Chapter 1

Introduction

The-goal of this course is to provide numerical analysis background for finite difference
approximation to solve partial differential equations. The partial differential equations in-
clude

e parabolic equations,

Ao

o clliptic equations,
» hyperbolic conservation laws.

I will mainly talk about stability and convergence theory.

1.1 Finite Difference Approximation

Our goal is to appriximate differential operqtors by finite difference operators. How to

G ¢~ O perform approximation? What is the error so produced? In ggneral, we shall assume the
- % nderlying functions are smooth. But we should notice that in some class of problems,
the underlying functions may not be smooth. Nevertheless, let us limit ourselves to those

smooth functions at this moment. ey ¥
Assumming the underlying function « : R — R is smooth. Let us define the following

finite difference operators:
: ‘ u(z+h)—u(zx
e Forward difference: D u(z) := —(—+,1—(l

e Backward difference: D_u(x) := ’—‘(—T—)_—;M

e Centered difference: Dou(z) := ﬂﬁ%‘—("—h’
By Taylor expansion, we can get

o u/(z) = Dyu(z)+ O(h),

e u'(x)=D_u(z) + O(h),

o u'(x) = Dyu(x) O(h?),
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CHAPTER |. INTRODUCTION
We can also approximate u'(x) with higher order error. For example
u'(z) = Dyu(z) + O(h*)

where )
Dau(z) = &h (2u(z + h) + 3u(z) — 6u(x — h) + u(z — 2h))

These formulae can be derived from performing Taylor expansion of v at z. For instance,
we expand

_ ; h? h3
wx+h) = uz)+u(x)h+ S (z) + gu”’(z) + -
% B
w(z—h) = u(z)—u(z)h+ Eu"(:r) - §Tu”’(z) + -
Substracting these two equations yield
/ 2113 m
w(x + h) —u(z — h) =24 (2)h + —u"(x) +---.

3!
This gives

h2
= ﬁu'”(x) + - = Dgu(z) + O(h?).

In general, we can derive finite difference approximation for u'®) at z by the values of
u at stg(lcil points z;,7 = 0,...n withn > k. Thatis,

w'(x) = Dou(z)

\/J”5 . n

u®(z) = Z cu(z;) + O(h"*)

=0

for some p as larger as possible. As we shall see that we can choose p = n. To find the
coefficients ¢;, j = 0, ..., n, we expand

p
u(zy) =3 1_—1,(:,;,- — 2)uD(z) + O(hPH).
i=0
Thus,
n P
1 . g
uB(z) =) )~z — z)ul(z) + O(RP*).
j=0 =0

Comparing both sides, we obtain

~ 1 1 iféi=k
; ifi =k
—(x; —x)'¢c; = X fori =0,...,;
Z;z!( g =B} { 0 otherwise ¥
]‘:

There are p | 1 equations here. it is natural to choose p = n (o match the n + 1 unknowns.
This is a n x n Vandermonde system. It is nonsingular if z; are different. The matlab code

fdcoeffV(k,xbar,x) can be used to compute these coefficients.
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1.2. BASIC NUMERICAL METHODS FOR ORDINARY DIFFERENTIAL EQUATIONSS

Homeworks.

{. Consider @; = ih, i = 0,...,n. Let & = @y, Find the coeflicients ¢; for uM(z) and
the coefficient of the leading truncation error for the following cases:

ek=1n=23m=0,1,23.
e k=2n=2m=01,2

1.2 Basic Numerical Methods for Ordinary Differential
Equations

The basic methods to design numerical algorithm is based on the smoothness of the so-
lution. Techniques of numerical interpolation, numerical integration, or finite difference

approximation are adopted,”
————————

Lo s\ ¢
Euler method
Euler method is the simplest numerical integrator for ODEs. The ODE
y = f(t,y) (1.1
is discretized by
vt =yt k(7). (1.2)

Here, k is time step size of the discretization. This is called the forward Euler method.
It simply dy/dt(¢") replaced by forward finite difference (y**! — y")/k. To measure the
error, the local truncation error is

n n tﬂ+] — uy(
— )_y( )’c (") _ o)
Let e" := y" — y(t") be the true error.

Theorem 2.1 Assuming f € C" and the solution y' = f(t,y) with y(0) = yo exists on
[0, T|. Then the Euler method converges at any t € [0, T). In fact, the true error e™ has the

following estimate: N
fle*]| < %—O(k) — 0, asn — . (1.3)

Here, \ = max df/dy and nk = 1.
Proof. From the regularity of the solution, y € C?[0, T] and

y(t" ) = y(¢") + kf(", y(t™)) + kT (1.4)
Taking difference of (1.2) and (1.4), we obtain

e M < Ne™ll + kIF@™, y™) = fe™, y(t™)] + k"
< (L4 EkA)e"|| + klr™).
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6 CHAPTER 1. INTRODUCTION

where
X = max Lf(t,x) = f(t, p)|/|z -y

The finite difference inequality has a fundamental solution G™ = (1 + k)", which is
positive pmz:df’d' k is small. Multiplying above equation by (1 + Ak) =" -, we obtain

- )’ - - -
<a 2 cmHG m lsemG w4 kG_m“ll'r"‘l,

Summing in m fromm =0 ton — 1, we get

n-1
e < Y G
m=0

n—1

> Gmok?)
m=0

G" -1

_ 2
GO

Gﬂ
—,\—O(k)
At

e
< TO(’C)

IA

-t

where ¢ = nk and we have used (1 + \k)™ < e*. &

Remarks.

1. The theorem says that the numerical method converges in [0, 7| as long as the solu-
tions of the ODE exists. Wik

2. One can also prove the existence of the ODE solution through Euler method. It will
be a local existence theorem.

I v

Backward Euler method

In many applications, the system is relaxed to a stable solution in a very short time. For
instance, consider

The corresponding solution y(t) — ¥ as ¢t ~ O(7). In the above forward Euler method,
practically, we should require
1+kA<1

in order to have G™ remain bounded. Here, X is the Lipschitz constant. In the present case,
A = 1/7. If 7 is very small, the the above forward Euler method will require very small k
and lead (o inefficient computation. In general, forward Euler method is inefficient (require

small k) if
af(t,y)
dy

>> 1,

maxl
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1.2. BASIC NUMERICAL METHODS FOR ORDINARY DIFFERENTIAL EQUATIONS7

N
In the case & f/dy >> 1, we have no choice to resolve details. We have to take a very small

k. However, if 3f /0y < 0, say for example, ¥’ = — Ay with A >> 1. then the backward

Euler method is recommended.
y" =yt RS Y.

The error satisfies
et < e — ket + O(K?)

The corresponding fundamental solution is G™ := (1+Xk)™™. Notice that the error satisfies

n—1
e < Y (1+Ak)O(K?)
m=0

(1+ M)~
V)

6_’\T
< I
< -0k

< )

There is no restriction on the size of k.

Leap frog method

We integrate y’ = f(Z,y) from "' t0 s
t"+1

1 f(r,y(r))dr

y(I™) — y(t" ) = /

We apply the midpoint rule for numerical integration, we then get

y(E™) — y(t"") = 2k F(E" y(1") + OGK).

The midpoint method (or called leapfrog method) is
yu-!-l _ yn-l = 2kf(tn,yn) (1'5)

This is a two-step explicit method.

Homeworks.

1. Prove the convergence theorem for the backward Euler method.
Hint: show that e"*! < e™+ (1 + kA)e™t! + k7", where A is the Lipschitz constant

of f.

2. Prove the convergence theorem for the leap-frog method.
Hint: consider the system y7 = y" 'and y3 = y".

L .
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8 CHAPTER 1. INTRODUCTION

1.3 Runge-Kutta methods |

anliv- 7
The Runge-Kutta method (RK) is a strategy to integrate f:,. ' f dr by some quadrature
method. For instance, a second order RK, denoted by RK2, is based on the trapezoidal rule

. . n-1
of numerical integration. The integration ftf, ! f(r,y(r)) is approximated by 1/2(f(t", y" )+
f(t", y™*1))k. The latter term involves y” *1. An explicit Runge-Kutta method approximate
y" by y™ + kf(t",y"). Thus, RK2 reads

&L = f(t"y")
= g ) LY k)
Another kind of RK2 is based on the midpoint rule of integration. It reads ‘
& o= " y") j
,yn+l = Y+ k,f(tn-!-l/?’yn + gﬁl) 4

1.4 Linear difference equation

Second-order linear difference equation. In the linear case y’ = Ay, the above differ-
ence scheme results in a linear difference equation. Let us consider general second order
linear difference equation with constant coefficients:

ay™t byt eyt =0, (1.6)
where a # 0. To find its general solutions, we try the ansatz y" = p" for some number ¥ M;}J, f\;*v"-'.«S'
p. Here, the n in y™ is an index, whereas the n in p™ is a power. Plug this ansatz into the 5 A<=
equation, we get &: . Zu b
apn-J-l_'_bpn_'_Cpn—l:O. / ”C’// \.____\___.
» st

This leads to \ Q') al\w
ap®+bp+c=0. =8 " ¥

There are two solutions p; and p,. In case p, # p2, these two solutions are independent.

Since the equation is linear, any linear combination of these two solutions is again a solu- >

tion. Moreover, the general solution can only depend on two free parameters, namely, once

4° and y~* are known, then {y" }ncz is uniquely determined. Thus, the general solution is

yn = CIP? + CZpg:

where (', (', are constants. In case of p; = p, then we can use the two solutions pj and
P with p, # p;, but very closed, to produce another nontrivial solution:
n__ .n
2P o — P
This yields the second solution is np’;‘". Thus, the general solution is

Cip} + Canpl ™.

\ _ | \
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Linear finite difference equation of order r . We consider general linear finite differ-

ence equation of order r:
™'+ dagy” 0, (1.7)

where a, # 0. Since y" ir can be solved in terms of y™'" ' ..., 4" for all n, this equation
together with initial data yo, ..., ¥—r+1 has a unique solution. The solution space is r dimen-

sions.
To find fundamental solutions, we try the ansatz

n

y =p
for some number p. Plug this ansatz into equation, we get
arpn+r 1_.__+a0pn20,

for all n. This implies
a(p) :==ap"+---+ag=0. (1.8)

The polynomial a(p) is called the characteristic polynomial of (??) and its roots pi, ..., pr
are called the characteristic roots.

e Simple roots (i.e. p; # pj, for all 7 # j): The fundamental solutions are Pt =
| Rp—

e Multiple roots: if p; is a multiple root with multiplicity m;, then the corresponding
independent solutions

e mp L Cppr R, O ™
Here, Cp := n!/(k!(n — k)!). The solution C»p?~? can be derived from differentiation
a,%()';‘p“‘l at p;.
In the case of simple roots, we can express general solution as
y" = Cipl + o 4 Copl
where the constants C}, ..., C, are determined by

Y= Ciph + o+ Cophi = 0, =1 + 1,

Syatem of linear difference equation. The above rth order linear difference equation is
equivalent to a first order linear difference system:

Agy™! = Ay" (1.9)

where
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0 1 0 0
0 0 1 0
= Lr-vxr-1) 0 ) = :
no=(fegen 0, |
0 0 0 1
""a() -al —a:2 saw ""a.r_ 1
We may divide (1.9) by A and get
y" = Gy".
We call G the fundamental matrix of (1.9). For this homogeneous equation, the solution is
y" =Gy’

Next, we compute G™ in terms of eigenvalues of G.
In the case that all eigenvalues p;, ¢ = 1,...,7 of G are distinct, then G can be expressed

as ~ '
G:TDT—la D= diag(ph"':pr)y L\/v) /\) %
and the column vectors of T are the corresponding eigenvectors. / (3;} e
When the eigenvalues of G have multiple roots, we can normalize it into Jordan blocks:

G=TJT !, J = diag (J1,---,J), P

~ S~
where the Jordan block J; corresponds to eigenvalue p; with multiplicity m;: ﬂ\,f

>~

pi 1.0 -+ 0 i
0 pp 1 --- 0 j;j
0 00 --- 1
and 5°;_, m; = r. Indeed, this form also covers the case of distinct eigenvalues.

In the stability analysis below, we are concerned with whether G™ is bounnded. It is
easy to see that

J,‘z

mpxm;

G" = TI*T',J" = diag (J7,---,J%

Py ompl !t Cppr? o g
0 ot mplt e Cm ot
=11 P :
‘ 0 0 0 npt
0 0 0 e or .
M Xmy;

where Cf' 1= grtsy;-
Definition 4.1 The fundamental matrix G is called stable if G™ remains bounded under
certain norm || - || for all n.
Theorem 4.2 The fundamental matrix G is stable if and only if its eigenvalue satisfy the
following condition:
either |p| = 1 and p is a simple root, (1.10)
orlp| <1
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1.5. STABILITY ANALYSIS 11
Nonhomogeneous linear finite difference system In general, we consider the nonho-
mogeneous linear difference system:

y" =Gy" (11

with initial data y°. Its solution can be expressed as

n

Yy

It

Gy" '+t
G(Gy" ? +£°2) 4 g1

I

n—1

_ Gnyo 4 z Gn~l—mfm
m=0
Homeworks.
1. Consider the linear ODE
¥ =X\

where \ considered here can be complex. Study the linear difference equation de-
rived for this ODE by forward Euler method, backward Euler, midpoint. Find its
general solutions.

2. Consider linear finite difference equation with source term
ayn+1 3 byn + Cyn—l = fn

Given initial data ¢ and ', find its solution.

3. Find the characteristic roots for the Adams-Bashforth and Adams-Moulton schemes
with steps 1-3 for the linear equation 3’ = Ay.

1.5 Stability analysis
1.5.1 Zero Stability

Our goal is to develop general convergence theory for numerical ODEs. First, let us see
the proof of the convergence of the two stage Runge-Kutta method. The scheme can be

expressed as
y" =y + kY (Yt N k) (1.12)

where i
U(y", 1" k) := [y + 5kf(y))- (1.13)

Suppose y(-) is a true solution, the corresponding truncation error

Tn = y(th)k-— y(tn) - \Il(y(t“), tn» k) = O(ks)
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Thus, the true solution satisfies
y(t™' ") = y(t") = kW (y(t"),t" k) + k"

The true error e” := y" — y(t") satisfies
e =" + k(U(y" 1" k) — W(y(t"), " k) — kT

This implies
le*t!] < |e™| + kX|e?| + k|7

Hence, we get

n 1
e < (1+RN)e + kD> (1+ kX))
m=0
" eVt
< el + = max|r
In a numerical scheme, when we fix the final time 7' = nk and let n — oo, we want
the corresponding numerical solution remains bounded, A scheme satisfies this property is
called stable. We can first investigate stability for the linear equation

C;‘\)
, ,’

™|

-3

~
Consider a finite difference scheme for this linear equation, it results in a linear finite dif-
ference equation. For instance, for the second-order Runge-Kutta in the previous example,

the corresponding finite difference equation is

¥y =y

1
Y™ =yt kA" SRA") = (L M+ %(Ak)"’)y" (1.14)

Another example, the multistep method (??), the corresponding finite difference equation

18
T r
Z amyn+1—r+m = g Z bm/\yn+l—r+m
m=0

m=0

This gives
yn s G(Ak, yn~1’ “.’yn—r+1).

We can express this scheme in system form:
y" = G(Ak)y™ .

The stability of G means that ||G"|| are uniformly bounded. The norm ||G"|| has a lower
bound in terms of r(\k), the spectral radius of G(Ak), i.e.

r(Ak) := max;pi(Ak), p; is the eigenvalues of G
Lemma 5.1
r(G)" < |G|
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Proof. If y is a unit eigenvector of G with eigenvalue A, then
A" = 1G y[l < [1G™]
This yields r(G)" < |G"|l. 0

We shall call r(G) the amplification factor. Here are some example of the amplification
factors:

r(z) = |1+ z| forward Euler,
2
rg) = ;1+z+ % , midpoint, RK2 -
1+5 . :
r(z) = ik implicit trapezoidal
2 ,

Definition 5.2 A scheme is called zero-stable if the spectral radius of the spectral radius
(k) of the corresponding amplification matrix G(k) (Green’s function) satisfies the von
Neumann condition ‘F\—’/

v r(\k) < 1+Ck (1.15)

Theorem 5.3 A necessary condition for
IG"| < €

is that its spectral radius r(k) satisfies

r(k) < 1+ Cak.
Here Cy, Cy are independent of .

Proof. The spectral radius of G™ is r(k). Thus, ||G"|| < C) implies (k) < C}/" <
1 + C3/n for some constant C'; independent of n. We choose nk = ¢ fixed, then r(k) <

1+ Cok/t. 1

For one-step methods such as the forward Euler method, backward Euler method,
Runge-Kutta methods, we can show that they are always zero-stable. For multistep method,
the necessary and sufficient condition is the following theorem.

S CaFL GL Bt

Theorem 5.4 A multistep method (??) is zero-stable if the root p of its characteristic poly-
nomial a(p) satisfies

either |p| = 1 and p is a simple root,
orlp| <1 (1160

W

Conversely, if the scheme is zero-stable, then it is necessary that all roots of a(p) = 0
satisfy
ol < 1.
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Proof. The characteristic root of (??) satisfies

a(p) — kAb(p) = (1.17)
where
O e, 25 a(p) ==Y amp™, b(p) := Z bap™,
\f,f l.r)' ‘—"\ m

From the perturbation theory of roots of polynomial, xf pi is a root of a(p) = 0, then there
corresponds a root of (1.17) and satisfying

pi(Ak) = pi + O(kA).
Thus, the Green’s operator G satisfies
IG™) < (1 -+ Cxk)™ < €9,

' (O3 //C (a/,J)‘ } B

On the second case where p; is a repfeat root, the perturbed p;(2) can be repeat root or
split into several simple roots. In the latter case, the corresoponding G™ remains bounded.
However, in the first cases, it becomes unbounded. Thus, the root condition for the repeat

root is only a sufficient condition for stability.
Theorem 5.5 (Dahlquist) For finite difference schemes for ODE y' = f (t,v)
consistency + zero-stability < convergence

-

1.52 Absolute Stability o
\

In the above convergence analysis, it says that the scheme convergence if thermcsh size k
is small enough. In practice, we can only choose finite and proper mesh size. For instance,
for linear equation y’ = Ay, the forward Euler scheme satisfies

vt (LR

03,/‘(;

In order to have the solution remain bounded as n — oo with kn = 7 fixed, we need to

require
M |14+ kAl < 1.

This gives a restriction on k. The region {z||1 + z| < 1} is the region of absolute stability
for the forward Euler scheme. It is then important to study the region of absolute stability
in order to to choose proper mesh size in practical computation.

For general linear system of equations y’ = Ay, the same condition should be satisfied

for all eigenvalues \; of A. More precisely,
T+ kXN <1
if A, is an eigenvalue of A with multiplicity 1, and
1+ kx| <1
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if A; is an eigenvalue of A with mulupmy greater than |.
Back to the scalar linear equation y' = Ay. Let abbreviate Ak by z. Denote the ampli-

cification factor by r(z). We have Ny JJ’ﬁ
r(z) = 1+ zforward Euler,
2
rz) = 142+ % midpoint, RK2
oz
r(z) = - 2 implicit trapezoidal
-2

The stability region D := {z||r(2)| < 1}.


=
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" Spatial discretization : The simplest one is that we use centered finite difference ap-

Chapter 2

Finite Difference Methods for Linear
Parabolic Equations

2.1 A review of Heat equation

2.2 Finite Difference Methods for the Heat Equation

2.2.1 Some discretization methods

Let us start from the simplest parabolic equation, the heat equation:
Uy = Ugy

Let h = Az, k = At be the spatial and temporal mesh sizes. Define z; = jh, j € Z and
t" = nk, n > 0. Let us abbreviate u(z;,t") by uj. We shall approximate u} by U, where
U} satisfies some finite difference equations.

proximation for u;;:
B Ujy1 — qu' + Uj-1

- % + O(h?)

This results in the following systems of ODEs

ig(2) = wjp(t) — Zt;ljz(t) +u;_1(t)

or in vector form

. 1
U= ;L—QjAU

where I/ = (up,u,,...)!", A = diag (1, -2, 1).

17
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Homeworks.

1. Derive the 4th order centered finite difference approximation for 1,
1
gy = -h—g(—-‘ll,j._g + 16‘1[.]'_1 — 3011.,‘ + 1614y — ’ll,j+g) 4 O(h4)
2. Derive a 2nd order centered finite difference approximation for (r(z)uz)s.

o
x V}/ﬁmmm discretization We can apply numerical ODE solvers
e Forward Euler method:

n k T
yrtl =" + EEAU 2.1
e Backward Euler method:
yrtt=U" + : Ayt (2:2)
e 2nd order Runge-Kutta (RK2):
k
ntl _ 7m _ 'n+1/2 n+l/2 _pmoy AU 2.3
U Ut =13 — AU U =U"+ 2thU (2.3)
e Crank-Nicolson: k
Un+1 —U" = ﬁ(AUWH 4 AUn) (24)

These linear finite difference equations can be solved formally as

U™+ = QU™
where
o Forward Euler: G = 1 + 7z A,
o Backward Euler: G = (1 — &A™,
e RK2: G =1+ KA +1(H) A
x
e Crank-Nicolson: G = ;ig;

For the Forward Euler, We may abbreviate it as

Urtt = GURL U UR ), @2.3)

where f
G(U, 1,UJ‘.UJ’+1) = U;‘ + F(Uj_l - 2U3 t Uj+1)

-
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2.2. FINITE DIFFERENCE METHODS FOR THE HEAT EQUATION 19

2.2.2 Stability and Convergence for the Forward Euler method

Our goal is to show under what condition can U}’ converges to u(x;,1") as the mesh sizes
h,k — 0.

To see this, we first see the local error a true solution can produce. Plug a true solution
u(x,1) into (2.1). We get

k

P = g (20 ) + ke 29

n
u; Uj

where
7= Dy} — (w)} — (DD} — (us2)]) = O(k) + O(h?).

Let €7 denote for w; — UT. Then substract (2.1) from (2.6), we get

= 6 = g (i — 2]+ ) + b an
This can be expressed as
e}‘“ =G(ef_y, e}, efy)) + k)t (2.8)
or in operator form:
et — G(e") + 2.9)

where e = (e;-‘),-ez, G(e)j = G(ej_l, €, 6j+1).
Suppose G satisfies
G < U]

under certain norm || - ||, we can accumulate the local truncation errors in time to get the
global error as the follows.

le*l < NIGe™ Ml + Kl
lle™ =1 + Kl
IGe™ [ + k("I + 17"

<
£
b
L (IR EEEE S a8 ()

If the local truncation error has the estimate

max 7" = O(4?) + O(k)

and the initial error €° satisfies
le’l = O(R?),

then so does the global true error ||€”|| for all n.
The above analysis leads to the following definitions.

Definition 2.3 A finite difference method is called consistent if its local truncation error t
satisfies
|mhkll = 0as b,k — 0.
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Definition 2.4 A finite difference scheme U™'' = G, ,(U™) is called stable under the
norm || - || in a region (h, k) € R if

lGp il < vl
Sor all n with nk fixed.
Definition 2.5 A finite difference method is called convergence if the true error
leasll — 0ash,k— 0.
In the above analysis, we have seen that

stability + consistency = convergence.

2.3 L? Stability — Von Neumann Analysis

Since we only deal with smooth solutions in this section, the L2-norm or the Sobolev norm
is a proper norm (o our stability analysis. For constant coefficient and scalar case, the von
Neumann analysis (via Fourier method) provides a necessary and sufficient condition for
stability. For system with constant coefficients, the von Neumann analysis gives a necessary
condition for statbility. For systems with variable coefficients, the Kreiss’ matrix theorem
provides characterizations of stability condition.

Below, we give L? stability analysis. We use two methods, one is the energy method,
the other is the Fourier method, that is the von Neumann analysis. We describe the von
Neumann analysis below.

Given {U;} jcz, we define

Wiz => U,

J

and its Fourier transform i
T 1 e
UE) =5 Yy b
The advantages of Fourier method for analyzing finite difference scheme are

o the shift operator is transformed to a multiplier:
TU(E) = e*U(¢),
where (TU)J' = Uj+1;

e the I:faﬁg_vﬂ equility

(( U = IIIJ’”II2
/'KNQF&.

n
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If a finite difference scheme is expressed as

Uptt =(GUT); = Y alTUm),

1=l

then .
ur+l = G(E)U(€).

From the Parseval equality,

U2 = o2
- [ ie@rier
< max(GOP [ HOP it
— GR U
Thus a sufficient condition for stability is
Gl < 1. (2.10)

Conversely, suppose |§ (€0)| > 1, fromG being a smooth function in €, we can find € and 6
such that
[G(&)] > 1 + e forall [§ — &| < 4.

Let us choose an initial data U in ¢2 such that U9(¢) = 1 for |¢€ — & < 4. Then
1 = [1ere)e
> [ iameo
|€—6ol<d

> (1+¢)* — ccasn — oo

Thus, the scheme can not be stable. We conclude the above discussion by the following
theorem.
Theorem 3.6 A finite difference scheme
m
uptt = Z arUj',
k=-1
with constant coefficients is stable if and only if
. m
a©) = Y me
k=1
satisfies
max |G(£)] < L. @.11)

w<E<m
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Homeworks.
1. Compute the G for the schemes: Forward Euler, Backward Euler, RK2 and Crank-
Nicolson.

2.4 Energy method

We write the finite difference scheme as
UPH = o, + BUP + U, (2.12)

where
a,B,y>0anda+ B +v=1.

We multlply (2.12) by U}**! on both sides, apply Cauchy-Schwarz inequality, we get

((J;'H—l)2 = O!U’-z UT‘+1+ﬁU;1UJ{t+1+7U+1Un+1
= —(( )P+ (U;‘+‘)2)+2((U")2+(U"+‘)2)+ YR + (UP)2)

Here, we have used a, 3,7 > 0. We multiply this inequality by & and sum it over j € Z.

Denote
1/2
U]z == (Z IUjI"’h) ,
J

We get
N < SOOI ) + Do+ o) - JaoriE s o)

— SOUmIE + U,
Here, o + 3+« = 1 is applied. Thus, we get the energy estimate
(o e < jonie.) @13)

Ne—

Homeworks.
1. Can the RK-2 method possess an energy estimate?

2.5 Stability Analysis for Montone Operators— Entropy
Estimates

Stbility in the maximum norm

We notice that the action of G is a convex combinition of U;_,,U,, U; , provided

okg

% (2.14)

wl—a
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Thus, we get
min {U} , U}, U}, } < U < max (U} ,, U}, U}, )
This leads to
min; U > min,U?,
max; U < max;U}
and

max;|U;"| < max;|UJ|

Such an operator G is called a monotone operator.

,A\ ?
r Y .
d;‘" Entropy estimates /{ )
'&\' b . < o+ ok
C J? The property that U”*! is a convex combination (average) of U” is very important. Given

any convex function 7(«), called entropy function, by Jenson’s inequality,
n(U;*) < an(U) + Bn(US') + m(Uf) (2.15)
Summing over all j and using « + 8 + v = 1, we get

Sty < 3o nup). (2.16)
7 7

This means that the “entropy” decreases in time. In particular, we choose
e 7)(u) = |u|*, we recover the L? stability,

e n(u) = [uff, 1 < p < oo, we get

Solupte <y upr
J b

This leads to
1/p 1/p
()< (gwm)
J J
the general L7 stability. Taking p — oo, we recover L stability.

e 7(u) = |u — c| for any constant c, we obtain Kruzkov’s entropy estimate.

Homeworks.

1. Show that the solution of the difference equation derived from the RK2 satisfies
the entropy estimate. What is the condition required on / and k for such entropy

estimate?
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2.6 Entropy estimate for backward Euler method

In the backward Euler method, the amplification matrix is given by

G = (I - A)™! . (2.17)
where k
A= o A = diag(1,-2,1).
The matrix M := I — A A has the following property:
my > 0, M <0, Z |m,-j| < mi; (2.18)
J#i

Such a matrix is called an M-matrix.

Theorem 6.7 The inverse of an M-matrix is a nonnegative matrix, i.e. all its entries are
non-negative. .

I shall not prove this general theorem. Instead, I will find the inverse of M. Let us express

142X
M = Z diag (—a,2, —a)
In our case,
22
a =
142X

The general solution of the difference equation

—aj1 + Zuj — AUjpr = 0 (2]9)

has the form: . ‘
uj = Cip} + Capl

where p;, p; are the characteristic roots, i.e. the roots of the polynomial

—ap*+2p—a=0.

Thus,
1+V1-a?
pi= 0
From the assumption:
0<a<l,

we have p; < 1 and p; > 1.
Now, we define a fundamental solution:

o p’l forj >0
9= Py forj <0
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We can check that g; — 0 as [j| — o0o. g, satisfies the difference equation (2.19) for
|j| = 1. Forj 0, we have

—ag.y +2g0—ag = —ap;' +2—ap, =2-alpi 4 p3') =d

We reset g, < g,/d. Then we have
> giogm; = bip
J

Thus, M ~! is a positive matrix (i.e. all its entries are positive). In fact,

Zg;_jzlforallz'

7

Such a matrix appears in probability called transition matrix of a Markov chain.
Let us go back to our backward Euler method for the heat equation, we get that

Ut = (1— AA)L =GU"

where

(GU): =>4 ,U;
J
We can think U;“ is a convex combination of U with weights g;. This weight has the
properties:
* 93 > 0
. Ej gi =1

Thus, G is a monotone operator. With this property, we can apply Jansen’s inequality to
get the entropy estimates:

Theorem 6.8 Let 1)(u) be a convex function. Let U} be a solution of the difference equation
derived from the backward Euler method for the heat equation. Then we have

STy £ nu). (2.20)
i J

Homeworks.

1. Can the Crank-Nicolson method for the heat equation satisfy the entropy estimate?
What is the condition on h and k?
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2.7 Existence Theory

2.7.1 Existence via forward Euler method

From energy estimate, we get ||U"|| < ||U°||. We can take dinite difference quotient to the
equation (forward Euler equation, for instance), then (D, ,U)} :— U, ; — U7 also satisfies
the same equation. Thus, it also has the same estimate for D, ,U. Similar estimate for
D2 ,U. We have

|Dp U\ < | D U°). 221

If we assume the initial data f € H?, then we get U™ € H?. Here, h = 1/n.
For any discrete function U; € H]" we can construct a function u in H™ defined by

w(e) == Z Ujon(z — ;) _ (222)
i

where ¢(x) = sinc(z/h). We have
un(x;) = Uj

It can be shown that
| D7 unll = || D7, U (2.23)

Similarly, the space L{°(H") can be embeded into L>*( H™) by defining

uh’k(a:, t) = Z Z U;‘¢k(t)¢h($)

n>0 7

The discrete norm and the continuous norm are equivalent.
With this background, we get

Theorem 7.9 If the initial data ¢ € H™,m > 2 and k/h* < 1/2, then the solution of
forward Euler equation has the estimate

(D Ul < 1D UL D UM < |1 D2 U (2.24)

Further, the corresponding smoothing function uy, i has the same estimate and has a sub-
sequence converges to a solution u(z, t) of the original equation.

Proof. The functions uy, x are unformly bounded in Wh>(H?). Hence they have a subse-
quence converges strongly in L°(H') and u € W"*°(H?). The functions u, » satisfy

— k n n n
up (2, ") — up i, t") = ‘Ei(uh,k(w:j—l’t ) = 2up i (2, ) + uni(z;41, "))

Multiply a test smooth function ¢, sum over j and n, take summation by part, we can get
the subsubsequence converges to a solution of u,  u,, weakly: B
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Q\‘ ») B9 JS A
2.7.2 = A Sharper Energy Estimate for backward Euler method

Let us see that we can have a sharper energy estimate for the finite difference derived by

backward Euler method. Recall the backward Euler method for solving the heat equation
is
Upt = Up = MU = 2up*t + URY (2.25)

7

An important technique is the summation by part:

DU =Us )V = = 3 Us(Via = Vj) (2.26)
J

J

There is no boundary term because we consider periodic condition in the present case.
Now We multiply both sides by U;‘“, then sum over j. We get

Z(U;-H)z _ U}HIU; s Z I n+1 U;H_l I2
J

The term
UPRUL < (U - (UD))

Hence, we get

1 n
52 (W) = 7)) < A YW - U
j J

Or
h k n
—||D UM € —kig gl Das U (.27
Here,
Un Un Ur_'H-l _ U“I_H»l
D Un+1 , Dx,+U;'+1 = J+1 J

k h ’

Theorem 7.10 For the backward Euler method, we have the estimate

N
JUNI2+ € DL UMP < U0 (2.28)

n=1

This gives controls not only on [[U[|? but also on || D, . U™|.

Homeworks.
1. Show that the Crank-Nicolson method also has similar energy estimate.

2. Can forward Euler method have similar energy estimate?
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2.8 Relaxation of errors

In this section, we want to study the evolution of an error. We consider

w =y, + f(x) (2.29)
with initial data ¢. The error e} := u(z;, t") — U}' satisfies
et =€} + Mep_, — 2¢] + €y,) + k1) (2.30)

We want to know how error is relaxed to zero from an initial error ¢’. We study the homo-
geneous finite difference quation first. That is

= €+ A(e), — 267 +elyy). (2.31)

or e"'! = G(u™). The matrix is a tridiagonal matrix. It can be diagonalized by Fourier
method. The eigenfunctions and eigenvalues are

Vr; = eXMIRIN 5 —1 -2\ + 2\ cos(2rk/N) = 1 — 4Asin®(rk/N),k=0,...,.N — L.
When X < 1/2, all eigenvalues are negative except po:
1= po > |ps| > |p2| >---.

The eigenfunction
v = 1.
Hence, the projection of any discrete function U onto this eigenfunction is the average:
> Uj
3= :

Now, we decompose the error into

e’ = E €xVk

Then
Rt = prey.
Thus, o
R R

We see that e} decays exponentially fast except e, which is the average of ¢”. Thus, the
average of initial error never decay unless we choose it zero. To guarantee the average of
¢? is zero, we may choose U}' to be the cell average of u(w, ") in the jth cell:

U 1 [%+12
T h
instead of the grid data. This implies the initial error has zero local averages, and thus so

does the global average.
The contribution of the truncation to the true solution is:

"t = prep + Atrf

u(z, t")dx.

Tj-1/2

Its solution is .5
f = el + ALY i

m=0
We see that the term ¢!} does not tend to zero unless 7" = 0. This can be achieved if we
choose U; as well as f; to be the cell averages instead the grid data.
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Homeworks.
1. Define U; := fw’;’_‘;‘/’ﬂ * u(x) dz. Show that if u(x) is a smooth periodic function on
[0, 1], then
) = ’-lli(uj_l — QU+ Upp) 4 7
with 7 = O(h?).

2.9 Boundary Conditions
2.9.1 Dirichlet boundary condition

Dirichlet boundary condition is
u(0) =a, u(l) =10 (2.32)
The finite difference approximation of u,, at ¢, involves u at z, = 0. We plug the boundary

contion:
Up —2U, + U, a—2U, + U,

Uge (1) = 72 +O(h?) = = + O(h?)

Silimarly,

2 — & 2 —2Un_
uzz(mN—l) _ UN 2 2’[;;N 1+UN+O(h2): UN 2 hi]N 1+b+0(h2)

The unknowns are U, ..., UR_, with N — 1 finite difference at z,, ..., zy_,. The discrete
Laplacian becomes

-2 1 0 -+ 0 O
1 -2 1 --- 0 O
A= : PSS U S : 233
\ -’ 0 o 0 --- 1 =2

This discrete Lalacian is the same as a discrete Laplacian with zero Dirichlet boundary

condition.
We can have energy estimates, entropy estimates as the case of periodic boundary con-

dition.
Next, we exame how error is relaxed for the Euler method with zero Dirichlet boundary
condition. From Fourier method, we observe that the eigenfunctions and eigenvalues for

the forward Euler method are
s = sin(2mjk/N), pp = 1—2X+2Xcos(2rk/N) = 1—4Xsin*(7k/N),k = 1,.., N—1.
In the present case, all eigenvalues

p<lhi=l.,N-1,

provided the stability condition
A< 1/2
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Thus, the errors ¢! decays to zero exponentially forall i — 1,..., N — 1. The slowest mode
is p) which is ,

= — ] ~ p— lr-.

pr=1—4xsin?(1/N) ~ 1 4(1\1)

(1)) =

where we have used k/h? is fixed and nk = t.

and

2.9.2 Neumann boundary condition
The Neumann boundary condition is
u'(0) = a9, /(1) = 01. (2.34)
We may use the following disrete discretization methods:
o First order:

Uy — Uy
h

= 0p.

e Second order-1:

U, — U h h
L0 — up(21/2) = %e(0) + ~Ueu(20) = 00 + = f(0)
h 2 2
e Second order-II: we use extrapolation
33Uy =20, + U,y -
2h? -

The knowns are U;‘ with j = 0, ..., N. In the mean time, we add two more equations at the
boundaries.

Homeworks.

1. Find the eigenfunctions and eigenvalues for the discrete Laplacian with the Neu-
mann boundary condition (consider both first order and second order approximation
at boundary). Notice that there is a zero eigenvalue.

Hint: You may use Matlab to find the eigenvalues and eigenvectors.

Here, I will provide another method. Suppose A is the discrete Laplacian with Neumann
boundary condition. A is an (N + 1) X (N + 1) matrix. Suppose Av = Av. Then for
7 =1,..., N — 1, v satisfies

Vi1 — 20 + Vjg1 = Av, =1, ,N—-L

For vy, we have
Vg — YV = /\’U().


=


2.10. THE DISCRETE LAPLACIAN AND ITS INVERSION 31

For vy, we have
UN —UN_1 = AUn.

Suppose the general solution has the ansatz:

Cipl + phy 5=0,.., N,
where py, p satisfy
PP—(2+ANp+1=0,
At 2o, we have vg — v; = Avg, i.e. we get
(1 =X)(Cy +1) =Cip1 + p2
At xn, we have vy — v; = Avy, i.e.
(1 =X)(CipY +p5) = CipY " +p3 "

There are two equations for two unknowns A and C;. We can get nontrivial solutions for
suitable A and C,. Finally, we normalize v to be a unite vector.

Homeworks.
1. Complete the calculation.

2. Consider
U = Use + f(2)
on [0, 1] with Neumann boundary condition «/(0) — /(1) = 0. If [ f(z)dz # 0.

What wil happen to u as t — o0?
2.10 The discrete Laplacian and its inversion

We consider the elliptic equation

Uzy — U = f(x),2 € (0,1)

2.10.1 Dirichlet boundary condition

Dirichlet boundary condition is
w(0) = a, u(l) =b (2.35)

The finite difference approximation of u,, at x, involves u at x, = 0. We plug the boundary

contion;
Uy =20, + U,
h?

a—2U, + Us
h?

Uga()) = + O(h*) = + O(h?)
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Similarly,

Unoa—2Un_y +UN

o _Una=2Un_ + b
welena) = SN + Oy = ==t

h?

The unknowns are [/, ..., US4 | with N — 1 finite difference at z,, ..., zy-,. The discrete
Laplacian becomes

+ O(h?)

-2 1 0 -0 0
1 -2 1 -0 0
e (2.36)

0 0 0 - 1 =2
This is the discrete Lalacian with Dirichlet boundary condition. In one dimension, we can
solve A~! explicitly. Let us solve (A — 26)~! where # = ah?/2. The difference equation
Uj_l e (2 + 25)[]] + Uj+1 =0
has two independent solutions p, and p,, where p; are roots of

pPP—(2+28)p+1=0.
That is

p=1+p+/(1+0)?2-1
When 8 = 0, the two solutions are U/; = 1 and U; = j. This gives the fundamental
solution
G = .70! .7 S.'i
MUl W=5)C G2
From Gi,,‘-l — 2Gi,i + Gi,i+l = 1 and iCi = (N - ’l)C: we gel Cg = —(N = 'L)/N and

C! = —i/N.
When 3 > 0, the two roots are p; < 1 and p; > 1.

Homeworks.
1. Use matlab or maple to find the fundamental solution G, ; := (A—20)"" with # > 0.

2. Is it correct that v; ; has the following form?

0 s Pt N—1>j>i
Nl ;<<

Let us go back to the original equation:

uzz—au:j(x)

The above study of the Green's function of the discrete Laplacian helps us to quantify the
the error produced from the source term. If Au = f and A~' = G, then an error in [, say

7, will produce an error

e =Gr.
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If the off-diagonal part of (7 decays exponentially (i.e. # > 0), then the error is “localized,”
otherwise, it polutes everywhere. The error from the boundary also has the same behavior.
Indeed, if 3 = 0, then The discrete solution is

u(z;) = aGo(4) +bG,(5) + ZGi,jfj
J

where G(j) = jh, G1(j) = 1 — jhand G = A}, the Green’s function with zero Dirichlet
boundary condition. Here, G, solves the equation

Go(i—1) = 2Go(8) + Go(i+ 1) =0,i = 1,.., N — 1,

forj = 1,..,N — 1 with Go(0) = 1 and Go(N) = 0. And G, solves the same equation
with G1(0) =0and G,(N) = 1.

If B > 0, we can see that both G and G 1 are also localized.
Project 2. Solve the following equation

QUzy — Pu+ f(z) =0, z € [0,1]
numerically with periodic, Dirichlet and Neumann boundary condition. The equilibrium
1. A layer structure

_J -1 1/4<xz<3/4
fl@) = { 1 otherwise

2. An impluse
oy 12-d<z<1/2+6
H=)= { 0 otherwise

3. Adipole
v 12-éd<z<1/2
@)= —y 1/2<z<1/2+4
' 0 otherwise

You may choose a = 0.1, 1, # = 0.1, 1, 2. Observe how solutions change as you vary o

and £.
Project 3. Solve the following equation

—Uzz + f(u) = g(z), z € [0, 1]
numerically with Neumann boundary condition. Here, f(u) = F’(u) and the potential is
F(u) = u* — yu?.

Study the solution as a function of . Choose simple g, say piecewise constant, a delta
function, or a dipole.






