bllzz, (1.4)

b nonzero real number, u a complex function, (1.4) is known as Schrddinger equation. The
initial value of these equations is ug(z)-

One discretizes (1.1) by approximating time and spatial derivatives by finite difference
quotients with grid size h in space, grid size k in time. The resulting numerical solution is

denoted by [ approximating w(mh, nk).

Definition 1.1 (Convrzrga:ure) A one step method 1s eonvergent if for any solution u(t,x)
to-the PDBE-(1:1);-and -7Im)l.e.r'iml’.ialulim:—s'm:k‘ﬂlﬂt v0—oenverges £o () 0

v comuerges Lo u(t, %) as (nk,mh) — (t,2) as h, k tend to zero.
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A commonly used norm to measure convergence for a discrete grid function w is the £?
{energy) norm:

- 1/2
||wﬂh=(h. o |w,,,|") 2 (1.5)

m=—co

Definition 1.2 (Consistency and Order of Aceuracy) Given Pyv = [ a finite difference

method, and PDE Pu = f, the difference method is consistent with the PDE if for any
smooth function ¢ = yp(t,z):

Pp — Poxp — 0,
as k, h — 0, convergence being pointwise. If in addition,
Py~ Purp = O(K) + O(h?),

the method is accurate of order (p, q).

This is same as substituting the exact solution into difference method and expecting error
terms to tend to zero with grid refinement.

Definition 1.3 (Stabitily) A one step finite difference method Pyavy, =0 for a first order
equation is stable if there are positive numbers hy, ko such that for any positive time T,
one can find a consiant Cy so that:

Iomlls < Crllv]lns (1.6)
Jor0<nk<T,0<h<h,0<k< k.
A beautiful characterization of convergence is given in:

Theorem 1.1 (Laz-Rich ) A istent finite diffe methed for a
well-posed initial value problem of fmmr PDE (1.1) is convergent if and only if it is stable.

Here well-posedness of (1.1) means that:
lult, z)lla < Crilu(0, 2)ll2, £ € [0, 7). (1.7)

For linear PDIE, stability turns out to be easier to check than convergence, thanks to Fourier
analysis.



Definition
The L2-norm of a grid function w, denoted by [lwllaz, is defined as

o0 1/2
llwlaz = (A: 5 fw T) 5
=

Definition

A finite difference scheme Parazv]
a stability region A if there is an
there is a constant Cp such that

0 for a first-order equation is stable in
eger J such that for any positive time 7',

J
[ llaz < €2 Y liv?las

=0

for 0 < nAt < T, with (AL, Az) € A.

Von Neumann Analysis

Proving stability directly from the definition is quite difficult, in general. In-
stead, it is casier to use tools from Fourier analysis to evaluate the stability of
finite difference schemes. In particular, it can be shown that, for some solution
to a finite difference scheme v", there is a simple mathematical relationship
between the Fourier transforms 97 (€) and 8°(€) given by

7€) = 9(Axg, At, Az)"3(€)

where g(Az€, At, Az) = g(8, At, Az) is called the amplification factor and 7 ()
is the amplitude of the frequency € in the solution v™ (note that the second su-
perscript n in the above equation is a power and not an index). This quantity
is so named because it represents the amount that each frequency in the solu-
tion is amplified in advancing the solution one time step. That this relationship
anses from such analysis should not be surprising: the fundamental power of
Fourier t fi is that they diffe iation in the temporal domain
to multiplication in the frequency domain.

Definition
A onc-step finite difference scheme with constant coefficients is stable in a sta-
bility region A if and only if there is a constant K (independent of 8, At, and
Az) such that

lo(8, At, Ax)| <1+ KAt

with (At,Az) € A. If g(, At, Az) is independent of At and Az, the stability
condition may be replaced with the restricted stability condition

lg(@)] < 1.



Erample

Consider again the one-way wave equation and let us evaluate the stability of the
forward-time forward-space scheme given in equation (1). It can be shown that
all solutions of any one-step difference scheme will have the form v = g"e®. To
analyze the stability of such a scheme, we may therefore substitute accordingly

and solve for g

140 _ on gigh nL G0 _ il
GBS0 o e gre o

At Az

=)

g.aﬂ.,a(i]7 ) gnedi(e
Rt i oA

(9—1) = —al(e? - lj%

At At
AV
9=1+az= - az=e

7=1+aA-ade

where A = At/Az and a is positive. We can then calculate
, 1
19]* =1+ daX(1 + a) sin” 30

Since A is constant, we may use the restricted stability condition and we see
that |g| is greater than 1 for # 3 0. Therefore, this scheme is unstable. O]

The Lax-Richtmyer Equivalence Theorem

The Lax-Richtmyer Equivalence Theorem is often called the Fundamental Theo-
rem of Numerical Analysis, even though it is only applicable to the small subset.
of linear numerical methods for well-posed, linear partial differential equations.
Along with Dahlquist’s equivalence theorem for ordinary differential equations,
the notion that the relationship

consistency + stability <= convergenee

always holds has caused a great deal of confusion in the numerical analysis
of differential equations. In the case of PDEs, mathematicians are most of-
ten interested in nonlinear phenomena, for which Lax-Richtmyer does not ap-
ply. More d. ingly, the forward implication that + stability —
convergence is trivial for linear schemes, and thus it is only the converse notion
that convergence == stability that the theorem contributes. The intuition
that the theorem gives for problems that fall outside the scope of Lax-Richtmyer,
however, is faulty, since consistency and stability are often insufficient for con-
vergence, and convergence need not imply stability in general.




Numerical stability ---

The stability of numerical schemes is dossly associzied with nuren
is stable if the errors made at one time step of the calcuizfion do not

se he erfors 1o e

S are inued. Slable scheme s one n which &Tors remain consian
computations are carried forward. i the enors decay and eventually darp outl. the numencal sThame =
said to be stable. i, on the contrary, the emmors grow wih Sme the numerical scheme s s=id ¥

unstable. The stability of canbe ted by performing von Newsann st
analysis. For ti probk . stability guar that the numenical method producss =
bounded solution whenever the solution of the exact differential equation = bounded. Siabilty. »

- general, can be difficult Lo i sally when the under consideraion s O
In certain cases, von 1 stabiity is y and sufficient for stability in the sense of Lax-

Richtmyer (as used in the Lax equivaience theorem): The PDE and the finte difference schams mo3ss
are linear; the PDE is constant-coefficient with penodic boundary conditions and have only two
independent variables; and the scheme uses no more than two Sme levels ¥ Von Neumann stability s
necessary in a much wider variety of cases. & is often used in piace of 2 more detalled sizbility anahss

\ 10 provide a good guess at the restrictions (if any) on the step sizes used in the schems becsuse of &S
relative simplicity.

Ilustration of the method ==

The von Neumann method is based on the decomposition of the errors into Fourier series. To llusirate

the pi . ider the i heat

A é

ar = "o
defined on the spatial interval [, which can be discretized™ as

(1) u_'r“"I =uj+r (u_’,',._, —2u + n_';_l)
where

a At

T AT
and the solution 11’} of the discrete i d the analytical solution 11{ 1. f } of the PDE on
the grid.

"
Define the round-off error ¢ | as

AN, i)
€= .\_, u;

where u'; is the solution of the discretized equation (1) that would be computed in the absence of

o

J % i1 A " -
~ solution n}’ must salisfy the discretized equation exactly, the error € must also salisfy the discretized

equation. (% Thus

i fc

round-off error, and .\ is the numerical solution ined in finite isi ic. Since the exact




i

is a recurrence relation for the error. Equations (1) and (2) show that both the error and the numerical
solution have the same growth or decay behavior with respect to lime. For linear differential equations
with periodic boundary condition, the spatial variation of error may be expanded in a finite Fourier
series, in the interval [, as

\

R

m=1
where the wavenumber fi),, = with n = 1.2..... Mand N/ = L/A.r. The time
dependence of the erroris i by ing that the litude of error 4, is a function of time
Since the error tends to grow or decay expc ially with time, it is r le to assume that the
amplitude varies exponentially with time; hence
M
(4} R =

He=I
where (/ is a constant

Since the difference equalion for error is linear (the behavior of each term of the series is the same as
series itself), it is enough to consider the growth of error of a typical term:

(5) {v,,,(.!’.f) = (‘mr:f.-‘..r
The stability characteristics can be studied using just this form for the error with no loss in generality. To
find out how error varies in steps of time, i ion (5) into ion (2), after noting that
o at ik

=

o .
‘),r+l — ol

0 2

al ik lrtAr
ot I

”
i+l
T e

5 dkmlr—Ar]
Gy, ¢ 2

to yield (after simplification)

(6) Sl RN R 2)‘

Using the identities

ol A= = ot .;lr’*--n-\r and sin? ".'";\'r = (.(,hi,kmAJ}
equalion (6) may be written as
(e JK'M sin (R A r2)
Define the amplification factor
el
o (¢)

4



The necessary and sufficient condition for the error to remain bounded is that | (7| < 1. However
2 Al
(8) G=—e =
¥ {‘qu‘Hm.‘r
Thus, from equations (7) and

1ot
(4) 1- i\t sin’ U“,AJ‘;E'} Ll

(8), the condition for stability is given by

Note that the term dnd

sinﬂl;m A/} is always posiive. Thus, fo satisfy Equation (9)

(10} %\m (hadrf2) <2

For the above condition to hold at all \-m-( o A‘,-j.f"j), we have

A
Equation (11) gives the stabilty requirement for the FTCS scheme as applied to one-dimensional heat

equation. It says that for a given '\ 1, the allowed value of Af must be small enough to satisfy equation
(10).



P ! tektoC A

6 Well Posed PDE Problems

In the previous sections we saw some examples of partial differential equations. We now consider some
portant issues regarding the L and solvability of PDE problems. A solution to a PDE can be
deserbed as simply a function that reduces that PDE to an identity on some region of the independent
varubles. In general, a PDE akone, without any awxiliary boundary or initial conditions, will either have an
miinity of solutions, or have no solution, Thus, in formulating a PDE problem there are three components: (i)

the PDE; (i) the region of space-time on which the PDE s required to be satisfied; (i) the auxiliary boundary
and mitial conditions to be met,

For a PDE based mathematical model of a
formulate that model as what mathematicia
well posed if

physical system (o give usefil results, it is generally necessary to
ns call a well posed PDE problem. A PDE problem i said to be

a solution to the problem exists
the solution is unique, and

the solution depends continuously on the problem data.

(In a PDE problem the problem data consists of the coefficients in the PDE; the fimctions appearing in
boundary and mitial conditions; and the region on which the PDE is required to hokd.)

—_—
B s
~—
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Figure 3.1: Portion of the I grid for a i i elliptic equation. (a) The 5-point

stencil for the Laplacian about the point (1, ) is also indicated. (b) The 9-point stencil is indicated,
which is discussed in Section 3.4

We also need to specify boundary conditions all around the boundary of the region €. These could
be Dirichlet conditions, where the tempersture u(x,y) is specified at each point on the boundary, or
Neumann conditions, where the normal derivative (the heat flux) is specified. We may have Dirichlet
specified at some points on the boundary and Neumann conditions at other points.
In one space dimension the corresponding Laplace’s equation u”(z) = 0 is trivial: the solution is
a linear function connecting the two boundary values. In two dimensions even this simple equation in
nontrivial to solve, since boundary values can now be specified at every point along the curve defining the
boundary. Solutions to Laplace’s equation are called harmonic functions. You may recall from complex
analysis that if g(z) is any complex analytic function of z = z + 1y, then the real and imaginary parts
of this function are harmonic. For example, g(z) = % = (22 — y?) + 2izy is analytic and the functions
—y* and 2xy are both harmonic.
The operator V* defined by

VP = tze + 1y,
is called the Laplacian. The notation V2 comes from the fact that, more generally,
(ruz)s + (muy)y = V - (xVu)

where Vu is the gradient of u,

AL [ :; (&%)
and V. is the divergence operator,
v‘[:]=u,+u,. (38)

“The symbol A is also often used for the Laplacian, but would lead to confusion in numerical work where.
Az and Ay will be used for grid spacing.

3.2 The five-point stencil for the Laplacian
To discuss di izatic first consider the Poisson problem (3.5) on the unit square 0 < = < 1,

‘e will use a uniform Cartesian gri
jAy. A section of such a grid is shown in

0 <y < 1 and suppose we have Dirichlet bou i
. consisting of grid points (1, y5) where ¢ 1Az and y; =
- Figure 3.1.




. LeVeaue

ent an appraximation to u(zi,y;). In order to disaretize (3.5) we replace both the 2.

ered finite differences, which gives

Let ugy repre

and y< s with

1 o 2 =7 5
(7A4r):(l‘|—l.) - 245 + g ) F rfiy)“("”" 2ug; + viga) = iy (3.9)
stion we will consider the special case where Az = Ay = b, though it is easy to
. We can then rewrite (3.9) as

For simplicity of
handle the general ¢

1
;:'(u..s., + gy g+ g — dug)

i3 (310)

lifference scheme can be represented by the 5-point stencil shown in Figure 3.1 2WD have
5 W T

, m, where h = 1/(m + 1) as in one dimension. We thus have a linear system of
“The difference equations at points near the boundary will of course involve the known
5, just as in the one-dimensional case, which can be moved to the right-hand side.

If we collect all of these equations together into a matrix equation, we will have an m? x m? matrix

h is very sparse, i.e., most of the elements are zero. Since each equation involves at most 5 unknowns
(less near the boundary), each row the matrix has at most 5 nonzeros and at least m* —5 elements that
are zero. This is analogous to the tridiagonal matrix (2.9) seen in the one-dimensional case, in which
¢each row has at most 3 nonzeros.

u , in two space dimensions the structure of the matrix is not as simple as in one
dimension, and in particular the nonzeros will not all be as nicely clustered near the main diagonal.
The exact structure of the matrix depends on the order in which we order the unknowns and write
down the equations, as we will see below, but no ordering is ideal.

Note that in general we are always free ta change the order of the equations in a linear system without
changing the solution. ifying the order o ing the rows of the matrix and right-
hand side. We are also free to change the ordering of the unknowns in the vector of unknowns, which
corresponds to permuting the columns of the matrix. As an example, consider the one-dimensional
difference equations given by (2.9). Suppose we reordered the unknowns by listing first the unknowns
at odd numbered grid points and then the unknowns at even numbered grid points, so that [/ =
[Us, Us, Us, ...,Uz, Us, ...JT. If we also reorder the equations in the same way, ie., we write down
first the difference equation centered at Uy, then at Uy, Us, etc., then we would obtain the following

nknown u;; and an equation of the form (3.10) at each of m? grid points for

2,

and j = 1,
m? unknow
boundary

system:
= L U S21) — afh?
= 1oy Us J)
o Lo Us Flas)
1 =2 A U : 'y
7] 1 = = = -’(;(-;ﬂ:) iean)
i = Uy 1z
il 2 Us ()
; 2L Un S(@m) — B/

This linear system has the same solution as (2.9) modulo the reordering of

2 % S unk;

different. For this one-dimensional problem there is no point in I’m!dfring ‘himisb‘:; loank:dv:?;
nmmu ordering (U;,‘ Uz, f],. .7 clearly gives the optimal matrix structure for o Yy 2
applying Gaussian elimination. By ordering the unknowns 50 that those which > purpase
equation are close to one another in the vector, we keep the nonzeroe in the matri ‘?‘“r in the same
diagonal. atrix clustered near the

(14)
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s on a4 x4 grid. (b) The red-black

ng to the two-dimensional problem, it should be clear that there is no way to order the un-
o that all nonzeros are clustered adjacent to the diagonal. About the best we can do is to use the
natural rounvise ordering, where we take the unknowns along the bottom row, .y, uz1,
followed by the unknowns in the sccond row, w2, usa,
This gives a matrix cquation where A has the form

UM, -, Uyny,

-1 tma, and so on, as illustrated in Figure 3.2(a).

D
|
A= T 'T I £ (3.12)

? A o

which is an m x m block ¢ridiagonal matriz in which each block 7" or [ is itself an m x m matrix,

-4 1
A — 1

and [ is the m x m identity mat: While this has a nice structure, the 1 values in the / matrices
arc separated from the diagonal by m — 1 zeros, since these cocfficicnts correspond to grid points lying
above or below the central point in the stencil and hence are in the next or previous row of unknowns.
possibility, which has some advantages in the context of certain iterative methods, is to

mry.r",::u,* orﬂ;ing (or checkerboard ordering) -!Im_wn in Figure 3.2. This is the two-dimensional
analog of the odd-even ordering that leads to the matrix (3.11) in one dimension. This ordering is
significant bocause all 4 neighbors of a red grid point are black points, and vice versa, and leads to 5
matrix equation with the structure

D H Tred i

HAT: Ubtack

whmD—-ﬁ"uadWmlﬂxﬂf m*/2 and H is de ined in Exercise 3.1.

(3.13)

(=




AMath 5856

3.3  Accuracy and stability

problem can be analyzed using cxactly the same
dary value problem. The local truncation erroe 7

The discretization of the two-dimensional Poisso
approach as we used for the one-dimensional bou
at. the (i, 3) grid point is defined in the obvious »

iy = g (uleiey, 45) + ulFo, ) + (s gio) + ulzoyiea) — dulrow)) - f

and by splitting this into the second order differcence in the 7- and y-directions it is clear

resulls that

B2 (terre + yyyy) + O(AY)

For this linear system of equations the global error Ey; = 1y, — u(zq,y;) then solves linear system

AE =

just as in one dimension, whero A" is now the discretizati h mesh spacing h, eg. the
matrix (3.12) if the rowwise ordering is used. The method will be globally second order accurate in
some norm provided that it is stable, i.e., that [(A*)~1] is uniformly bounded as A — 0.

In the 2-norm this is again easy to o or this sim) lem, since we ean explicitly compute
the spectral radius of the matrix, as we did in one dimension in Section 2 m The eigenvalues and

eigenvectors of A can now be indexed by 2 pand k in the =
and y directions, for p, k=1, 2, ..., m. The (p,k) cigenvector u™* bas mcrn'chmeﬂks
" = sin(pmik) sin(k=jA). (3.14)

The corresponding eigenvalue is
2
Aok = 35 ((c0s(prh) — 1) + (cos(kxh) — 1)) . (315)
The cigenvalues are strictly negative (A is negative definite) and the one closest to the origin is
Aip = —272 + O(AY).

The spectral radius of (A*)~", which is also the 2-norm, is thus
AN = 1/ = —1/222
Hence the method is stable in the 2-norm.
While we are at it, let's also compute the condition number of the matrix A", since it turns out that
this is a critical quantity in determining how rapidly certain iterative methods converge. Recall that
the 2-norm condition number is defined

wa(d) = || Al HA™ -

We've just seen that [|(A*)= [l & —1/2x* for small h, and the norm of A is given by its spectral radius.
The largest eigenvalue of A (in magnitude) is

8
Amm = =35

and

Ra(A) = T =00/K) ash—o. (318)
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