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e rational numbers, the real numbers, Eﬁ_—EnmpiﬂE
bers, the integers, but also for example the n x n matrices
with. coe fficients taken in one of the previously mentioned rings. >

- gm s the precise deflmtmn . }
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Definition A ring R is a set together with two laws of i

I . composition defined on this set

‘? . 11 e f_ﬂ-l?..;*

T+Y "addltrmrj R : |
Ty multiplication y T A%eo

F I

. (

(we will often write zy instead of z - y) such that the following

.: “axioms are satisfied: it Bl
(R1) (R,+) is an addltwe Ahehan grnup 0g denotes the
additive identity; —a is the additive inverse of a;

e

a — b denotes a + (—b); a3

- (R2) The multiplication is closed and associative: \,
Va,y,z € R : 2(yz) = (@y)z

(R3) There exists a multiplicative identity 1pin Rwith

“' following property: V-'GER 13 2 =i IR

q
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" “and since we can cancel in the additive grou

Opz+z = 'ﬁnﬁr +1lgz = {ﬂn‘l'lﬂj':’ = 133‘*:: B ﬂn+ﬂ‘-1
p R, we get
Ogz = Og. Similarly, z0g = OR.

(—z)y = —=zy (here, of course, —% is the a
z, and —zy = —(zy) is the additive inverse

dditive inverse of
ﬂf Iy}. lndEEd'-

zy+ (~z)y = (z + (~2))y = 0ry = 0%,

showing that (—z)y is the additive inverse of zy:
(—2)y = —(z).
z(—y) = —(zy) and (—z)(—y) = ¥ (check!).

The ring R is said to be trivial if R = {Og} (exercise sheet: R
is trivial iff 0g = 1g). |

The ring R is said to be commutative if zy = yz for all

xz,y € R. :

An element z € R is called a unit or invertible or is said to
have a multiplicative inverse if there exists y € R such that

zy = yz = lpg. o
e denote the subset of R consisting of all units by R*:

w '
IL R* = {z € R|z is a unit}.

h ﬁg tt?!{ﬁhﬁ with multiplication as defined in R is a
s 'Iy:,atl'um group with identity 1 (exercise sheet). It is
 of units of R {ur simply wnit group ﬂfR}




i an infegral domain D we hove fa % 0p ¢

& n th

.-'. ..,.-.. = = | y JI:_;,I:'- ¢ - l
gb=ac=>b=c (fg&.cam:eﬂatinn)
F

ba=ca=b=c (right cancellation)

r ;.-,."-5.; f EK"E‘!"I:IE'E Sheet. D
: Note: In Lemma 2.1.1 a need not be a unit.
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Example If R is a field, then R is an integral domain (exercise

sheet).
Example The rational numbers @, the real numbers R, and the

complex numbers C are fields.
Example The integers Z form an integral domain. One has

= {Is =4

-':E-':k!. . In particular, Z is not a field as Z* C Z \ {0}.




1 ads J.-u & .:L-—""-""‘" b I
Now aa; = aa; implies (by left cancellation) that a; = a; and so

these elements are r.hsl:rm:l: Also none of these elements equal Og

since R is an integral domain. It follows that

iﬂﬂ e lﬂlﬂ'll -rﬂ'ﬂ} . {ﬂﬂu =alg,aa;,.. 1I|:|4|:|..,.|.} In parl:ll:l.llar
RE {Munﬂﬂh -1 @0y} S0 aay, = 1k for some k, as reqmred O

OY

Example Forn > 2 Z/nZ with addition and multiplication
mod n is a ring. We have (Z/nZ)* = {k: ged(k,n) = 1} and
a 7+ 0 is a zero divisor in Z/ni& if and only if ged(a,n) > 1
Therefore

Z/nlZis a field < Z/nZ is an integral domain & n is prime

and we denote this field by Fy,. /
Example (Z/10Z)* = {1, 3 7,9}. Zero divisors: 2,4,5,6, 8.
Example Let R and S be rings. Then R x S becomes a ring

with the following operations: = . ..-

(f"h 31} =+ {r‘hsﬂ} — {Tl +r2,5 + 32}
1 ﬁ{rlrll){ﬁrﬁﬂ] = (l"]_!‘:,-ﬁl#ﬂ]. = Cadeds :T
[ i >
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~ The units in My (R) are just the matrices that are invertible in the

usual sense: My,(R)* = GL,(R).

Example Let S be a nonempty set and let A be a ring. We define
R = Map(5, A) = {all maps S = A}.

We define a product fg and a sum f + g of two maps as follows:
vzeS: fg(z):=f(z)g(z), (f + g)(z) = f(z) + 9(x)-

One now yle;i%ies readily that R together with this multiE:licatinn
and this addition becomes a ring. The additive identity is given by
/

the map

Op: S — A: 204 (VzeS$)

and the multiplicative identity is given by

lp: S = A:z 14 (Yz€S8)

R*={f: S A|f(z) € A' forallz €S}
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hla)=1 [®) =5 R = {fifafo i}
r---g el B{ﬂ} 5 fa(b) =1
f!{ﬂ} 5 fa(b) =5.

For example

(fafa)(a) = fa(a)fyla) =55 =1
(f3f4)(b) = fa(b)fa(b)=15=5

shows f3fs = fo.

Example Let R be a ring. If X is an indeterminate, then R[X] is
called the pﬂfyr:-ﬂm.-a-‘ ring in the indeterminate X with r:oefﬁ.r::ents

in R:

R[X] = {ao+a1 X +a2X*+-- - +a, X" |n € NU{0}, a; € R}.
We add and multiply polynomials in the usual way:

{aﬂ+alx+a2x2+~-+anxﬂj+(bn+le+...+bmxm] =
(@0 + bo) + (a1 + b2) X + (ag + by) X2 +

and {ﬂn+ﬂtx+ﬂzxg+'"+ﬂux"}[f?o+51}f+---+me"‘] -

aobo + (aoby + a1b0)X + (aobs + a1b; + agbg) X2
J_+ wov g b XM
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cise Sheet. (ii) Clearly every unit in R is a unig i1
s : P S AN TS a unit in
EESERLXT. Let P(X) € Rixesopfiat
Y= lifarsnme Q(X) € RX]. Put R . |
J=a+aX+...+a,Xm {mzﬂ.'niER . '
| Y = bo+01 X +...+ ba XT {Tl- =0, bj c R, ﬁ;ﬂ;‘ﬂi;}ﬁi’ 1
| m=0then P(X) € R* and we are done so assume m > ﬂ and

~ therefore m +n > 1. But P(X)Q(X) = 15 now forces
il . I:ﬁhxm+n=ﬂ;t=}-ambn:—_ﬂﬂ=}um=[}& ﬂrbn=nﬂ 3
| contradiction. O :

Example Z/8Z[X] (1+4X)(1+4X) =1 shows that .
1+4X € (Z/8Z[X])*. However Z/Z8 not an integral domain. ff”;"'
15474
\ !

Definition Let R be a ring. A subset S of R is called a subring
of R if the following axioms are satisfied:

(SR1) S is a subgroup of the additive group (R,+);
(SR2) S is closed under the multiplication in R:
| Va,be S:abe S:
- '_£$H3) lp € S.
Note To check (SR1) it is enough to confirm that S contains
o ) is closed w.r.t. addition; that S is closed w.r.t. additive
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- ‘&ﬂwﬁﬂbﬂwﬁf R {H& exercise sheet). But it is not 3 suhrmE of Q.
Indeed, V2 =0+1-v2 e Z[v2], but V2 ¢ Q-

Example |If Ris a ring, then R is a subring of the polynomial

ring R[X].
Example Let

be the set of all diagonal matrices in M,(RR). Then D is a
mutatwe subring of M,(R) (which itself is noncommutative if
_‘_.,D* :nnslsls of all dlagtmal matrices that only have




o " I. g > s
. u) wveR, u?’:-:l:u}

- (2 ) (s

Definition The ring R is said to have characteristic n > 0 ifnis
the smallest positive integer such that n.1g = Ogi if no such n
exists then R has characteristic 0. Where for a € R

na:=a+a+---+a (ntimes).

Examples Z/nZ has characteristic n.

L, Q, R, C have characteristic 0. |

_ Lemma 2.1.4 An integral domain has characteristic 0 or prime p-
| Proof Exercise Sheet. [

Example F,[X] is an infinite ring of characteristic p.
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)  (or ideal in R) if the following properties hold:”
b EI}} I is closed under addition: a + b € I for all a,b € [

F
o8 -Em} I is closed under multiplication by elements in R: ra € I for

' all7 € Rand foralla € I.

Remark If I is an ideal then (I,+) < (R,+) and so in particular

Ogr € I (check!). In fact if @ € I then (—1g)a € I. But

(—1r)a = —(1ga) = —a, the additive inverse of a.

b, 5 ) | Example All the different additive subgroups of Z are given
" e '\fe-

exactly by all the nZ where n € NU {0}. One readily checks that
all these sets satisfy (12). Hence, these are also exactly all the
dlfferent ldE—i!JS of Z by the above remark. Note that nZ is not a
F .~ subring for n # 1. AR
Lemma 2.2.1 (i) IfI,J are ideals of R then so is
I+J={z+y:zel,yeJ}

—

(ii) If I is an_ideal of R then I = R if and only if 1g € I if and
. nnl;nf!mdsﬂ%ﬂgﬂfﬂ i
Hmaf Exercise Sheet. [
Remark It follows from (i) that if I; (1 < j < k) are ideals then
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“(a) := Ra

o
o=

J,i,:- o

‘and an

i
1<
iy

A1
: Jm that can be written in such a way (i.e. as all the
. ~—multiples of one E‘icular element) will be called a pnﬁcipal ideal.
~ We will study properties of such principal idﬂa{f‘ﬂmm closely later
ah el & Lol
Note that (Og) = R.0g = {Og}, and (15) = R.1g = R.

i

- -

i Lemma 2.2.2 Let R be a ring. Then R is a field if and only if
4 J""F"i:tﬁiéha;ﬁy ideals in R are (Og) = {Or} and (1g) = R

. Proof. (=+) Let R bea field and suppose that I is an

If I # {Og} then thereisan z € I\{0R}. Since Ris a ﬁ:eld risa
unit, that is there is a y € R such that yz = 1. But this means

lg=yxz €= I=Rbylemma 2.2.1(b). flass

<) Let z # Og be in R. Then by aﬁumptit:*-n
| {(I] ]= {rz: r € R}, the ideal generated by T, 1 :q:lhaltt; R; TR
| particular 15 € (z) and so thereis an 7 € R suc 'I:la
~ which shows z is a unit and therefore R is 2 field.
1.= Q is a subring of R but not an ideal.

ideal of R.
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ity 'purtant that one writes a + I and not al.) Addition in
| -_. ~ this quotient group is as before given by
(@+I)+(b+1)=(a+b)+ 1

Define a multiplication on R/I by

(a+I)(b+1I):=ab+ I. .
e s SR .

We have to make sure that such a "multiplication” of cosets is ‘1} j
e, 47 s well-defined, i.e. that the result does not depend on the choice of |, r‘é
the coset representatives a and b. a6 /

e,

K=

H/Ta

gy ,
ol «-i"sb e L /

©© S0 suppose a+l=a+Tandb+1=0b 41 Toget
. "~ well-definition, we have to show that ab+ I = a't’ + I or,
o e equivalently, that ab € a'b’ -]-ﬁf T
el Now a + I = a' + I is equivalent to a € a’ + I, which means that
3 there exists z € I with a = a’ + z. Similarly, b4+ I = b + [ is
T-,;_,.q equivalent to the existence of some y € I with b=}’ + 9. But then

ab = I:ﬂ-'*-l-m)[b;-l—y] =ﬂ!h’+ajy+b":r+:ny_

%im:e T,y € I, we have a'y, bz, zy € I by (I2), hence
_--§:=rﬂ"!-’+ﬁ’:-'~" +ay € I by (11). Thus, ab= o't/ + z € o'’ + I, and
erefore this multiplication is well-defined. |

."'L jI:-A;l"




e R L G E e -
ddition (a+I)+(G+I)=a+b+1
" ;-I. c : | ..H-.il"iq ¥

4  multiplication (a+I)(b+T)=ab+ 1T
_ Eﬂ rfng with mu-'ﬁpﬁ-':iﬁ“ﬁ Hﬂﬂ'ﬁi}" IHH = lﬂ + I and additive
i fde.nﬂl]fﬂﬂﬂ=nﬂ+'!
This ring R/ is called the quotient (or factor) ring of R with

respect to I.

——

| Definition Let A and B be rings. A.map f: A— Bis called a

b «— ring homomorphism if it satisfies the following three properties:

(RH1) Additivity: [(z + y) = f(z) + fly) forall z,y € A
(and so f(04) = 0p: f(—z) = —f(2));

(RH2) Multiplicativity: f(zy) = f(z) fly):

2ike . (RH3) f(14) =1p- i)

- If the ring homomorphism f: A — B is bijective, then f is called a
L [« ring isomorphism. el G

il Two rings A and B are called isomorphic (as rings). denoted by

| A= B, if there exists a ring isomorphism f: A = B.

__'-,-:-,: ~ For any ring homomorphism f: A — B, we define the kernel

- >\ Ker(f) and the image Im(f) as follows:

Ker(f) = {a € A f(a) =05} Im(f) ={f(@)la€ Al

Al e
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Example (See 2.2.4(c).) Let f: Z — Q be defined by f(z) = =.
Then nZ is an ideal of Z but f(nZ) = nZ is not an ideal of Q.

~ Example An important and often encountered case of a ring

homomorphism is the following. Let R be a ring and I be an ideal

‘in R. Consider the map

m:R—> R/I:a—a+1

» from R onto the quotient ring R/I. This is clearly a rng "‘"!\

homomorphism by the very way we defined addition and

multiplication in R/I, and 7 Is obviously surjective by the very (

construction of R/I. One also readily checks that Ker(w) = I.
This surjective ring homomorphism is sometimes called the
canonical surjection of the ring R onto its quotient ring R/I.

-
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Ker

in other words, the kernel
a root.

consists of all polynomials that have b as

Example For
ev;: C[X] = C

(here, i = v/—1) we get
Ker(ev;) = {P(X) € C[X]| P(¢) = 0}

= {(X - 9)Q(X) | Q(X) € C[X]} = (X — 1)

and for

ev;: R(X] = C

(principal ideal)




nell&eﬁnedsuqm,mmgw i .

o injective if and only if I =Ker(f), in which case f is a ring

orphism. In particular:

A/ Ker(f) = Im(f).

Example Consider the ring homotiorphism given by the
evaluation map

evp: i X| — Q: ap+ a1 X + -+ + a, X" +* ap.

This ring homomorphism is clearly surjective: For any ¢ € Q, we
obviously have that evg(c) = c. Also,

Ker(evg) = {ag + ;1 X + agxﬂ 4+ - € Q[X]| a0 = 0}
= XQ[X] = (X).

By the main isomorphism theorem for rings, we get

Q[X]/(X) = Q[X]/ Ker(evo) = Im(evp) = Q.




Ker(ew) = (P(X) € RIX] | P() =0}
= {_{X—IJQ(X)IG{X)ER[X]}={X—1)=

J which then yields
R[X]/(X — 1) = R.

Example If we take the evaluation map €v;
shown (see exercise sheet) that

: R[X] — C it can be

R[X]/(X*+1) =C.




