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A.1 Definitions

A matrix of dimensions (mxn) : with m and n positive integers, is an array of elements
a;;j arranged into m rows and n columns:

all alz nen aln
a21 a22 ans aZn
A= [aij]i=1.2,---.m =1 : : . : (A.1)
j=1.2,...n
Am1 am2 e Qmn

If m=n, the matrix is said to be square ; if m<n, the matrix has more columns than
rows ; if m>n the matrix has more rows than columns . Further. If n=1 the notation
(A.1) is used to represent a (column) vector a of dimensions (mx1) ; the elements q;
are said to be vector components . A square matrix A of dimensions (nxn) is said to be
upper triangular if aij = 0 for i > j:

all a12 Il aln

0 a,y a,
n

A= . : . ‘
0 0 .. au

The matrix is said to be lower triangularifa;; = 0 fori <j
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An (nxn) square matrix A is said to be diagonal ifa;; = 0 for i # j i.e,

a; 0 .. 0
0 a . 0 .
A= : 22 o diag{aq,azz, -, Ann}
0 0 .. au,

If an (nxn) diagonal matrix has all unit elements on the diagonal (a;; = 1), the matrix
is said to be identity and denoted by I2. A matrix is said to be null if all elements are null
and is denoted by 0 . The null columns vector us denoted by O.

The transpose AT of matrix A of dimensions (mxn) is the matrix of dimensions ( nxm)
which is obtained from the orginal matrix by interchanging its rows and columns:

all a21 e aml
a12 a22 s amz

AT = : : “ : (A 2)
Ain Qon -+ Amn

The transpose of a columns vector a is the row vector a’

An (nxn) square matrix A is said to be symmetric if A” = 4, and thus a;; = a;;

a1 Az - A
1 R a:12 a:22 a?n
Ain Qyn - Qpp
An (nxn) square matrix A is said to be skew-symmetric if AT = —A thus leading to
a;j = —aj; for i # jand a; = 0:
0 —-ayp ... —aq,
P
Ain Qo e 0

A Partitioned matrix is a matrix whose elements are matrices (blocks) of porper
dimension :

All A12 ann Aln
S
Ani Az - Amn

A.2 Matrix Operations :
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The trance of an (nxn) square matrix A is the sum of the elements on the diagonal :

n

TT'(A) = 2 a;; (A 3)

i=1
Two matrices A and B of the same dimensions (mxn) are equal if a;; = b;;.If Aand B
are two matrices of the same dimensions, their sum is the matrix

C=A+B

The row -by —column product of a matrix A of dimensions (mxp) by a matrix B of
dimensions (pxn) is the matrix of dimensions (mxn)

C=AB

Notice that , in general ,AB # BA and AB=0 does not imply that A=0 or B=0 ; further,
notice that AC=BC does not imply that A=B.

For an (nxn)square matrix A, the determinant of A is the scalar given by following
expression . Which holds Vi = 1,2, ...n:

n

det(A) = Z a; (~1)™i det(4;)  (A.9)

j=1

The determinant can be computed according to any row i as in (A.9) ; the same result is
obtained by computing it according to any column j. if n=1 m then det(a;;) = a4,

The following property holds :
det(4) = det(4T)
Moreover, interchanging two generic columns p and q of a matrix A yields :

det([a1 ...... ap ... 04q ....an]) = — det{[a1 e Qg e Oy ...an]}

As a consequence, if a matrix has two equal columns (rows). Then is determinant is
null . Also m it is det(a¢A) = a™det(A)

If A is an (nxn) triangular matrix (in particular diagonal) , then :

n

det(4) = 1_[ a;;

i=1
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n

det(4) = Z ai(—1)™ det(4;)  (A.9)

j=1
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