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Derivative. Argument and function increments. Differentiable fanction

Geometrical meaning of derivative . Slope of a tangent. Tangent equation.
Mechanical meaning of derivative . Instantaneous velocity . Acceleration.

Differential of a function. Properties of derivatives and differentials.

Derivative of a composite function.

Derivative : Consider a function y=f(x) at two points : x, and x, + Ax:
f(xo) and f(xy + Ax).
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Here Ax means some small change of an argument, called an ar gument increment

Correspondingly a difference between the two values of a function : f(x, + Ax) — f(x,)
is called a function increment. Derivative of a function y=f(x) at a point x, is the limit:

f(xo + Ax) = f(xo)
m

Ax—0 Ax

If this limit exists , then a function f(x) is a differentiable function at point x4 .
Derivative of a function f(x) is marked as :

d d
Fiee) = ) = L

X=Xo

Geometrical meaning of derivative . Consider a graph of a function y=f(x):
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Fig 1
f(xo + Ax) — f(x0)

= tana
Ax

Where a - a slope angle of the secant AB.
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So, The difference quotient is equal to a secant slope . If to fix the point A and to move
the point B towards A, then Ax will unboundedly decrease and approach 0, and the
secant AB will approach the tangent AC.

Hence, a limit of the difference quotient is equal to a slope of a tangent at point A.
Hence it follows : a derivative of a function at a point is a slope of a tangent of this
function graph at this point.

Tangent equation Now we'll derive an equation of a tangent of a function graph at a
point A(xy, f(x,)) in general case an equation of a straight line with a slop f'(x;,) has
the shape:y = f'(xy).x + b

To find b we'll use the fact, that a tangent line goes through a point A:

f(xo) = f'(x0)- %0 +b

Hence, b = f(x,) — f'(x0). %, , and substituting this expression instead of b, we 'll
receive the equation of a tangent :

y = f(xo) + f'(x0). (x = x0)

Mechanical meaning of derivative . consider the simplest case : a movement of a

material point along coordinate line , moreover, the motion law is given, i.e a
coordinate x of this moving point is the known function x(t) of time t. During the time
interval from ¢, till £, + At the point displacement is equal to : x(t, + At)-x(ty)=Ax,

: o A :
and its average velocity is : v, = A—’; as At — 0, then an average velocity value

approaches the certain value m which is called an instantaneous velocity v(t,) of a
material point in the moment ¢, . But according the derivative definition we have :
Ax x(ty + At) — x(ty)

lim — = lim =x'(t
At—-0 At  At—0 At (to)

Hence, v(ty) =x'(t,), i.e a derivative of a coordinate with respect to time is a velocity .
This is a mechanical meaning of a derivative . Analogously to this, an acceleration is a
derivative of a velocity with respect to time : a= v'(t)

Differential and its relation with derivative

Differential of a function is product of a derivative f'(x,) and an increment of argument
Ax : df=f"(xy)Ax

Basic properties of derivatives and differentials

If u(x)=constant, thenu'(x) = 0,du =0
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If u(x) and v(x) differentiable functions at a point x;, , then :
(cu) =cu',d(cu) = cdu ,(c = constant)
(uxv) =u +v',dlutv)=dutdv
(uv) =uwv’' +u'v,d(uv) = vdu + udv
Derivative of a composite function, Consider a composite function , argument of which
is also a function :

h(x)=g(f(x)) . If a function f has a derivative at a point x,, and a function g has a
derivative at a point f(x,) , then a composite function h has also a derivative at a point
Xq , calculated by the formula :

R (x) = g'(f(xg)). f'(x0)

Application of derivative in investigation of functions

Continuity and differentiability of function . Sufficient

Conditions of functions monotony . darboux's theorem.

Intervals of function monotony . Critical point.

Extreme (minimum , maximum) . Points of extreme .

Necessary condition of extreme . Sufficient conditions of extreme.

Plan of function investigation.

Relation between continuity and differentiability of function, If a function is

differentiable at some point. then itis a continuous function at this point. Contrary is
invalid; a continuous function can have no derivative,

Consequence . If a function is discontinuous at some point ,then it has no derivative in
this point.

Example : The function y=|x| (Fig3) is continuous everywhere , but it has no derivative

at x=0, because a tangent of the graph at this point does not exist
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Fig3 1

Sufficient conditions of functions monotony

If f'(x) > 0 at every point of an interval (a,b) , then a function f(x) increases within this
interval.

If f'(x) < 0 at every point of an interval (a,b) , then a function f(x) decreases within
this interval.

Darboux's theorem Points , at which a derivative of a function is equal to 0 or doesn't

exists, divide a function domain for such intervals that within each of them a derivative
saves a constant sign.

Using these signs it is possible to find intervals of monotony of functions, what is very
important in investigations of functions

Example : Find intervals of monotony for the function f(x)=2x + x 2

Solution: The function domain is x # 0 ; this can be written as union of the intervals
;(—0,0)and (0, +) ;

f'(x)=2—-x"3% hencef'(x) =0 atx =1
Point x=0 and x=1.

Point x=0 and x=1 divide the function domain into the three intervals ;
(—0,0),(0,1), (1, +0). According to darboux's theorem f'(x) saves a constant sign
within of these intervals

S
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=
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Hence, the function increases in the intervals (—oo,0)and (1, 4+c0) and decreases in the
interval(0,1) . the point x=0 isn't included in the function domain, but as x approaches
0 an item x~2 increases unboundedly , therefore the function also increases
unboundedly. At the point x=1 the function value is 3 . According to this analysis we
can draw the graph of the function.
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