(5

0 @il

[WWW.SYRIAMATH.NET]

Relations : § 5\ Ol

el g 10\l S5 <
aldl]: ;‘J’&N

N Y Y LT e N TETTIR P TPE FOFSPITETT IR TPV RN e

o0

==l

a6 > & & S d
a8l 4.4l &3 )8all pan

asd
Inverse ale Symmetric ay Bl
Reversed mSad Anti-symmetric Adllasg
Domain alhis Transitive i
Transpose Jgiia Perpendicularity Lalaill
Composition il Euclidean PNl
Rise e Perpendicular el
Interpretation el Inclusion ¢l gal
Path b Divide —
Accordingly a<a 5 Sl Equivalence BBl
Multiplying Flia Nonzero entries A jua b CYAL
Properties paduad Associative daanl
Reflexive dacilSall
INVERSE RELATIONS

LeT R be a relation from A to B.. the inverse of R, denoted by R™1, is the relation:
From B to A which consists of those ordered pairs which. When reversed belong to R :
R™1={(b,a): (a,b)ER}

In other words, bR~ 1a if and only if aRb.

-Example 2.5.

(a) let R be the following relation on A={1,2,3}:
R={(1,2),(1,3),(2,3)} then R '={(2,1),(3,1),(3,2)}
(b) The inverses of the relations defined by

"x is the husband of y" and "x is taller than y"

Are respectively

"x is the wife of y" and "x is shorter than y"
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Clearly, if R is any relation then(R~1)~1 = R. Also, the domain of R~! equals the range
of R, and the range of R~!equals the domain of R .

Furthermore, if My is the matrix of a relation R between finite sets, then the matrix
Mp-10f R™1is the transpose of the matrix of R :

Mp-1=M}

For example, the matrices of the relations in( Example (a))

Are as follows:

01 1 0 0 0
Mp=(0 0 1| , Mgeg2=[1 0 0)|=M}
0 0 0 1 1 1

26. COMPOSITION OF RELATIONS

Let A,B, and C be sets, and let R be a relation from A to B and let S be a relation from B

to C.

Thatis, R is a subset of A x B and S is a subset of BxC .

Then R and S give rise to a relation from A to C denoted by RO S and defined by:
a(RoS)c if for some bEB we have aRb and bSc

That is, RoS={(a,c):there exists bEB for which (a,b)ER and (b,c)ES}

The relation RO S is called the composition of R and S ; it is sometimes denoted simply

by RS.

The arrow diagrams give us a geometrical interpretation of RO S as seen in the

following example .

Example 2.6.
Let A ={1,2,3,4,) B={a,b,c,d} ,C={x, y, 2z} and les
R={(1,a)(2.d)(3,2),(3)b),(3.d)} £
S={(b:0,002.(c:),(d2)} i
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Consider the arrow diagrams of R and S as in fig2-5 .

Observe that there is an arrow from 2 to d which is followed by an arrow form d to z.
We can view these tow arrows as a "path” which "connects" the element 2€A to the
element zeC .

Thus

2(Ro S)z since 2Rd and dSz

Similarly there are paths from 3 to x and from 3 to z .

Hence

3(RoS)xand 3(R 0S5)z

No other element of A is connected to an element of C.

Accordingly,

Ro §={(2,2),(3),(3,2)}

There is another way of finding RoS .

let Mrand Ms denote respectively the matrices of the relations R and S..

then

1 1 0 0 0
2 0 0 0 1
M. =
B3 1110 1
4 0O 0 0 O
X Yy =Z
a 0 0 0
b |1 0 1
d M. =
e ®sT e lo 1 o0
d \0 0 1
multiplying Mrand Ms we obtain the matrix
X y =z
a /0 0 0
B b0 0 1
M=M,.M;:= cl1 o 2
d\o 0 0
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The nonzero entries in this matrix tell us which elements are related by R ©S..
Thus : M= M;M; and M, have the same nonzero entries .

Our first theorem tells us that the composition of relations is associative .
Theorem 2.1:let A,B,C and D be sets. Suppose R is a relation from Ato B ,Sis a

relation from B to C and T is a relation from Cto D.
Then (RoS)oT=Ro(SoT)

2.7 PROPERTIES OF RELATIONS :

Let R be a relation on a set A .\We list four types of relations:

(1)Ris reflexive if aRa for every ain A..

(2)R is symmetric if aRb implies bRa .

(3) Ris anti—symmetric if aRb and bRa implies a=b

(4)R is transitive if aRb and bRc implies aRc.

Observe that these properties are only defined for relations on a set .

EXAMPLE 2.7.

(@)Consider the relationc of set inclusion on any collection C of sets. Note that

1)Ac A for any set A in C, so C is reflexive ;
2)AcB does not imply BCA so C is not symmetric;

3)If AcB and BcA then A=B, so C is anti-symmetric;
4)If AcB and BcC then Ac(, so C is transitive.
(we assume that C has more than one set.)

(b)Consider the relation=of equality on any set A. Note that =satisfies all four of the

above properties .

That is,

1) a=a for any element a€A,

2) if a=b then b=a;

3) if a=b and b=a then a=b;

4) if a=b and b=c the a=c;

this example shows that symmetric and anti-symmetric relations are not the negations
of each other.

(c) consider the relation R={(1,1),(1,2),(2,1),(2,3)} on A={1,2,3}. Then:

1) 2isin A but 217{2, so Ris not refiexive;

2) 2R3 but 3R2, so R is not symmetric;

3) 1R2 and ZR1 but 1#£2, so R is not anti-symmetric;
4)1R2 and 2R3 but 1R3 so R not transitive.

(d) Consider the relation L of perpendicularity on the set L of lines in the Euclidean

plane.
If line a is perpendicular to line b then b is perpendicular to a,i.e.ifal bthenb L a
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Hence 1 is symmetrie.
Howeverl, is neither reflexive, anti-symmetric nor transitive
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B={a,b,c,d} ,C={x,y,z}
oSl
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