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Numerica| Solutions
of FDEs

Example 3:  Find the solution of V”u =x+y.in R subject to the boundary

conditions u(x,y) =(x* +y')/6on I', where R is the triangle
0<x<1,0<y<} 0<x+yx<1, using the five point formula. Assume uniform step

length h -—-:11- along the axes.

Solutio'n: The boundaries of the triangle are x =0, y=0and x + y =1. The mesh
i1s given in Fig.9. We have three mesh points 1, 2, 3 whose coordinates are
(1/4,1/4),(1/2,1/4), (1/4,1/2). Denote the solutions at these points as u,,U,, U,

respectively. From the boundary condition, u(x,y)=(x’ + v*)/6, we have the

NG
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Fig.9: Mesh in Example 3

following values.

u“ :u(l.’o}:._l_
4 : 384

(o 1 e T i

U, =u 0,—' e R | P V| S Pl H et
[ 4) 384 (4 4) 96
U8l=u 0,l ="l-
2) 48

1- 3 7l
L Tl Bt Sl ol
[4 4] 96

Hence, we obtain the following difference eguations:

Atl:
or,

At2:

or,

At3:

or,

u, +u, +u+u l4u' 1(1+]J

2 3 6 AT T | s
16\4 4

Lo Sanslgial 5

384 384 192

u, +u,+u, +us—4u, =

ARl R

e

YR T

1)
= | —
16 (4 2]

Ul —4]]1 ’a

4 _.3 _L-i_-.l_-_}i
eI Tk T4 ) Be BRI
Subtracting the last two equations, we get u, =u;. Therefore, we have the equations
: £ 34
~AU 20 Shs (GRS SRR

whose solution is u, =1/192, u, =u, =9/384.

tew

Y'ou‘r';r;ay now try the following exercises.
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Example 7: Find the solution of the mnitial-boundary value problem
5%u 8
e e 0<x <l
ox

-~

01.2
e du
u(x,0) =sin(nx),0<x <1; E (x,0)=0,0<x <1,

by using the (i) explicit scheme (48) and (ii) the implicit scheme (52). Use the central
difference approximation to the derivative 1o obtain initial condition, Assume
h=1/4,r=1/2. Integrate for one time step. Compare with the exact solution
u(x,t) =sin(x x) cos(n t).

Solution: For h=1/4,r=1/2, we have k =rh =1/8. The nodal points are given
by x, =ih,1=0,1,2,3,4, and t.=nkn=012,....
The initial conditions give the values uf =sin(n i/4), i=0,1,2,3,4. The bouridary

conditions give u =0,1=4. The mesh is given in Fig.19.

t
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Fig.19: Mesh in Example 7

(1) The explicit method (48) gives -

n+l

u =-3—u:+]:[u?_,+u?‘_1)—u:"’,i=l,2,3.

; 2
Since,u (x,0)=0, we get u'=ul,i=123.
For n =0, we get
I /]

3
u,. =—u;
2

1 =
i +_4'(u?-|+ui?vl)_ui'
3 |
or, ul =Zu? +§(U?.. +U?ﬂ)-

Substituting the initial values, we get

45 R AT,
u, :Zu? ~4-—8—(ug-n—ug)=zsm(z)+§(0+l)=0.65533,

3 1 3 dlsefwY s (3n]
u} =;“3 +-8'(u:’ +uj) =Z+§[mn[;]+51n[*4 ]J— 0.92678,
J i1
3 = %u‘,’ +%(u‘;’ +u%) 5%&:{%"} +2(1+0) = 065593

o ' ]
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Numerical Solutions
lof PDEs

— e
(2 ;

The exact solution is

4 3 ) i)
oo o | g )| o, e |52 0,65328, 0] =, = | = 0.92388.
“(4 “) u(4 HJ V5428 0(2 RJ 388

(1) The Implicit method is given by

1
’ r :
U w20l =ul =8 (u +ul")
7 ,

S B e | gy Mt sl g
of, -y 4y ult = 2u +=uly = =u'" +=U;, .

g [ 4 I H bl | H =1 | 8 |
Prom the initial condition u,(x,0)= 0, we get u;' = u/. Hence, we get

I 0. a1 p

Zu:, Fl - Uy 207 .
Por 1 +1,2,3, we get the system of equations

| 10 | "

4u:, ¢ % u: - -au', . Zu:’ 3 2sln(n/4)=ﬁ

] 10 | :

- du: i u} 4u', w2u) = 2sin(r/2)=2

] 10 =1 C(An
e :u', +—;'Ul, —'le" " 2u‘,"= 28111(-—4—)=ﬁ.
Substituting uy =0,u, =0, we get

10 -1 0][u)] |42
[--l 10 ~1|{u}|=] 8
lo -1 10]|uy| |42

The solution of this system is (solve by Gauss elimination)
ul = ul =0.65886, uy =0.93177.

Try the following exercises now.

F14) Show that thée method (51) is of order k* +h*.

£15) Solve Exarmple 7, with h=1/4and r =1/3. Integrate for one time
step. Compare with the exact solution u(x,t) = sin(wx)cos(nt) .
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