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Basic properties of limits . Some remarkable limits.
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Sequences : Consider the series of natural numbers: 1,2,3,4,...n-1,n,.... If to change each

natural number n in this series by some number u,, , following to some law , we'll
receive a new series of numbers:

Up, Uy, e e U1, Upy, -
Marked shortly as {u,, } and called a numerical sequence.

A value u,, is called a general term of a sequence. Usually a numerical sequenceis given
by some formula u,, = f(n), permitting to find any term of the sequence by its number
n; this formula is called a general term formula . Note, that it is not always possible to
give the numerical sequences by a general term formula ; sometimes a sequence is
given by description of its terms ( see below the last example ).

Examples pf numerical sequences :

1,2,3,4,5,.... —a series of natural numbers ;
2,4,6,8,10,.... — a series of even numbers;

1.4,1.41,1.414,1.4142,...... - a numerical sequence of approximate , defined more
precisely value of v2

For the last sequence it is impossible to give a general term formula, nevertheless this
sequences is described completely .

Limit of numerical sequence . Consider a numerical sequence , a general term of wich

approaches to some number a at increasing an ordinal number n . in this case we say,
that the numerical sequence has a limit.

This notation has a more strict definition : A number a is called a limit of a numerical
sequence {u,}:

lim,,,u, =a

if and only if for any € > 0 one can find such a number N=N(¢), depending on ¢, that
|lu, —al| < e atn>N.

This definition means, that a is a limit of a numerical sequence, if its general term
approaches unrestrictedly to a at increasing n. Geometrically it means, that for any

€ > 0 it's possible to find such a number N, that beginning from n>N all terms of the
sequence are placed within an interval (a — ¢, a + ¢€).

A sequence, having a limit, is called convergent ; otherwise — a divergent sequence.
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A sequence is bounded, if such a number M exists that |u,,| < M for all n. increasing and

decreasing sequence are called monotone sequence.

Weierstrass's theorem. Each monotone and bounded sequence has a limit.

Basic properties of limits. The below mentioned properties of limits are valid not only
for numerical sequence, but also for functions.

Limits of functions

Limit of a function . Some remarkable limits.
Infinitesimal and infinite values . Finite limit.

Infinite limit. Nation of an infinity .

Limit of a function . A number L is called a limit of a function y=f(x) as x tends a :
lim f(x) =L
xX—-a

If and only if for any € > 0 one can find such a positive number § = §(¢) , depending on
g, that |x-a|<é imples that |[f(x) — L| < ¢

This definition means, that L is a limit of a function y=f(x), if the function value
approaches unrestrictedly to L, When the argument value x approaches a
.Geometrically it means, that for € > 0 it is possible to find such a number §, that if x is
within an interval (a — §,a + §) , then a function value is within an interval
(L—¢,L+¢) .Note, that according to this definition, a function argument x only
approaches a, not adopting this value! it must be considered at calculating limit of any
function at a point of is discontinuity (i.e , where this function doesn't exist)

. \ x2-9
Example. Find : lim,_,4 —

. \ W . . x%=9 . .
Solution: Substituting x=3 into the expressmn);jwe Il receive a meaningless

. 0 n . . "o . n n
expressmna(see about meaningless expressions” in the section " Powers and roots" of
the part"algebra") . Therefore we'll solve in a different way:

x* =9 (x=3)(x+3)

x—3 x—3 x+3

Here the fraction canceling is valid , because x# 3, it only approaches 3 now we have :
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x% -9

3 =}Cl_r)r%(x+3)=6

lim
x-3 X —

Because, if x approaches 3, then x+3 approaches 6.

Sone remarkable limits
. Sinx . tanx ) 1
lim——=1; lim =1 ;lim(l+x)x=e
x-0 X x-0 X x—-0

Infinitesimal and infinite value . If limit of some variable is equal to 0, this variable is
called an infinitesimal.

Example : The function y = vx + 5 -3 is an infinitesimal , if x approaches 4 , because
lim,_ ,Vvx+5 —3=0.

If an absolute value of some variable increases unboundedly, then this variable is called
an infinite value

: 1, e :
Example : the function % is an infinite value , if x approaches 3.

An infinite value has no a finite limit, but it has so called an infinite limit 1 this fact is
written as :

x+1
lim = 00
x-3x — 3

The symbol co"infinity " doesn't mean some number, it means only that the fraction
increasing unboundedly if x approaches 3. It should be noted , that the fraction ca be
both positive (at x>3) and negative (at x<3). If an infinite value can be only positive at
any values of x, it is marked in a record . For example, at x— 0 the functiony = x 2 is
an infinite value, but it is positive both at x>0 and at x<0 ; this is expressed as :

limx~2 = 4o

x—0
On the contrary, the function y=—x~2 always negative , thereforelim,_,, —x~2 = —o0
According to this, a result pf our example can be written as :
Cox+1
lim = too
x-3x — 3
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