----------

d'lﬂPter contains a short review of cnmplex numbers. Yd
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y multiplication and division c:-f complex num-
x 4+ iyand w = u + iv are complex numbers
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Fur the EEI‘. of all complex numbers we write C. The way we have defined our nperaunns
make_i C into a field, which contains R smr:e every real number x is the complex number
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T /e usually identify the complex number z = x +1
aa:e: both real, with the point (x,y) € R?, the two
Argand plane urArgnud diagram. Real numbers x
reala _.1:1.5 , purely imaginary numbers of the form i1 1_{291 N
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re 1: Some numbers in the complex plane ?
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1.3 The complex conjugate

For a complex number z, we define its complex conjugnte, writtenZ aszZ = Rez — ilmz.
" In some books you may see the notation z* used instead.
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€ Lge 2
ure 2: The complex number x + iy is the’sum of its real part x

number iy, which is i times its imaginary part.

re 3: Complex conjugation is reflection across the real axis
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wlus or absolute value of a complex number z = x + iy (where Y , 18
o p———

-: Jz = \/(Rez)u (1m2)? = J 2+

. ﬁnmemmll}r, |z| is the distance of the pumt 2 from 0 in the co

x| <z, Wwl<lzl, 1zl = |x] + |2

A B

._ihnz}{Rez—ihnz} (Rez)? + (Imz)* = |z|2
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so that a useful formula is |z| = V/zZ. Also we have



s |z+w| < |z| + ||

and the reverse triangle inequality

 The first of these is most easily seen geometrically by
‘verhices of a parallelogram.
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_/.Z. w, z+w form the vertices of a parallelogram
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algebraic proofiq a ollows:

lz+ ) = (z+ w)(Z+W) = |z|* 4+ 2w + Zw + |w|? s |
{ =z2wso 2Rel = { +{ = 2@ + zw. Then Ref < |Z] = |zl|®| = |z||w| and hence \ J.S
I &) ,\e?
iz + wf? < |22+ 2)zllw] + ol = (12l + jw!)? - =~ i
b O\B)
< |z| + |w| as claimed. The reverse inequality follows from the usual one by ;
= [w+z-w| < |w| + |z — wl- [
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:analwn}-achgmg a value of arg z lying in (— 71,7
L [ENT Argz. Note that if z is on the negg
ATgZ — —mmas z apprnad'les the negative real axis
pla e).
" %

iy # 0, with x,y real. If

ol &

When x > 0, we have tan( argz ) =y/x.
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ever tlusmeﬂ'md gives the WRONG answer ifx < 0. The reasun';s that cal:ula_tu:s
thus merine

| arctan between —m/2 and /2. ln facuf:-: < 0 then
‘ ' : arctan(y/x) = arctan(—y/(=x)) = Asg (~2),
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TR Hanso
and then with angle B, whatis ﬂieneteﬁa:t?
firs -5
' mﬂl‘ﬁimhtaLint?&memlmbyzr—n Thmwemﬂectamﬂnem]
:"'E.Fhmﬂjgwemhte‘ﬁéagﬁﬁz,_,g:z
e kg 2ipgting = e2ilP-2)z, 50 the

'”dﬂ this first with angle «, then with angle 5, we obial obtain z — €
nation of two reflections yields a rotation. T
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Definiion <~

we get, for s, ¢ real,

- il

. efe! = cos.

Thus e~ le!t = ¢l —

is an argufient of zw. (b) —argz is an argument of 1/z and of Z.
of always true that Argz + Argw = Argzw. Try z = w = —1 +1.
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or 1 em: for s, ¢ real, when is et eiil}g_l to 1?7 When do we have ¢ = ¢i!?

LR £ 1=cost+isint,

and only if cost = -
- m h”miﬂi 2:@1:.1 (because this gives sin t = 0 also). Hen:ee“' =1if
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_ Tl E;.fﬁrmlt‘wehave

Re[ﬁ”'} Re ((&")2) = Re (cos? t - 2icos tsin ¢ —sin?t) = 2cos”t — 1.

J.‘!‘A—h Eq:._:n
. Roots of unity
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Fr hlem. let n be a positive integer. Find all solutions z of 2" = 1.
AL !JJ—C_J
Solution: ﬂEﬂ_ﬂ]{z # 0 so we write z = re"! with r = |z|f
Then 1 =z" = r'¢i"_ So1 = |Z% =" and r = 1. Lo sy
Next, we have e™ = cosnt + isinnt = 1. From.our di

nt = k27t for some integer k, and so z = ¢ = ¢2™
':’:-"” AT e EHE’;‘;"" if and only if (k — k')27/n is an integex,

integer Inul'hele of 1. So we just get the n roots {p =\¢
f_‘ em (given by k = Q) 1 and thef\roots are equal
centre 0 and radius 1, ¢ ‘ ajr separated by an
the n'th roots of unity. '
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eighth roots of umt:f
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1.10 Solving some simple equations
".'Ih solve z" = w, where n is a positive integer and w4 DEr, We
Bt rite o — |w|e'AE™. Now
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ity as given by the formula in §1.9. So the n roots of

Wik Iw]la’rrEfl{ﬁfEW]'-""""ﬂ“”"J k=0,1,...,n—1.

\= —1—1i=w, we write w = /2¢~3"/4 and z; = 21/8p—3ni/16_
or EUEE-E:IIHHHIFE g5 21;3,_,5":;15 ey 21 =2 21-"'5&"3"”15""’“ £

s anm el A3
plehng the square in the usual way. For example, to solve
E+m+mk+ﬁ—
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bz 4c = 0 (with a # 0) gives 4a%2 + 4abz + dnc = 0 and 50 (

sl
AT = o

Hence z = (—b + (b2 - 4ac)/2) /2 with, in general, two values for the

Or example, to solve z* — 222 +2 = 0 we write 1t = 22 to get (u — 214.1 = 0 and
il 1%i Nowz2 = 1+i= fli'zi"“ has PHIH:I]I;BI rootz; = gl/4 /8 and second
00t Zy = ;6™ = _p, — 21/4pM/B — 91/4p=i71/8 i which 2'/4 means the positive
fourth root of 2. Two more solutions come from solving z? = V/2e~'"/% and
il i are zy = Eli"‘e"l-ﬂfa' Hnd Z4 = 21 .I"l-Eﬂﬂf!"
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2 Integ;atinn and contours

Introduction to complex integrals oA
o\F bl = C )
" Suppose first of all that [, b] is a closed interval in R and ths “la, b) R
5T I Re {g} and v . mnhnunus}. :I' '_‘_‘i_l"l t...b
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> Show that I — Dasn — +co.
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o “given by a continuous function 7 : [a,0] = € it e

that the dervative 7' exists and is continuous and never 0 on (e, - HD"::‘- mﬂﬂt ... R
e Re (7) =,Im (7) =_T then (¢(1),T'(1)) is the tangent vector ‘ﬂmr“ ==

= are assuming that this varies continuously and is never the zero vector. %

d

~ The length of the smooth contour 7 is defined tobe =
- j \
“__,L- D
= [ @l

______ is given

L

: Examples: :

(i) The circle of centre a € C and radius r > 01s dg

s, Here F'T{'E] —.'I] = IrEH EPDiI'It {t] moves once

:nunte_r—::ln:kwise aromnF

Figure 5: Circle around a of radius r

Moreover,

s Y () =ire", W' (Hl=r
ad

'ﬂ‘dﬁ“ the length of the smooth contour is 2717 as expected.
~ Note also that the modified formula S

y() =a+re, 0<t<2n,
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a ntroduction to contour integrals

: ;;".-':}'4 ose that 7 : [a,b] — Cisa smooth contour. If f j
continuous on [a, b] we set

P
Ne can interpret this s

A—— —

hat /() exists and is also con-

pral exists: this is why we defined smooth contours
= 1f-"__--._..?l"'

2m .
rnErjr!IrE!i' d.t f T l'rﬂ+.'l£[ﬂ+l]lf I'.ﬁ:
1]

,._ri_—[sm{11+]]t—ltﬂ5[ﬂ+1]f-]l =0,

cns(ﬂ + 1)t +isin(n + 1)t dt

n = —1 then we get 2n27i. -

h dicity of cos((n +1)t) and sin((r -+ 1)t). 1f



2—Suppose that A and 7 are simple,
e set of points in the same direction. Suppnseﬂ
. en easy to see that there is a strictly increas-
thaw Mt) = y(¢(t)) forn < ¢t < b. Here A at ime ¢
5 7 at ime ¢(t).

¥(z) dz—ff (s))7'( (5)ds = L (z) dz.

L=

’us the contour integral is mdependEnt of parametrization”.
“& Jthf,mat ¢(t) Exjf.t's (OPTIONAL!). For# and g in (a,b) with t # fg

B A{fj _)._I:fﬂ} '}'{:I.fi I}M{‘f’{tﬂ)}ﬁf} ‘P“n}
t—ty oty = p(te) b
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lf f(szz f Ef{'r(mll'r (termM

f ) de

ave 10 > |3+ >/ |z| = 2 fnr a]l z on the contour 7, so (using the reverse tri-
= 3+i-2|=1+i|=V2

R

L-.L-EF'
Piecewise smooth contours (2
; fiﬁﬁ ZCEWISE SMOOTH contour 7y we mean finitely: many, SEeoth CORIEREEL
d end to end, in which case we define

= z)dz.
f?f(z]dz-); nﬂ )
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Figure 6: A piecewise smooth contour

For Plermsﬂfmmﬂtn1+ivialalungstraight]jnes we ca2
followed by 12(t) =1+ (1 +i- 10 <t < 1.

vI‘.sF.* that if we need to compute J:r f(z)dz then by §2.5(b)
_ parametrization of the line segments we use.
o ﬂL‘l—-.e_p -L_F_l- ...:l:_.:. r.|_1_.||. L 'I--I.,n__ Bl
2.7 Properties of piecewise smooth contours
= e FL:_I_I

mqde up of the

(a) 7 is SIMPLE if it n¥ve
< that each 7., starts where

Kigure 7: A simple piecewise smooth contour
ks ! Y l!' -

{h} 7 is CLOSED ¥ it finishes where it started i.e. the last point of 7, is the first point
£ Ao NS o) w—
this has nothing to do with closed sets (which do not feature in G12COF),
) 7 is called SIMPLE CLOSED if it finishes where it started but otherwise does

ass through any point twice (apart again from the fact that 7Tr4+1 starts where g
Example: - - e

str;ught line segment from i to 1, and let « be the line segment from i to 0,
‘-

t
‘q' R
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={weC:|lw—z| < r}. 'E'Ihis is called the
e of

ot 70-YVe define B(z, 1)

Nand radius r. It consists of all points w lying inside the circl

centre z and radius’, the circle itself being excluded.
Suppose w is in sen disc B(z,r). Then we can find an open disc of centre w

which is contained in B(z,r). To do thisputs =r— |w — z| > 0. Then B(w,s) € B(z,r).
What we've doneis to inscribe a circle of radius s and centre w within the circle of centre

z and radius r.

I-'.r
ppen disc of centyg
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alsonote ﬂzi”?‘él < s then'|
B(w, s) implies u € B(z,7). |
_— cu\tos 4 ot p o
(ii) We can do something similar for a half-pla

1z = Re(z) > 0. Then B(z,r.) C H.

halfplane Re(z) >
Take'yadius Re(z).

e o 4 Maa ok
d property called openness. Let U C C. We say that U is
| e fllowing property: for each z € U there exists r = r; > 0 such that
B(z,r:) C U. Notd\that r, will usually depend on z.

In the terminolog

mpmntmi.?is
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An open set U: each point z in U
inside an open disc mp%m zeoal

i, == s
!t frgzl[uw? that the distance from z € U to C \ U is at least r,
is a tier point of 11, |

Examples:
(i) An open disc B(z,r) and the half-plane H = {z :

(i) If you take L. =
- B(0,7) with r > 0 cont
15 a frontier point of L.

nses these points are allowed to equal w).
:z]«::l} E*’{:EE |z|:':-1}andC—'{zE

‘open, and take ¥ inN- Then B(w,7) C U for somer > 0, so the distance from w to any
point in C \ U is a4 Jedgt 7, and so w & 9U. Thus UNJU = @.

. Now suppose thyt (\19U = @ and again take w € U. Then w ¢ 8U and so, since
w € L, there cannot by points of C \ U arbitrarily r:lc:-,'ie to w. So must .tr 0
such tha z—w|:aﬂrfnrallzmﬂ2\ﬂ wmchmeansmatq(w C U and is open.
' So Aland B above are open, but Cjis not. For the sets in'G12COF it usually be
:f. to detemune the frontier, and so'this -::nterfun will be useful.

_ =gy
| ’F is an open subset D of € which has the following additional property: any
LIl 1 -
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s a domain, as is the half-plane Re (z) > 0, pu
main, as any path (t) from —1 to ha

his is using th iate value theorem and thg >
e e 44

Ve will say that a set E in R? is open¢a domain
e. the set {x +iy : (x,y) € E}, is open(a domain. )

U‘? t.._n,e _ el ..ﬁ*
| § that uy = 0and uy = 0 on
i L T
(@) =T u(a,y) — u(a,b)
¥ _I,"—FI.I' y—b

<4 we have, by the chain rule involving partial derivatives
‘Iri i ! h ’

EH(TF”) = uxg'(£) + uyh'(t) = 0. Ce

ten y. Since any two points A, B in D can be linked hj,ir a PSC in

finitely many smooth contours v, in D, joined end to end, we have

) = 1#(B) and u is constant on D. i e

T Rt Y

More er (arks :?at]'ts and arc length (OPTIONALY)

ntified smooth contours as paths with nice propert: :
ation. However, paths in general L operies yable b

& are not always such simple objects
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<t <'e. If t > 0 then applying (5) with

BV
ctons using sequences.
| W RET A,
Z,) is a sequence (i.e. a non-terminating list) of complex numbers, we say that
s g€ Casn — ooif |z, —a| = 0asn —+ oo (i.e. the distance from z, to a

= ¢'/" convergesto1as n — oo.

2xample, the sequence zy
s
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= flx +iy) = u(x,y) + iv(xy),
@“ﬁ Xy Ienl and u, v real-valued functions (of x and y)-

?fﬁ the reverse direction we can write, for example,

‘3.3 Limits
What do we mean by

v manner whatsoever, the value f(z) approaches
aakes no difference. Our definition is given in

—

- WY

.-: =

e ——

\
Q_E},f(2]=LEE

~u{x,y) =Re(L) and | : 2is
m(0) y (L) ) Byt oy P Y) = I (D).



Enlnli
on, Ifwgletz —+ ﬂalung some a }!argi,a‘-"'l;}-"ln (=, pi
small eit

ator is cons _{fl‘idf{z} — 0. However, let's >0

.__.' =5 _ﬂ‘l' and s = =

. _Enﬂ“ﬂmut tm::f(z} 5/5° = 1/5 — oo if we let s tend tg
& au !

3-4 Continui LY -
"-..r'J-t.-H;uly ﬂu__u;_, e R T

| F Tl'us is handled in the standarcf

ctipn defined on some open disc B(a, r) and taking values
-4 differentiable at n if there is a complex number f'(a) such

fla) = f@@) _ . fla+h) = fla)

zZ—n h—0 h
7 — h
; /' lim = lim —.
4 / r—a Z — 1 ir-+D h

f how happroaches 0. If we let
r f'(a) taexist, the lun/ must be the same regardless o .
: ( _ugh real values, we See that i fit = 1. But, If we letnn = 0 through imaginary

o’ sav b = ik with k real, we see that i/h = —ik/ik/= —1. So £ is not complex
ntiable anywhere.
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2241
is complex differentiable at eve point where z* + 1 # 0, apd

s FOEEE = e
E The meaning of the complex derivative ) N
N NG ﬂf o In complex
Ir.l real analysis we thmk f f'{xa) as_the B
-analysis it doesn’t ma ] '

smce bu z and f(z) Inre

- [:.".—.-.l
o o)\

oximation. If f is complex

| .~ Intwo dimensions.
é'.-"'g < However, we can think
< d:ﬂ’ereﬂhah]e ah'.' then as z —

SWEN

and so

: ; : (7) "n\
= and side uf (7) tends to0as z ,
| A Equation (7) says % = aand so f is conbinuous at
iz} —f(ﬂ}

25 Z = a the function (z — a)f'(a) is a god approximation l‘D\j
~ Wecan uJa (7) to theck the r.:ha .
.---, Entiable an

in mle. Suppose that o is com lex-glf\
ﬂmp]Ex d.lffErEI‘ltlablE at wy= 8(z0). As 2 —-+g3.ﬂ we h:.\.re Il'p
i :r | 8(z)~g (20) !
Tale 27z 718 (x), =t
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3 3.7 Cauchy-ﬂfemann equations, first ?ﬁpcfu

As-sume that the complex-valued function f is comp
and as in (6) write

"
i

e ——
: o
a — —4’_‘_‘/

ufA + t, B) - u(A, B) + iv(A 1, B) —iv(A, B)
—+0" t "-R
(A, B) +ive (A, B):, |

In particular, the p rivatives iy, Uy do enqt Next, put = it and agam lett — 0
through real values. This time we'get

[ﬂ] = h“‘({ﬂ H+t]-ﬂﬂfﬂ E -I-l’.'..'[..r'i B-—I—I} ﬁ-*‘{ql B) £ '{Hy\ (A, H)}
3 B e mu

qus hng real and imaginary parts we now see that, at the pmnt (A,
: ¥ i Uy = 'ﬂy - -ﬂ.‘t |
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o Hons are never satisfied, from which it fﬂ“m that

o equa

r‘. E : . |:|-
: iy '- al nmf': log.u-ndlhnn for a function f(z ) to be EI:E;E:{ L

able. Next we need a result in the other direction, i.e. a sufficient con

ielgann equatjong are satisfied l: this point.
doves not tendfo f(0) = Oas x — 0. Hence
itely not complexdifferentiable at 0.

de that a function is complex differentiable it
chy-Riemann equations that the partial deriv-

F isnutmnl:inunﬁ at0, and so '
@At in order to
sufﬁ::e.st-:::a T8 --r m'l o the
'ahvesare Antfuous.

%

9, ep
= Bl Thenmm'ﬁ =LA S %P
o 2uppose thaX the functions f, 4, v fire as in (6) above, and that the following is trie. The partial
dertvatives u u,, ; s exisf near (A, B), and are contimuous at (A, B), and the Cauchy-

Rie ann equatinis nge.s edﬂt{A B). Then f is complex differentinble at a = A + iB, with

e .

'!; fu] = Uy + vy At

‘. Ny e artlal denvahves will not usually be a problem in
are polynomials in x, y and (say) funchom like

ch vanish at (A, B) some care is needed, though.

Iz;/lv“'ﬂ(?/dlﬂt
:y} Hy = 1‘!‘ Ily}_{—a 0 and Uy = Ey

L = .
.ﬂ '# .
F = u
' L i
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: | 1 i i it — cost+isink for t real. We
1. The exponential function. We have already defined ¢
 now define ; : o
| exp[:+iy}=z’+‘5f=e’e'?=e‘msy+wfsm

for x, y real. We then have, using the standard decompositio

g

i u(x,y) =¢e*cosy . o(x,y) = € sin]

| 2

1, =e*cosy, MUy =—¢ siny, UVx=YX

Hence the Cauchy-Riemann equations are satisfied at'qve
partial derivatives are cofitiquous. TSt p(z) is complg
in C, and so is analyiagp-A ? i

exp(z).
It is easy to check that e**

d fact that

E.!'{_I;+t-‘} = El'ygiu

. 'm_fﬂfiﬁ _ﬂ:mt two famous theorems from real analysis are not true for
_u (if you want to know which, see Section 9 3 e for
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