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ONE-TO-ONE, ONTO AND INVERTIBLE FUNCTIONS (44&)

A function f: A — B is said to be one-to-one (Written 1-1) if different elements in the
domain A have distinct images . Another way of saying the same thing is that f is one-to-
one if f(a)=f(a") implies a=a'.

A function f: A = B is said to be an onto function if each element of B is the image of
some element of A . in other words, f: A — B is onto if the image of f is the entire
codomain, i.e. if f{(A)=B. In such a case we say that f is a function from A onto B or that f

maps A onto B.
A function f:A — B is invertible if its inverse relation f~! is a function from B to A

In general , the inverse relation f~! is not a function. The following theorem is a simple
criterion which tells us when it is.

Theorem: A function f: A — B is invertible if and only if f is both one-to-one and onto>

If f: A — B is one-to-one and onto, then f is called one to one correspondence between A
and B this terminology comes from the fact that each element of A will then
correspond to a unique element of B and vice versa.
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Some texts use the term injective for a one-to-one function, surjective for an onto
function, and bijective for a one - to —one correspondence.

Since functions may be identified with their graphs, and since graphs may be plotted,
we might wonder whether the concepts of being one - to -one and onto have
geometrical meaning . we show that the answer is yes.

To say that a function f: A — B is one-to-one means that there are no two distinct pairs
(a4, b) and (a,, b) in the graph of f; hence each horizontal line can intersect the graph of
fin a most one point. One the other hand ,to say that f is an onto function means thay for
every b€ B there must be at least one a€ A such that (a,b) belongs to the graph of f;
hence each horizontal line must intersect the graph of f at least once. Accordingly, if f is
both one - to - one and onto, i.e invertible, then each horizontal line will intersect the
graph of f exactly one point.

INDEXED CLASSES OF SETS

We next define a special kind of function, called an indexing function, let / be any
nonempty set ,and let S be a class of sets. An indexing function from /to Sis a function
f:1 - S For any i€ I, we denote the image f(i) by A . Thus the indexing function fis
usually denoted by

{A; : i €1} or {A;}ig; or simply {A;}

The set 1 is called the indexing set, and the elements of I are called indices . If f is one -
to-one and onto, we say that S is indexed by I.

CARDINALTY

Two sets A and B are said to have the same cardinality if there exists a one-to-one
correspondence f: A = B. Aset A is finite if A is empty or if A has the same cardinality
as the set{1,2,3,...,n}for some positive integer n. A set is infinite if it is not finite .

Familiar examples of infinite sets are the natural numbers N, the integers Z, the
rational numbers Q and the real numbers R.

We now introduce the idea of " cardinal numbers" . We will consider cardinal numbers
simply as symbols assigned to sets in such a way that two sets are assigned the same
symbol if and only if they have the same cardinality . the cardinal number of a set A is
commonly denoted by

|A|,n(A), #(A), or card(A)
We will use |A].
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We use the obvious symbols for the cardinal numbers of finite sets. That is, 0 is
assigned to the empty set @, and n is assigned to the set { 1,2,...,n}.Thus |A|=n if and
only if A has the same cardinality as {1,2,..n} which implies that A has n elements.

Theorem 3.2:

A countable union of countable sets is countable.

In other words, if A4, A,, ... are each countable sets them the union A; U A, U ...is also a
countable set.

An important example of an infinite set which is uncountable , i.e not countable , is
given by the following theorem.

Theorem 3.3: The set I of all real number between 0 and 1 is uncountable.
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