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Chapter 6

7 )

Ll el
Linear Mappings

PINGS
) Tetd m ele- i
Py 1085 i 0. A thide is adigned  snidue s
Shent 6 B the mh‘nlgnn L or:\fu mmgm e  fuagion o mepzino (o5 moP)
o drom 4 info 8, and in v o
= = i

We ite £(a), read f of n‘unr_m_eimem.nf 3 th catled the’”

wam 1 at o or the image of a under /. If 59’:] et of A O.h&n mv) denol,u the set.

mages of clements of A'; nd if B.is any subset of B, then /(5 & jenotes the set of
iAo s 4 st o okt e 1 s i

74) = (f@): a & A’) Cd ) = @eA: @B

We call f(A’) the imags of A’ and {~'(1) the énderse image or preimage of B., In particul

the et of all images, . /(4) s callea the image (or:renge) of /. Furthermore, 4 is called

the dothain of the mapping fAex and B is called its

To each mapping /:A~B there corresponds m s o Avo i

€ A). We call this st e sroph ot , Two fmaspiogs J:A>B and g:A>B

| to b equal, witten £ =g, if-f(®) = g(c) for every o € 4, thatls, it they bave

e mor aitin s beknebn & Suneion 0 i raph. The nega-

s written f7g &nd is the statement: there exists an a € A for which

of
f(a) #9(a)-

15). The following diagram defnes 2 mapping

Buample 61 Lat A ={ebod) md 5= (e
1 trom A in

5 »4

Here &) =3, /) ==, 0 =2 wnd /(@)=
o 52 ) = U@, 10, 1@) = @z} = (=)

Ao,

s
The image’(ort

inge) of f is the set {z,u,2}: f(A) = {=,v.2).

Pl

Example 6.2:

Here the image of ~3 15'0 50 we may write /(=3)
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LINEAR MAPPINGS [CHAP. &

o )5d &)
e use the ar Ve s 7
724> By gy ** 10 denote the image of an afbitrary element = € A under a mapping

as flk i %
"izated in the pracodiog axampe, © 1

Bxample 63:  Gonsider the 2% 3 MLy 4 = (! 105 it the yedbere i
R 88 ol vicors, then A dsteioe ihe mapping T+ R deind by
e Ay, bl 7o) = Av, Fer,
s 3
5 10
Thus it v = | 1], then T(o) = Av Ayl 75 1] = 8
. (2 ) S )
Remark: . s :

KoK

Bvery mx n matrix A over a field K determines the mapping
defined by

b Ay
‘where the vectbta in K and K~ are written as columii vectors. For s

we shall umn“y denote the above mapping by 4, the same symbol used for the
A, o

Beample 641 Lab ¥ bn o ctor Space of polyn ¢ over the eld 2.
AR e e .,».m, Lox any poymomil /< V.

. D)= af/dt. For example, D83 —5t-+2
Fxanple 65 Lek ¥ be the ector spice of polynomiels i ¢ over (o in the y’z(cd!yg example).
e mtegeas trom, whg, 0 1o T denis  mapping 1V SR where, for

ot 16 % w1 00 = {0k Yo camse

sooaey = [wo-wine =

Nota that this map is from the vector ¥ into the scalar field T, whereas the
e in the prveedig scample o feom ¥ i 0L

Example 65:  Consider two mappings /:4~ B wnd 0:8~C illvstrated below:

@0

G

Let o A; then f(e) €5, the domain of g. Hence we can oblain the fmage of /(e)
under the mapping 9, hat i, 9. This mep

ar wmv
Srom A into C is called the composition or product of / and g, and a denoted by

o7 Taeiker el o)A G ' e mawiog dadned Ny
: wenia) = atfe)
Our first theorem tells us that composition of mappings satisfies the sssocitive law.
Theorem 61: Let fiA» B, g:B-C and h:C-D. Then ho(gef) = (keg)of.
_ We prove this theorem now. If a € 4, then
(ke(gon)a) = hig=N(@) = Mo(f(a))
and ((heg)ef)(@) = (hog)(f(a)) = h(o(f(a))

Thus (heo(g°N)(@) = ((ko0)°f)(a) for every a €A, and 8o he(gef) = (hog)of.

image of a€A4
F:A>B and

Remark: Let F:A-B. Some texts write af instead of FY(
under 7. With this notation, the composition g
G:B > C is denoted by F'oG and not by GoF as )
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cEAP. 5] LINBAR MAPPINGS

e R AR
‘We next introduce some special type of mappings. ;
1-1)
tion: A mapping f:A-> B is said to be one-to-ons (0% nnwn“"
B omont of A hav Malioct images; that 18
ot i asa implies f(8)7 /(a')
o, eqthvaliutly, i flo)=fle) implies 0=’
s A onto B) or surjactie 1

o infective

Definition: A mapping f:A B s said to be onto {or: / mops
every bE B is the image of at least one
A mapping which s both one-one and anto s suid o be wmui«
Row ond AR e duted by S5 = o=
e

e amd

Example 61 Lot f3R 2% 0
* he)

to =2 o) = 2= M) = =
The mapping / is ane-one; gecmetcieally, this means that cach hofizontel

geomets
‘20t contatn more than oné point of /. _The mapping o I8 on o essy, ton
mappiog A

“16

ia mot the image of any dement of E.

Example 68:  Let A bo say sat. The mapping fiA A dofined by f(e) = which assigna
iy ia A ot o cuied the ddentiy mepping om A 3 et By
Lierl

Example 69:  Lat f:A>B. Wecall g:B-A the fwerse of J, written /=1, i

fer =1y amd pef =L
We emphasize that / hias sn inv: and uly £ £ s btk enetoane wnd oty
(Problem 69). .u..,. s e iy = hare o a the uniqoe cement of 4

Sor which 1(6)

LINEAR MAPPINGS
Tet ¥ and U be vector spaces over the'same field K. A mapping F:V U is called a
inear mapping (or linear iransformation or vector pace homomorphim) it ki the
following two conditions:
(1) For any v,w €V, F(v+u) = Flo) + F(w).
(2) For any k€K sndsny v €V, F(io) = kF(0).

s |
In other words, F:V~T js Jiear if it “préséives” the two basic operations of  vestor
space, that of vector addition and that o of scalar multiplication.

Substituting k=0 into (2) we oblain F(0)=0. That i, eve

the zero vector into the zero vector.

Dmnz takes
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LINEAR MAPPINGS e

* any scalars g, o o 1
condiion o incariy,  *® S 458 any vecors v, & e obiain, by appfying beth

o Flav+ b
Mors nn\a;my a5 ("“’ ) = Flaw) + F(bw) = aF(v) + bF(w)
Y Scalars wWEK and any vectors wEV we obtain the Ta

to
LA\ Property of lincar mapping

F(ay, + a,
We ):;nn'k t;m: ; it b ) = aF() +aF(@) + e @)
linear mappings and ;;:':éhz “:B(;v: :z:)d_ arw)+ oF(w) numpfem, characterizes

Example 61
& el 9 K. As mted resguiy 4 gecrmngs

T e vectirs in K+ and K=
oo by propersion of matrices,
Twtw) = Avdw) = Av+Aw = T+ T0o)

T = Al) = kdv = KT
where v, € K ana kEK.

We comment that the above type of linear mapping shall occur sgai nd.
fact, in the next chapter we show tnal every linear mapping from one finile- Priesite |

3 m % n matrix over
0

Vector space 1mto Amether con be yapresenied 24 inear mApBInE of the Above &ype.
Exemple 611: Lot FiRi< S b the 9;.,,.:1““ maping ne he =0l et (<00
We shaw that 7 is linese: Zrere) and = (@b, Therts
Footw B S
<. (0.5,0) + @, ,0) = F) + Flw)
and, for sy KE R, 5
# k) = Plhm, k) = (b kb, ) = M 5.0 = KFE)
Bxample 632: Lot FiE csan” mappne ded by PG UL DD,
. B e o soro vestor 1= ot maped

)
vector, Hence F 14 it linear
b assigns 0€ U to every vE€ V. Then, for

Example 613: Let F:V+ T be the mapping W
e R

Fotw) = 0 = 040 = F@) + Flw)  and
Thus F ia lisear. We call F* the vero mazping and shall uauall
Example 614z Gonside the iy mapping 1YY shich i coch WEV intoitsdlt. Then,
any vweV bEK, we hav
i) R

0= ko = kFW)
1y denota it by 0.

Ples)

Thos 1 is Tikear.

Example 61
Gral mappin

£ pigmominy . the sesigple ¢ over 6 sl a X,
Vv the 5
SR T e

¥ be the yestor space

Then the diffecential mapping.

defimed in Exomples 6.4 and 6.5 are lincar.
V and KER,

duty) _ du dv g au
2= Go e

v, D) = DD Dl <D s e
fuossmu = fuous o

L [ rson

that s, Jlu+v) = J)+ ) and k)
o s 3
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LINEAR MAPPINGS
o Saverse
Then an
Exampie 615, na i, en on e

) that thi

Lt VLU be s lner mappiog whek it
v We wil

jé .i.-:.:uw;r

m‘“ e investigaied the coorditha of s vectoe reltive to 8 basls, we slso n
'on of two spaces mu isomerphic. We now give & formal definition.

i
mdu};ed
the

D s L The
efinition: A Jineqy mapping F': V- U is called an isomorphism if it %

e-to-ome.
Yector apaces V, U are said to be isomorphio if there is an e Shomorphism of
V onto .

sl
Bample 17: Let V be o yestor .,m. ovr & of diméaion » and et { s b ol V-
e P T o ey,

o) =
i next Lhtnrem glve@ s an abundance of examples of linear mappings; in 'particular,
mxs oo that & linear mapping is completely determined by its valnes on the zlemenu
of a b

'l'h:nr!m 62: Let V and U be vector spaces over a ﬁgld K. Let (v3,s,,.,v) be a basis
s in U. Then there exists a unique

of Va
"umr mapping F:V = U such that i'(v,) =w, F(v) =1, ..., F(va)

‘We eriphusize that the vectors 1, .., in the preseding théorém are cemplemy ar-
bitrary; they may be linearly. d:penﬂent or they may even be equal to each of

KERNEL AND IMAGE OF A LINEAR MAPPING
We begin by defining two concepts.
Definition: Let F:¥~U be e The image of F, written Im F, is th set
of image points in U:
ImF = (u€U: F(v)=u for some v € V)
The kernel of F, written Ker F, ia the set of clements in ¥ which map into
0eu:
KerF = (veV: F(u)=0)
The following theorem is easily proven (Problem 6.22).
Theorem 63: Let F:V>U be a linear mapping. Then the image of F is a subspace
of U and the kernel of F s & subspace of V.

Example 618: Lot F:R3-R3 be the projection map-
ping into the zy plane: Fiz,v, )
(2,9,0). Clearly the image of F is the
plan

InF = {(@,b,0): o,bER)
Note that the kernel of P ia the  axis:
KerF = ((0,0,0): ce®)

since these points and only these e
map into the 2ero veetor 0= (0,0,
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