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Convex Analysis

Convex analysis turns out to be a powerful tool for the
linvestigation of vector optimization problems in a
partially ordered linear space for two main reasons.

®A partial ordering in a real linear space can be
“characterized by a >convex cone and, therefore,
theorems concerning convex cones are very useful.
®Furthermore, “separation theorems are especially
helpful for the ®development of a Lagrangian theory.

- In this first part which consists of three chapters we
present all these results on*® convex analysis which are
Ynecessary for the following theory on vector
optimization.

The most important theorems are separation theorems,
a James theorem and a Krein-Rutman theorem.
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Chapter 1
Linear Spaces

Although several results of the theory described in the
second part

of this book are also valid in a rather abstract setting
we restrict our attention to ‘real linear spaces.

- For convenience, we summarize in this

chapter the well-known definitions of linear spaces and
“convex sets as well as the definition of (locally
convex)?® topological linear spaces

and we consider “a partial ordering in such a linear
setting.

Finally,we investigate some special partially ordered
linear spaces and list various known properties.

1.1 Linear Spaces and Convex Sets

We recall the definition of a real linear space and
present some other notations.
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Definition 1.1. Let X be a given set. *Assume that an
addition on X,
i.e.a’map from X x X to X, and a %scalar
multiplication on X, i.e.amap fromR X X to X, is
defined.
The set X is called areal linear space, if the following
axioms are satisfied (for arbitrary
x,y,Z € Xand A,u € R):

@x+»+z=x+ U+ 2),
b)x +y=y+x,
(c) there is an element

Ox € Xwithx + Ox = x forallx € X,

X & el (moii! slarede sane X S 1]y 20
b alad) Gyl P XX XX e Gl i e
e X (R XX (e Gubad S X
Cilalusall Cins 13) adal) adll gloadl) e X de sanall
S AR yualiall dal )iy
x,v,Z € Xand L,u € R):
@Qx+y)+z=x+ Uy + 2),
®x +y =y + «x,
dalex + 0X = x330X € X saic 2as(C
x + 0X = xJX&

(d) for everyx € X thereisay € X with

x +y = 0x
@ Ax+y) = 1x+ 1y,
A+ wx = Ax + px,
@) Aux) = (Awx,
(h) 1x = «x.

The element 0x given under (c) is called the zero
element of X.

(dx +y = Ox@ny € Xanx € XIS
@A +y) = 1x+ 1y,

A+ wx = Ax + px,
(@) A(ux) = (Awx,
() 1x = x.

X J gl painll o2 C A hral 0y uainll

Definition 1.2. Let S and T be nonempty subsets of a

real linear space X.

Then we define “the algebraic sum of S and T as
S+T:={x+y|x € Sandy € T}

and the 2algebraic difference of S and T as
S—T:={x—-—y|x € Sandy € T}.

For an arbitrary 2 € R the notation 1 S will be used

as

AS = {Ax | x € S}
It is important to note that the set equation
S +S§ = 2S doesnot
hold in general for a nonempty subset S of a real linear
space.

O A e (4 s e gema T3 SoSH 1.2 i jad

X _s.xs;‘ | e ladll
ST 58 5 pall g sandl! (o yoi Mixie

S+T:={x+y|x € Sandy € T}
JSILT 58 J sl Gl 5
S—T:={x—y|x € Sandy € T}.

JSall4andivin S el 2 e R Glséie yaie dal (e
AS = {Ax | x € S}
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Definition 1.3. Let X be a real linear space. The set X’
Is defined to be the set of all linear maps from X to R.
If we define for

allgp,y € XandallA € R

(@ + P)(x) = ¢p(x) + Y(x) forallx € X

and

AP)(x) = Ap(x) forallx € X,
then X' is a real linear space itself and it is called the
“algebraic dual space of X. The algebraic dual space of
X' is denoted by X"'and it is called the second algebraic
dual space of X.

X' e gandl, ds il eload xS L3 gad
1R I X e ddadl) cliglatl) JS de gana Leils (o i
LERIEKs ¢, € XU o

(¢ + P)(x) = dp(x) + Y(x) forallx € X

AP)(x) = Ap(x) forallx € X, 5

sl elamdl? enygasld an! s i el X7 )
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The most important ‘class of subsets in a real linear
space are convex sets.

Definition 1.4. Let S be a subset of a real linear space
X.

(a) Letsome x € S be given. The set S is called
“starshaped at ¥,

hall sladll 8 4l Y 4l cle saadl Caa!
Jaasall e genall & sl
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If foreveryx € S
Ax + (1 — A)x € SforallA € [0,1]
(b) The set S is called convex, if for every x,y € S
Ax + (1 — )y € SforallA € [0,1]
(c) The set S is called *balanced, if it is nonempty and
aS c Sforalla € [-1,1].
(d) The set S is called* absolutely convex, if it is
convex and balanced.
*Obviously, the empty set is convex and a set which is
starshaped at every point is convex as well.

x € SIS YL

Ax + (1 — A)x € SforallA € [0,1]
x,y € § K YS 13 dna 231 § de ganadli(b)

Ax + (1 — D)y € SforallA € [0,1]
S e il 1Y &) 56 e § de geaal)(C)

aS c Sforalla € [-1,1].

) sie s et S 13 Lalad Aasa? e 58 S sandll(d)
G daaill de gaall y dpans 32 Hlall Ao sanall cla g s
Ll gant oo ey S ie dpand (0 5S3

Fizure 1.2: Convex set.

Figure 1.3: Mon-convex set.

Remark 1.5.

(a) The tintersection of “arbitrarily many convex sets of
a real linear space is convex.

(b) If S and T are *nonempty convex subsets of a real
linear space X,

then the “algebraic sum a$S + BT is convex for all
a,f € R.

>Consequently, for every ¥ € X the ‘translated set

S + {x} is convex as well.

1.543a5

sl (e Aaaall e gl o KU (4 0 ? 2Ll (a)
elad (e de J 5o Lana 4 Ja e saaa T 5 ScilS 131 (b)
JUGane oS 4+ BTl g seadl? Naie X dds oled
aS+ BT

e SIS + (X} Aaialfde saadlle ¥ € X IS A
Leay)

Definition 1.6. Let S be a nonempty subset of a real
linear space X. The intersection of all convex subsets
of X that 'contain S is called
the “convex hull of S and is denoted co(S).
Remark 1.7. For two nonempty subsets S and T of a
real linear space we ®obtain forall a,8 € R

co(aS + BT) = aco(S) + Bco(T).
Next, we consider sets which are “algebraically open or
>closed.

KX ol cliad e i) de gaase § (S ], 6k 20
=38 @il 5 X e Aaaall 43 5all Cle genall S palis
.€0(S) « A ey SJ Al 3l
slmd o T 5§ il e (i Ja (Oyfie sane JSI 1, 7488850
a,f € R IS e dand X Jida olad

co(aS + BT) = aco(S) + Bco(T).
dilie® o) L s A gite? Ll a4 ) e ganall s o JUll

Definition 1.8. Let S be a nonempty subset of a real
linear space X.
(@) The set cor(S):= {x € S |foreveryx €
X thereisal > Owith x+ Ax € S
forallA € [0,1]}
is called the ‘algebraic interior of S (or the core of S)

Xoshin it sliad (e d ja de e § OS3 1,8y 20
wax € X K dunx e §}=(S)dahde saadli(a)
{1LE0,A]J x4+ Ax € SG= 1 > 0

(53157 5) Sl Jal! e

Figure 1.4: T € cor(5).

NhatsApp : 0997378154

NA

AV/Z

N ~

- o
~alps Al Al
Al

Facebook_Page : IOM
Aaalal) Aasal) ¢y Uy calkas




Ll ) i)

WWW.SYRIAMATH.NET

(b) Theset S withS = cor(S) is called algebraically

open.

(c) The set of all elements of X which do not belong to

cor(S) and

cor(X\S) is called the %algebraically boundary of S

(d) Anelement ¥ € X is called “linearly accessible

from S, if thereisanx € S,x # X, with the °property
Ax + (1-A)x € SforallA € (0,1].

L dagibe exi§ = cor(S) Cus S de saadli(b)
X\SJalas § JA i (Al g X (e sealiad) JS Ao sans(C)
SJ gl al’ ey
131 ¢S (e b Al Jpeasll (Sas? eu k€ X ainll(a)
Lalal® Gisy x € S,x # X

Ax + (1-A)x € SforallA € (0,1].

The union of S and the set of all linearly accessible
elements from S is called the algebraic closure of S
and it is denoted by

lin(S) := S U {x € X |x islinearly accessible from
S}

®In the case of S = lin(S) the set S is called
*algebraically closed.

(e) The set S is called algebraically bounded, if for
everyx € S and

every x € X thereisald > 0such that

X+ Ax € SforallA > A

Lo L) Jam s (Sl jualiall S e sanay SJ g laial!
Cled s S Jb s dilhe® eXi o

Ll Jsasll (S x Cusax € XU S=(S)ade
{S et

Lo dilad? exide jaadl § = Jin(s) U 8

5% € § IS FAT I | pa by giae’ e § e eadl(e)
A21X8x+ Ix ¢ SFel > 0x5x € X

W Jorw ot | olodlanally o ol o ot el
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Convex analysis 7,2\ lyc <

These “algebraic notions have a special
2geometric meaning.

Take the 3intersections of the set S with each
“straight line in the real linear space X and
consider these intersections as subsets of the
real line R.

Then the set S is *algebraically open, if these
subsets are open; S is algebraically closed, if
these subsets are closed; and S is
"algebraically bounded, if these subsets are
bounded

wbiﬁmszLﬁ\ ad (LRI

sladll 3 aifivae? Jad S aa S Ao gannall adalin® 220
Cle ganeS Clabaliil) oda jriaily X JAiall asl)
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Lemma 1.9. For a nonempty convex subset S
of a real linear space we have:
(a)x € cor(S),x € lin(S)

= {Ax+ (1 —Dx|1 € [0,1)} c cor(S),
(b) cor(cor(S)) = cor(S),
(c) cor(S) and lin(S) are convex,
(d) cor(S) # O
= lin(cor(S)) =
cor(S)..
A proof of Lemma 1.9 which is ‘rather
technical may be found in Kirsch-Warth-
Werner [188, p. 9].
Another important class of subsets in a real
linear space “is introduced in

lin(S) and cor(lin(S)) =

SAMA e Lanedi s de gene dal go 19000
ol s ad cliad (e
X € cor(S),X € lin(S) (a)
= {AX+ (1 - A)X|1 € [0,1)}
c cor(S)

cor(cor(S)) = cor(S) (b)
Oiaaa (e gaaa cor(S) and lin(S) (c)
cor(S) # @ (d)

= lin(cor(S)) = lin(S) and cor(lin(S))

= cor(S).

sl (S cla o ) G 585 ¢1.9 Dl Gla
Kirsch-Warth-Werner g
ol el 8 40 3all Cile senall (1 AT ala (i

Definition 1.10. Let C be a nonempty subset
of a real linear space X.
(a) The set C is called ‘a cone, if

x€eECA =20= Ax€eC
(b) A cone C is called “pointed, if

C n (—C) = {0X}
(c) A cone C is called ®reproducing, if
C—-C=X

In this case one also says that C ‘generates X.

Al e A0 ja Ao geae C 0811 11,10 iy
1383 13 da g yia! e i C de seadl (3)
XxX€ECAL =0= Ax€C

1S 13l Lo s 32 C dagaall sei (b)
Cn (=€) = {0X}
(S 13 A gl da g 2P C oy 3l e ()
C-C=X
XAt C o Ll Js8l) i€y A 530 4
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(d) A nonempty convex subset B of a convex
cone C # {0X} is called a >base for C, if
eachx € C\{0X} has ®a unique
‘representation of the form

x = Ab forsomeAd > Oandsomeb € B

O A pall g danall A e B de gendll 521 (d)
X JS S 13 C J32elE® C # {0, casall s 3l
1S (ol © ST lley C\{O,} 00

x = ALb =d1>05bh € B

Figure 1.6: Pointed cone.

Ox

Figure 1.5: Cone.

Ox

Firure 1.7: Base B for C.

Sometimes a cone is also called a 1wedge and a
2pointed wedge is called a cone. But in this
book we use ®the terms in Definition 1.10.

By definition each cone contains the “zero
element of the real linear space. The simplest
cones in a real linear space Xare {0X} and X its
self. {0X} is also called the >trivial cone

From a ®geometric point of view a 'nontrivial
cone is a set of ®rays emanating from the
Worigin.

YConsequently, each cone is *starshaped at
0X.

For the Zinvestigation *of partial orderings
convex cones are very important. They are
Bcharacterized by

DAL s g 3l se i Lial (el Giany B

A OS chy saa ey cuaall by 3l 2 gidas 2]
1.10 Cyaill Cilallaiaed aadiiin QS 1

On g iall peaial® e (5 siay Ty jae IS iy il
8 Akl SV Loy jlad) | sl eledl) liadl)
i X5 {0,} & X siiall elal) eladl)

A by 20 e {0,}

sp Al ye bas 2l Awia b dgs ¥ he
Al a0 e 3Uaw® ) AadY1E e e pena
Oy e Jsal A OsSa by aae S

Al 5o Jal e Taa Al doaaall oy il 4 a"3 o)
A el (8 Lgda s o15"0 Ayl il ™

Lemma 1.11. A cone C in areal linear space
is convex lifand only if ¢ + C c C.
?Proof.

(a)®Assume that C is a convex cone. Then for
every x,y € C we have

1( +y) = . + . €EC
- - 2 x y B 2x Zy- -
‘Yimplying x + y € C. So, the *inclusion

C + C c C istrue.

(b) For arbitrary x,y € C and 1 € [0,1]
we "obtain

Ax € C and (1 — )y € C.

With the inclusion € + C < C we then get
Ax + (1 — Ay e C,

i.e. the cone C is convex.

The 8algebraic interior of a convex cone has

slzaill i Lase C Las_aall 50 11,11 Laggad
C+CcC oSyl Shiall el

iy
JS Jal e Diie canna dag yia C of il (a)
1wl C e X,y
1( + )—1 +1 eEC
I TY) =TSy

e) faVI® 0 € (C e XHY O (it 138
GscC+CccC
e A5 «C e X,y 0S8 o paic dal (1 (D)
le Juani” [0,1]

Ax € C s5(1 — D)y € C.

sle by Juasi € 4+ € c € olsisY aa
Ax+ (A —-A)yecC
cane C gl o (i 13
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interesting °properties listed below.

dagn pailbad? Al Caadll by il 5 ) Jalalf®
Jinul 8 Walass 2

Lemma 1.12. Let C be a convex cone in a real
linear space X
with a 'nonempty algebraic interior. Then:

(a) cor(C) u {0y} is a >convex cone,

(b) cor(C) = C + cor(C).

*Proof.

(a) Take arbitrary x € cor(C)andu > 0.
For every

x € X thereisal > 0 with
f+%xECf0rall/1€[0,I]

*Since C is a cone, we get

,u(f+%x)=w?+lx66forall/1€[0,/T]

So, we obtain ux € cor(C) and with Lemma
1.9, (c) °the assertion is ®obvious.
(b) The inclusion

cor(C) = {0X} + cor(C) c C + cor(C)
is clear. For the proof of the ‘converse
8inclusion we take arbitrary ¥ € C, % €
cor(C)and x € X.
Then thereisal > 0 with

X + Ax € C forallA € [0,1].
Since € is *assumed to be convex, we
conclude with Lemma 1.11
X+x + Ax € CforallA € [O,I].

Yimplying % + x € cor(C) .
So, we conclude C + cor(C) c cor(C).
The following lemma gives a Usufficient

'2condition for a cone to be **reproducig

ALY E‘I Gon d';\dc.q

& C sl g il bl (411,12 Lagal
X fdal)l eladll liadl)
RN
s b5 3542 cor(C) U {0y} (a)
cor(C) = C + cor(C) (b)
- Ly
M > 05 (C) dah e ¥ (Slsball juaial) 33 (a)
s 130 25 X g0 X IS dal o
_ A =
x+;xECdSS/1€[0,/1]

e Janidag Aa C o W

_ A _ _

,u<x+;x>=,ux+AxECd53/1€[0,A]
Lneall ey (C) dah ) (i uxt e Joani
Aaual © il i (€) Ll 0 1.9
= {0X} + cor(C) c +lsa¥l(b)
; ) C + cor(C)
o) giaV® Gl dal e (s 55 Bine) el
SC AR e x 5% € C Wlsbe bl SV
x€eX
G ] > 0 2 Ddie

X+ Ax € CHlAe[0A]l.
111 Lueall B (e litind bia 7 3ae C O ey
8]

cor(C)

¥+x + Ax € CK2 € [0,1]
CUah e & + 7 10l om0 13
C +cor(C) c cor(C). 0l it I
Lo s el ey Lol Ua ,512 daas 3000 mm,g_a:xs\
3 e

Lemma 1.13. A cone C in areal linear space X

is 'reproducing, if cor(C) # &
Proof.

If cor(C) is nonempty, take some x € cor(C)
and any x € X. Then thereisad > 0
with x + 1 x € C implying
1 1
XE:C—{=DE}CC—C
A A
So,weget X c C — C and together with the

el oLl 3 C Tasoad) 5% 11.13 dgeas
.cor(C) # @ oS 13 1o X sl
«.1143‘)(\
Cor(C)UALAxJ;La ‘A_xll;}ccor((:) il 1)
X+ Ax ] >0hymm‘XUAx¢5U
‘;mdsg\&jcc‘;‘\“
1 1

xE:C—{:x}cC—C
A A _
raranigc X € C— C e Janidlly
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“trivial inclusion C — C c X we obtain the
3assertion.

Next, we “turn >our attention to the notion of a
%hase B of a nontrivial

convex cone. 'Because of the 8convexity of B
and the ®uniqueness of 1 we have 0, ¢ B.
Lemma 1.14. Each ®nontrivial convex cone
with a base in a real linear space is "'pointed.

il e JasiC— ¢ © X 4l ) 5aYP
gM‘L}M\OABﬂeﬁﬁé‘duﬁw\sﬁ_ﬁ4eﬁ
Oy Ll C)}S.-.’A;‘:‘-.’\hjngg_\MEs ;.x,w;? Al e

B ) e Y
Bl e adls 2’0 Cana day e 511,14 Lugess
Lo 05 iiall e lotll oLadl) b

Definition 1.15. Let S be a nonempty subset
of a real linear space. The cone
cone(S) = {x € X|x = As

for somed > 0and somes € S}
is called the cone *generated by S
It is an important property of a base B of a
cone C that cone(B) = C.If 0y € cor(S) for
a nonempty subset S of a real linear space X,
then cone(S) = X.

LA e 40 5 de geae S Lol S31 11,15 iy
.iaj);.‘d\ c@.\s;‘scbui ;LASUA

cone(S) = {x € X|x = As;A = 0;

s € 5}

(1.8 Jsdll & LS) So alsall da g aall ey
1 Chy Al B sacllll G dala
dal =0y € cor(S) JS 13 .cone(B) = C
cone(S) = X. dixie X Aaall

0x

Figure 1.8: Cone genersted by 5.
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1.2 Partially Ordered Linear Spaces

'In addition to the linear 2structure of a space
we *consider a “partial ordering which is given
in many real linear spaces being of >practical
interest.

L e A jal) das el clglLiadl)
sootin® Le eliadl 4y puall 3% L)) dalayL!

Glelizad 32e & Calad S i Al

dalec 4...3&«5\5

Definition 1.16. Let X be a real linear space.

(a) Each nonempty subset R of the® product
space X x X is called a 2binary relation R
on X (we write xRy for (x,y) € R)

(b) Every binary relation < on X is called a

3partial ordering on X, if the following
faxioms are >satisfied
(for arbitrary w, x, y, z € X):
) x < x;
x <yy<z=x < z
(ilx <yw<z=2x+w<y+ z
(iVix <y, a € R, =2 ax < ay
(c) A partial ordering < on X is called
“antisymmetric, if the following
%implication holds for arbitrary x,y € X:
X<y y<XxX>Xx=Y

i elad olazd X nd (51 1116 ciy
E b eladll’ 0 R AA e 348 5a de seae S (a)
GiS) X Sle R A A8e? on X X X el oo
(R &= (x,y) IS xRy

i 31 ABed e wi X e < 40l Adle S (D)
Aiae® Al Ll il 1Y) X e e
(455° w, x,y, 2 € X Jal o)

x < x (i)

x <yy<z=x <z (ii)
x <yw<z>=>x+w<y+ z (ii)
x <y, a €R, 2 ax < ay (iv)

1) Ay’ exi X e € Sl a5 A8 ()
L ) LY aas
X,y € X &l piall jualiall dal

X<y y<XxX>X=Y

In Definition 1.16, (b) with axiom (i) the
partial ordering is *reflexive and with (ii) it is
“transitive. The axioms (iii) and (iv) *guarantee
the “compatibility of the partial ordering with

the °linear structure of the space.

Ale 4S5 (1) il 5 (b) 2wl 1.16 <o =3l B

OS5 (i) Al pa s AanalSail? el a1l
G (i) s (ifi) Lozl dpasie?
sladll dadl) Aadl® a5 el G il

YEPIS L5.5.\

Definition 1.17. A real linear space *equipped
with a partial ordering is called
?a partially ordered linear space.

Aay 29 3all sl cladll clindll 11,17 s
haﬁgu)a‘scm;uzscm@‘);a_m}
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It is *important to note that in a partially
ordered linear space “two arbitrary elements
>cannot be compared, in general, in terms of
the partial ordering. A %significant
"characterization of a partial ordering in a real
linear space is given by Theorem 1.18

s i gelad sluab 6 4 AasShe pgall G
& ple S Gl sdie (p yeaie® L Jlie (Sa YO
ﬂ“—‘-‘-’)—‘”e}@*
&@MgM&@A‘MJﬂ i a5 s’

1.18 4kl aas

Theorem 1.18. Let X be a real linear space.
(a) If < is a partial ordering on X, then the set
= {x € X|0x < x}

is a ‘convex cone. If, in addition, < is
antisymmetric, then C is 2pointed.
(b) If C is a convex cone in X, then® the binary
relation

<c={(x,y) EX X X|y — x € (C}
is a *partial ordering on X. If, in addition, C is
*pointed, then <. is “antisymmetric.
This theorem is "easy to prove and is of great
Importance because a partial ordering can be

investigated using ®convex analysis.
The next definition is *based on the °

Theorem 1.18.

result of

shin elad plad X Ll (84 11,18 4y kil
Naiad X e S s Ale < il 1)) (q)
ie ganall
= {x € X|0X < x}

umunjg C js“ussm
NP &5 X Lase Ua g 3 C S 131 (D)
Aol

={xy) e X xXX|y —x € (}
Xé{; 2 .“944319
Al Lpae Ua g ,3® C oIS 13 cclltl dilaly
.‘\asl\ms_c
LJ\SA\Q_LLNJM.}LQ \.@_\A&i}u\_\lﬁ“u@m?;\.ﬁﬂ\a&
RERCYOA | M\S aladiuly el cag il Al o
118m)u\@3ﬂ°uj:_m,_,9@u\w}m

Definition 1.19. A convex cone
'characterizing a partial ordering in a real
linear space is called an “ordering cone.
®Several “authors also call an ordering cone a
>positive cone. We ®denote <, as a partial
ordering ‘induced by a convex cone C.

L i Caay’ 3l sl s 53l 11,19 G s
e da g 3% e s o lad oliad 8L
Ly AL i il dag aa (g sey SESIY (e auaall®
> gl

Lo yaally Capmal” el i il <0 ey

.C @asall

Example 1.20. For X = R" the ordering
cone of the componentwise partial ordering on
R™ is given by
= {X € R" |xl- >0
foralli € {1,...,n}} =
It is also called the 'natural ordering cone.
Other ordering cones in R™ are for instance
{x € Rn|xi = 0foralli € {1,...,m}and
= 0 forallie {m + 1,...,n}}
forsomel < m < n
or {Og, }and R™ itself. R,, R_, {0} and R are
the only ordering cones in R.

el by aall X = R™ Jal e Ll 11,20 Jla
= s (R e A el sy L
={x €eR"|xi =0
foralli € {1,...,n}} = R}
bl cus il Ly il Ll ey
JEal Juss Sle R (A s AT A ye Jay jlas
{x € Rn|xi = 0foralli € {1,...,m}and
= 0forallie {m + 1,...,n}}
forsomel < m < n
bijie A R 5 {0} R¢R; AiiR"5 {Og, } 5|
R (8 sl s il
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Ordering cones of special “infinite
3dimensional linear spaces will be presented in
Subsection 1.4

20l b Ao i) lebiadll (e g il Jay i

A4 58 8 i gl je?

Definition 1.21. Let X be a partially ordered
linear space. For arbitrary elements x,y € X
with x < y the set

[x,y] ={zeX|x < z < y}
is called ‘the order interval between x and y
(see Fig 1.9)
If C is the “ordering cone in a ®partially ordered

*linear space, then the order interval between x
and y can be written as

[x,y] = ({x} + €) 0 ({y} = O).

Oe L e elad slad X (S 11,21 iyl
522 XSy Can X YEX 4l sde palic Jal
Ac sanall

[x,y] ={z€X|x < z < y}
(1.9 IS (3 L) y s X (i pall Jlaall
il g elad slmd? b jedas )36” C S 1
S (Say Y5 X O el Jlaall e (5
FJSAlL

[x.y] = ((x} + O) n ({y} - O).

Figure 1.9: Order interval [x, v].

Ox —

y
/ [x,7] ;
X

Lemma 1.22. Let X be a partially ordered
linear space with the ordering cone C.
Letx,y € Xwithx € {y}—C(i.e.x <¢ )
be arbitrarily given. Then we have for

Z = %(x + y):
(a) The *order interval [x — z,y — z] is
Zabsolutely convex.

L i e elad slad X Ll (K41 11,22 Lo
Cua x,y € Xl oSl i oy )3 C dusy
oo Vilhaa (x <cy mlvg)x€{y} - C

2z 1= 2 (x + ) Jal e ) e pentl
Lo ond [x — zy — z]isdd Jad (a)
xae X € {y} — cor(C) scor(C)# @ Js 13 (b)

(b) If cor(C) # P andx € {y}— cor(C) , .zecor([x,y])
. thenz € cor([x y]). | dal s i | e 3lae® € dag Al S 1Y ()
(c) If C is “algebraically closed, then [x, y] is el G 3t [x,y]
4algebraically closed. - 6 e i
(d) If C is °algebraically closed and ®pointed, [x.y] Svie cusa 5 b Slae” C OIS 1 (d;
then [x, y] is "algebraically bounded. Ly dgae’
Definition 1.23. Let X be a real linear space Cy fun A elad cliad X (S3111.23 iy o
with a convex cone Cy. [ELEO R PEEel
(a) The cone gyl (@)

Cyr={x'€ X'|x'(x)= 0
forallx € Cy}
is called the ‘dual cone for Cy. The partial
ordering in X “which is 2induced by Cy is
called the 3dual partial ordering.

Cyr = {x'€ X'|x'(x) = 0
forallx € Cy}
X7l sl e Gy J s 58ty il oy
A o8l A 5all i il &S e € oo dadlill?
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(b) The set
C)?, = {x' € X'|x'(x)> 0
forallx € Cx \{Ox}}
is called the “guasi-interior of the *dual cone
for Cy

‘e seaadl (D)
C;f, = {x" € X'|x'(x) > 0
forallx € Cy \{Ox}}
Gy sl Jag 2l il Jal? e

Notice that Cy+ is a convex cone so that
Definition 1.23

.ForCxy = {0x}weobtainCyr = X

and for Cy = X wehave Cyr = {04/}

If the quasi-interior C;, of the dual cone for Cy
Is_.nonempty, then ij, U {04} is a nontrivial
convex cone

1.23 oaill e s Jag jaaCyr o) a3l

Gos Cyr = X7 e duani €y = {0y} dal 0
Cy = {0}l Cy = X Ja

e Cyd sl Jag aall Cf, w8l Jalall (i< 1
il e case s da Cf U {0y] e Jla

R T T L ) e e
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Analysis Judadl)
Culture Al
Arabic Lanquage A pal) dall)
English Lanquage g 5l Aall)
Linear Algebra Al jaall
Analysis Geometry dalilanl) daigd)
Principles of Probabilities and statistics <Ylaiall g slaal) gala
Programming Languages daa ) cilad
Principles of Computers working o) gad) Jae (gdlsa
Algebraic structure Ay pal) A
Deferential Equations dolaldl) ey alaal)
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Graph Theory

Discrete mathematics

Theory of probability

History of mathematics

Automata theory

Deferential Geometry

The Application of graph theory

Operation Research

Numerical Solutions

Algebraic Theory

Number Theory

Measure Theory

Category theory

Integral Equations

Partial Deferential Equations

Logic

Ol Ay s

dadalial) cilualy

aNLaiaY) 4y yal

sl ) ey

cula g oY) Ag A

Alabil) duatigl)

Ol 4 s cliydas

A lalsal) ey aleal)

A ) dbaaldnl) ey alaal)

olaial
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1.3 Topological Linear Spaces

In this section we tinvestigate *partially
ordered linear spaces which are ®equipped with

a “topology. The important spaces as locally
®convex spaces and "normed spaces are
considered, and ®the connections

between topology and °partial ordering are
10examined.

A ol oil) Audadl) cilpLiaill], 3

L e A5 yall2 Zdadll Cilelizadl] (o yoind Jucadl) 138 3
L ol o 33 5 3all3

Llaes duandl cleliadlle Jia dpaal Y cileliadll
A g ¢ Jlie V) Gamy LA i dadaiall culglizadl) 47
i il 99 s sl sl (s dalss SN CESIe 8 Al 4010

Definition 1.29. Let X be a nonempty set.

(a) A ‘topology 7 on X ‘is defined to be a
3set of subsets of Xwhich

“satisfy the following axioms:

(i) every union of sets of 7" 6pelongsto T ;

(i) every finite ®intersection of sets of T
belongsto T ;

(iyoe T andX € T .

In this case (X, T ) is called a *topological
space and °the elements of 7" are called

Yopen sets.

(b) Let S and T be two ‘*topologies on X. S
is called *finer than 7 (or T is called
Y“coarser than S ), if every T -open setis S -
open.

(c) Let (X, T ) be a topological space, let S be
asubsetof X andletsomex € X bea
given element. The set S is called a
Yneighborhood of x, if there is an *°
T withx e T c S.

open set

AJA e de gene X (S11:1.29 iy

dc saaad Ll Lo X (e T La o5l G 2 ()
A ailasll Ginst ) X (pe it all e andll

T A T e e sand plaiald S (1)
C T S i T e e sanal 4507 2Ll S ()

ge TsX eT (i)

La ol o slzadd (X, T ) (omnn Alall o2 b
3.;)3&4 thwll‘s.mﬁ T ).._41_'\;:‘910

S0sSiX e badeil2 T 5 § e IS S (D)
dS S ) (8 e piaf14 T ) T e 30013
Aagibe § Ll (o da iter T 4o gane

i sana S oSy dhinlsii sl (X, T) &4 (0)
sﬂ»ﬂ.sku)aif—xEXoSab‘chi-ﬁ);

As i de ganalb Chaa g 13) 1 1515215 § de gandll
. x€ET cCcS&~ T
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x is called an *'interior element of S , if there
is a neighborhood 7 of x ®contained in S .

-The set of all “interior elements of S is

called the Zinterior of S

and it is **denoted int( S ).

The set S is **called closed, if X\S is open.
The set of all elements of X for which Zevery
neighborhood **meets the set S

is called the *°closure of S and it is denoted
cl(S). The set S is called ®dense in X,

ifX c cl(S)

XA T Jsn2ag 13 S e LA | paic17 x o
S (B s 5inal8

d';‘.lzo GA.MH S (e @h\ﬂ\ )m\.'\ﬂ\lg &> A.G}A;.A-
Ant(S)= & 2 ns?1 S

s 823 ahalii24 Il X (e pealiall ies de gena
S dc ganall aa Ll

Cl(S)= W& s ¢S (ADe ) Alal2s  aus

X ccl(S)

(d) A topological space (X, T ) is called
'separable, if X 2contains a *countable “dense
Ssubset.

(e) (i) A nonempty °partially ordered set I is
called “directed, if two arbitrary elements in I
are ®majorized in 1.

(ii) A °map from a directed set I to a
nonempty set X is called a *'net and is
denoted (x;);¢; -

(iii) Let (X, T ) be a topological space.
A net (x;);¢; is called to *converge to some
x € X, if for every neighborhood U of
x thereisann € I
sothatx; € U forall i > n

(= denotes the partial ordering in I).

In this case we write x = lim;¢; x;.

(iv) Let (X, T ) be a topological space. An
element x € X is called a *cluster point of a
net (x;);¢;, if for every neighborhood
U ofx andeveryn € I thereisani € I
withi > n sothatx; € U.

Joall JB1 cLid (X, T ) o shsii sbimd ama(d)
2l ALE3 2404 45 ja Ao ganaS X iga 1Y)

I L 40 5y Ads 5 de geasb ot (§) ()
I & OnisS (n paie ) OIS 1Y) dga 547 Ae gena
L (palacie

de sena A [ Agn 0 de seaal0 (e (0l (i)
(xi)ig Al ey ASWAT1 e X Qs e

L slon slad (X, 7)) o84 (i)
1o Lax € X J )itz Wil (o) ;g 380l e J 5
sy n € [ ypaic xd U Jlsa IS dal e 2y

i>ndNyx; €U
(I e Sondl i il d8Mal e 5 <)
cx = limygy xp. S ALY 23 S

oo Jsi Lo slaad (X, 7)) &4 (iv)
A8 (pand) oS 55 LGS 4il x € X eaic
neE Ksxd Uss JS dal e S 13(x;) e
xi €U [ >2ncsi €] s
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(f) A nonempty subset S of a topological
space (X, T ) is called ‘compact, if every net
in S has a %cluster pointin S .

(9) Let (X,8) and (Y, T ) be two topological
spaces. Amap f :

X — Y is called *continuous at some x € X,
if to every “neighborhood V of f(x) there is a
neighborhood U of x with f(U) c V.

f:+ X - Yiscalled °continuous on X, if f is
®continuous at every x € X.

(h) A topological space (X, T ) is called
’separated (or a Hausdorffspace), if any two
8different elements have *disjoint

sbimd e S AMA e 40 )a Ao sana el ()
A8 JS S 1) Aal jial 4o gane (X, T ) (o> sls8

. S A8 fAkE2 g

Lo slad (V,7) 5 (X, 8) o= IS ¢S4 ()
L x € Xaie | i3 f1 X — Viukil oS
x3U s> s f(x)IV olsat IS dal e 08

SU) CV Cus

e | paens S 1Y X (e Ty’ 1 X — ¥ 058
XEX XK

3) aiia? (X, T) oaslstill eliadll oy (h)
Oilida o paieB (Y (IS 13 (G s sl liad
(Cprbliie ye) Gaiicd O )l s

neighborhoods. oLt Lie i Am o) sl leliail (e olb s
An important class of topological spaces are A yia
so-called °metric spaces.

Definition 1.30. 11.30 <y S

(a)Let X be a nonempty set.
Amapd: X x X - R, is called a *metric,
if (forallx,y,z € X):
() dxy) =0 x =y;
(i) d(x,y) = d(y,x);
(ii)) d(x,z) < d(x,y) + d(y,2).
In this case (X, d) is called a “metric space.

(b) A topological space (X, T )is called
3metrizable, if “its topology °can be defined by
a metric.

If (X,d) is a metric space, then forany x € X
a set S(x) is called a neighborhood of x, if
there is an € > 0 so that

{y € X|d(x,y) < €} c S(x).

Gkl oo Joi A 2 de seaa X (S (a)
IS (i) Al alit il X x X > R,
x,y,z € X:K dal e

D dxy) =0 = x =y;
(i) d(x,y) = d(y,x);
(iii) d(x,z) < d(x,y) + d(y,2).

Lgie Slni (X, d) (oan sl 028 3

13) ) e eLiad3 (X,T) ‘;Ajljﬁ elind _awn (b)
Al DA e aldl) Lia ol o gill4 Cay pa (K4S
Adlia

x € X o dal (e Maie T i sl (X, d) S 1)
URTEN £>03.3j\5)be\j,AS(x)3.c}4_;d\wﬁ

{fy € X|d(x,y) < ¢} € S(x).
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The set of all neighborhoods of x 'defines a
topology on X.

Next, we consider a topological space (X, T)
where X is now a real linear space. In this case
we “require that the topological and the

%linear structure of the space are “compatible.

X e ba s opadl xSl sall men de sene
sl X o (X, T7) G sl Slumb (a pias Ly Lo
0585 of el allaipu? Aall s2a 8 Rds Jhad
(8 giat o Liaill 4 ol gil) 5 dpadl) 413

Definition 1.31. Let X be a real linear space
and let T be a ‘topology on X.

(@) (X, T)is called a real topological linear
space, if “addition and multiplication with
reals are continuous, i.e. the maps

(x,y) — x + ywithx,y € X,
(a,x) — axwitha € Randx € X

are “continuouson X x X and R x X,
*respectively. In many ®situations we use, for
‘simplicity, the ®notation X ‘instead of (X, T)

for a real topological linear space.

(b) A subset S of a real topological linear
space X is called *bounded,

if for each ™ 0,-neighborhood U there is a
A € R with the property S < AU.

(c) A nonempty subset S of a real topological
linear space X is called **complete, if each

BCauchy netin S '‘converges to some x € S

(®i.e. for every net (x;);e; inS with

limg; jyersi(%; —x;) = Othereisanx € S
with x = lim;¢; x;)
(d) A real topological linear space X is called

1equasi-complete, if each nonempty, closed
and bounded set in X is complete.

T oSy diga Ulad 2liad X (S0 11,31 iy gl

X e bia gl el

1) i g elad elad (X, T) o (@)
(o patose At dlael O pall B3 aaall? Wilee cuil€
rORukail i gill

(x,y) — x + ywithx,y € X,
(a,x) — axwitha € Randx € X
gl de RXX 5 X XX e Oyt

QTR Y AL JRECRERE, IR R

seld (g e sbad e ANA (X, T) e La ge9
L

IS dal e G813 33 ganall de gana el X
@i 1 € Ras U (X) sbaill jdal )lall
S C AU. 4paall

slimd (e S AMA & 40 )a Ao senn o ()
JS culS 13 Al de ganal? X s Jhd s gl sl
Lx €S J £uld S & &S AK,513

Cun S 3 (x;) 4808 IS dal (e 4l iy 13a15)
Coa X € S s limgg jer (0 — %) = 0

(x = lim;g; x;

13 A5 416 X ida i oa ol elind S (d)

MuXLSBEJ}.\M}MMUB‘ﬁQ@}mdS@LS
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In Lemma 1.9 we listed some 'results on the
18algebraic interior and *°closure of a set. Now
we consider *°the relationships between these
notions and the **corresponding topological
notions. For a proof of these results see
Holmes [140, p. 59].

oo 17 (asy Uare 1.9 ueail) A

U‘“_)‘i""” Jz’\ :\.{:}AM :\ﬁj\ﬁjl9 ng.\aj\ d;\.ﬂ\lB
Ao ol il asaliall 5 aaliall oda (g AEDLRL)20
el ) yali21

[140, p. 59] 3l 8 s se Lkail liill o8 (la

Lemma 1.32. Let S be a nonempty convex set
of a real topological linear space X. Then the
closure cl(S) is convex. For int(S) = &

We have:
(@) int(S) = cor(S);
(b) cl(S) = cl(int(S)) and int(S) = int(cl(S));

(©) cI(S) = lin(S).

b Asa g LA e de sene S (S111.32 g
A S5

Al int(S)# @ Jal e
(@) int(S) = cor(S);
(b) cI(S) = cl(int(S)) and int(S) = int(cl(S));

(©) cl(S) = lin(S).

sl aay b5 4505 ANet
e Ll ity ol el o 38 ) gy

continuous at continuous on

bl oL, 5 VB Sle et slas)
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Definition 1.33. Let X be a real topological
linear space.

(a) A subset B of the set S of 1neighborhoods
of 0, is called a *base of neighborhoods of 0y,

if forevery S € SthereisasetT € B with
T c S.

(b) If X has a base of “convex neighborhoods
of 0y, it is called a >real locally convex
topological linear space or a °real locally
convex space.

Ac ganal) § (e B 48 ja de seae oo U585 (a)
a5 13) Ldall ol )l gl sacl82 Ll (05 il <l ) sa
L TCS&ST € Biesasn S € § IS dal

aall Dasall Gl ) gall4 e 32c 8 X sl (S 13) (b)
) Ulae e oy i LS
Ulae ane i oLiai6

It *can be shown that every topological linear
space has a base of *balanced neighborhoods
of 3the origin. But in many practical situations
one needs convex neighborhoods of the origin
and, therefore, “locally convex spaces are very
useful in °practice.

For ®certain results in “vector optimization we
will ®assume that the algebraic sum of two sets
is closed. A %sufficient condition for the
property of being closed is given by

sacld cllyy st Jhd elad JS o g (Sl
el A OSD el 4 5) giall ol ) sall2 (g

Alead) Lalills (e Tas st Ulaa? ol Clelizadl)
gaiall A7 8 L) 76 jany Jal (1
Blie (e sanal (gl ¢ sanall () i L8
Y dpalald TS Un 589 Lidaaias 20000 Gl

Lemma 1.34. In areal locally convex space X
the ‘algebraic sum of a nonempty >compact set
and a nonempty closed set is closed.

Next, we consider some other types of spaces
which are important for the *vector
optimization theory

X blae aane s clad 311,34 Gl
dal ia2 AJA 2 Ao ganal (5 pall & sanall
Llie 06 il A e Ao ganay

Cleladll (e 5 AY) £ 5V Gy (o pain Ly Lasd

Aogaiall CILBGY) & Hla3 8 dalgl)

Definition 1.35. Let X and Y be real linear
spaces, and let C, be a 'convex coneinY .
Amapl||| - ||| :+ X = Cy iscalleda

2vectorial norm, if the following conditions

are satisfied (for all x,z € X and all A € R):
@Il x]ll = 0y & x = 0x;
@) [ Ax 111 = 141 1 x 11;

@ Ilx+z]ll =¢, [Ixll+ Hx]ll:

(oiia had oLad XY e IS 811,35 Ciy o
Gkl anss Y (o Lana U il Cy 0S5

Al o5 5l il 13) Lo la Lagla®? |]1.][]: X—Cy
{(AER JS5 x,2EX JS Jal (1) ddin

@Il x[ll = 0y & x = 0x;

() 11 Ax (11 = 1AL ] (115

@ Ilx+z|ll =c¢, Hxll + [[]x]l
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If, °in addition, Y = Rand C, = R, the map
Il - lI| is called a_*norm and it is denoted ||. ||.

If the condition (a) is not *fulfilled, the map
II. 1| is called a ®seminorm.

B C = RysY = RS alld ) dilayls
. 1] 40 305 it omms || ||| Gl
456 ||| Gkl o (Bine 525 () b il GIS 1Y)

ol

Definition 1.36. Let X be a real linear space
Yequipped with a norm ||. ||.

() “The pair (X, ||. ||) is called a ®real normed
space (a real normed space is a real topological
linear space, if the topology is “generated by
>the metric (x,y) — |lx — yl)).

(b) A °complete real normed space is called a
“real Banach space.

A significant class of normed spaces are
®Hilbert spaces.

paaiy 39 5al A ek clamd X (84 11,36 iy
I

o alaie oLl (X]].[[) A2 andi (a)

53 gatt L ol gl oS 13)

( (xy)—|[x-y|| el a5

- Ul e liad? e Al alaial) gl cliaslle (b)
ileliadll e Loja e e (i O jula Cleliads
alaidl

Definition 1.37. Let X be a real linear space.
@Amap(.,.:X x X - Riscalled an
Yinner product, if the following conditions are
satisfied

(forallx,y,z € Xand all A € R):

(D) {x,x) > 0 forx6= 0X;

(i) (x,y) = (xy x);

() {x+y,2) = (x,z) + (y,2).

(b) If the real linear space X equipped with an
inner product (., . ) is ‘complete,

the pair (X, (.,.)) is called a *Hilbert space (it
is a real normed space with the norm ||. ||

defined by ||x|| = +/{x,x) for all x € X).

(s ol clad X 811,37 iy
Gahelal e (. X X X > R Gukill (a)
X,y,2EX IS Jal () diae 4000 Lo g 8l i< 13|
(AER JS5

() {(x,x) > 0 forx6= 0X;
(@) (x, y) = (xy x);
ED(Ax, y) = Mx,y);
() {(x+y,2) = (x,2) + (y,2).
glany 3 3l X sl adll cliadll S 1)) (b)
£badd o (X, (., .)) ASlila L2 () as
el ||| el e Aids plaie slimd ga) & s
(x € X IS dal e |l = f(x, x) Iy

kil o2 YK e e slas)

NhatsApp : 0997378154

N/

AVZ

N ~

- )
~alas A Al
Al

Facebook_Page : IOM
Aaalal) Aasal) ¢y Uy calkas




dagl ) il %) “),l;,}lt izlll . 3594 WWW.SYRIAMATH.NET
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Chapter 2 Sl Jaadll
Maps on Linear Spaces Aphall Cleliadll e cilylail)
In this chapter various important “classes of o Aala 5 e giial G giaa? Gl 3 i Juaadll 128 3
maps are considered for which one obtains 5l il e DA e Joani Sl a3

- - - 4 - - -

énteres_tlng results in “vector optimization. We Cligallly ol JSES wigh Agaial Bt s oLeia>l
especially consider convex maps and their o LR e o B s 6 Tl
®generalizations and also several types of L) Jaldtl7 (g0 ) 5l B2y elglopant 46 4,

“differentials. It is 8the aim of this chapter to 03¢] 3 puaide Al )a10 2819 g8 Juadll 128 (e Caagll8
%present a *°brief survey on these maps. iyl
2.1 Convex Maps Al Claydal)
The importance of convex maps is based on il o dga o 35 5 sl il dyaal
the fact that* the image set of such a map has ) Bk ailiad? cllg clipkill oda Jial =il
useful “properties. One of these properties is o Lo dal e Leadl daaca (ailiadl) o2a
also valid for so-called *convex-like maps 38 8 Ll 3 afis Sl 5 casall 4 cilinaill 3
which are investigated in this section as well. ) ) RETRE|
First, recall the definition of a *linear map. bl Gulailld oy yai Sl Y
Definition 2.1. Let X and ¥’ be rea!r) linear o Liin Lot (b XY (m OS 064 12,1 iy o
spaces. Amap T : X — Y iscalled ’linear, if O dal e aad 13 Lhaas ks T: X—Y Gkl
forallx,y € Xandall L, u € R 7,MEIRKJS;x,yEX
Tl + wy) = AT(x) + uT0). T(x + py) = AT(x) + uT().
The set of *continuous ("bounded) ®linear maps (52 mll7) 5 peiowall6 AaliB il JS e pane
between two °real normed spaces (YJ“ )5 GOl L. uada0 cppelnd u—u

(X, Il llx) and (Y, || lly) is a linear space as
well and it is denoted B(X, Y ). With the norm 1L 4 . 4
II.ll : B(X,Y) — Rgiven by Sl Gl o L[ BEXY) DR bl ¢

Ty

ITColly T = sup Ly o T e By
foraliTeBxy) | NTI=30p ==/ *Y)
i L L (BOOY) ) 055
L8 5o 5000310 XS o) Gudail) o jpay

BXY) W s dllS it clsd

ITIl = sup

xzoy  lxllx
(B(X,Y ), |l 1D is even a normed space.
A linear map defines also a “°corresponding

map
Definition 2.4. Let X and Y be real linear OSals (Omitan el eliad XY (S0 12,4 iy
spaces, Cy beaconvexconeinY ,andletS | iaacdjm dc sana S Sy ¢Y & Lase Ua g 53a Cy
be a nonempty convex subset of X. i X e idla
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Amapf: S — Y is called ‘convex

(or %Cy -convex),

if forall x,y € S andall 1 € [0,1]
ME+A=-DfO) - fAx+ A —-Dy) €Cy
....(2.4) (see Fig. 2.1 and 2.2).
Amap f: S — Yis called *concave

(or? €y -concave), if —f is convex

(see Fig. 2.3).

If <c, is >the partial ordering in Y induced by
Cy , then the condition (2.4) can also be
written as

fOx+ (A =ADy) <¢, Af(x)+ (A= Df W)
If £ isa linear map, then f and — f are
convex maps.

1) (2ame-Cy? i) Lasal f: S—Y Gubaill an
:AE[0,1] IS5 X,y€ES IS Jal e (3

A+ A=-Df@) - fAx+ (A -Dy) €Cy
(2.2 52,1 Jsall i) (2.4) ...
(Lrie-Cy? 1) 12863 i S Y Gadaill sy

Lo —f (<13
Cym 335l Y e 5 5a cas 15 38 <y il 1)
1Sl Lyl (S5 (2.4) Loyl baaie

fAx+ (1 - Dy) ¢, f () + (1 - D)
(O Gl - f 5 f laie (et Gl £ \S 13

C AT+ (L= Ny .
T Az s (L= Ny ¥

Figure 2.1: Convex functional.

Figure 2.3: Concave functional.

Figure 2.2: Non-convex functional.

Definition 2.5. Let X and Y be real linear
spaces, let C;, be aconvexconeinY ,letS be
a nonempty subset of X, andletf: S - Y
be a given map. The set

epi(f) ={(xy)x €S,y e{(f(x)}+ (v}

is called the ‘epigraph of f (see Fig. 2.4).
Notice that the epigraph in (2.5) can also be
written as

epi(f) = {,y)lx € S, f(x) <¢, ¥}
It turns out that a convex map can be
characterized by its epigraph.

OSilg comiia ek cpeliad XY (01 12,5 iy

o A a Ao saaa S (il oY (b Lasa Uay y3a Cy

e ganall | Jare (ulai f; S—Y ¢Kils X (e A
epi(f) ={(x,y)|x €S,y e {(f(x)} + Cy }

(2.5)....

S0l 368 Ll e

1Sl 43S Lyl Sy (2.5) 2 il o sy

epi(f) = {(x,y)lx € S,f(x) <¢, ¥}.
Gsile A sanay codnall Bkl Coa g Sy 43l yelay
A palall gl
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Theorem 2.6. Let X and Y be real linear
spaces, let C, be aconvexconeinY ,letS be
a nonempty subsetof X andletf: S - Y
be a given map. Then f is convex if and only
if epi(f) is a convexset.

A5 cCptiia Cpdad eliad XY (S0 12,6408
o A ja Ao saaa S (il (Y (b Lasa Ua g y3a Cy
f N Jars lnlsd fi S—Y S5 X e Adls

Hdas A gans Fole (5 sile (S 13 Jad 5 13) (oaaa

AN

\

\ I f)
s ey

Figure 2.4: Epigraph of & functional.
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Algebraic Geometry
1Algebraic geometry is a 2branch of
mathematics 3classically studying “zero’s
of Smultivariate polynomial. Modern
algebraic geometry is based on the use of
6abstract algebraic techniques, mainly
from 7commutative algebra, for solving
geometrical problems about these sets of
Zeros.
8The fundamental objects of studying
algebraic geometry are ®algebraic
varieties, which are geometric
manifestations of solutions of 10systems of
polynomial equations.

Examples of the most studied classes of
algebraic varieties are:

Playing algebraic curves which include
12]ines, 13circles, 14parabolas, >ellipses,
16hyperbolas, 17cubic curves like 18elliptic
curves, and 1°guartic curves like
20lemniscates and 21cassiniovals.

A point of the plane 22belongs to an
23algebraic curve if it's 24coordinates
satisfy a given polynomial equation.

Basic questions involve the study of the
points of special interests like the
Z5singular points, the 2¢inflection points
and the 27points at infinity. More advanced
questions involve the topology of curves
and relations between the curves given by
different equations.

Lyl Al
o sl Sl g 82 o Ay pal) gl
s gaalls (H5ha) ot NS K43
33 Aganl) &yl Ametigl] J paie 1o S
o5 o yaall 4 pall byl aladial) e
Aein e Ol ¢ puntt; JSEy il a7
R J\Aﬁai}(\ Ale gana Aalatia

A o pal) Al Al Al _ulll) (m jalis
Ggudin (2 g e oA il s oyl cile yill9
g gasll ¥aledl Jeal0 Jglal

4 yall Gle g5l e Casiall ST e AB
:i..u\_).l

Craats Sl A pual) liaid1l e Jaladll

PR \COA| ?}Lﬂ\l‘L 4_)3\}31\13 da}lai]\lz
c'&i\\j]\ f«}w\m cAuadlill ?}Lﬁ\ﬁ

Jie (R Aa 2l () dunSall ciliaialll?

da Al e liinial9 gedaalila) iliinial18
(gnlS a2l 535 pall inia20 Jie dail )
G (aia?3 ) (5 siuall (o Al a2
Blaxa 400 gan Alalaa Liliilas)24 s 13)

<ld Jalaal) A o Ayl Y sladll Cpanats
Llai26 (LAl halaul2s Jis Aald cilakia)l
u‘)[j\.u.d\ 4.1\.@.1)\5\ ) g .L-:\AJ\327 allaxsY)
ciliniall L gl o yanati Lodii <Y
uYJbug sUaxal) a_al,.u;.ud\ O L_M)udb
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Algebraic geometry loccupies a 2central
place in modern mathematics and has
multiple conceptual connections with such
diverse fields as complex analysis,
topology and number theory.

Initially a study of systems of polynomial
equations is several variables the subject
of algebraic geometry starts where
3equation solving leaves off and it becomes
even more important to understand the
4intrinsic properties of the totality of
solutions of a system of equations than to
find a specific solution, this leads into
some of the deepest areas in all of the
mathematics both conceptually and in
terms of technique.

In the 20th century algebraic geometry
split into éseveral sub-areas. The
mainstream of algebraic geometry is
devoted to the study of the "complex
points of the algebraic varieties and more
generally to the points with coordinates in
an algebraically closed field.

The study of the points of an algebraic
variety with coordinates in the field of the
rational numbers or in a number field
bacame 8arithmetic geomerty or more
classically the %offending geometry, a
subfield of algebriac number theory. The
study of the real points of an algebriac
variety is the subject of real algebraic
geomerty. A large part of singularity
theory is devoted to the singularities of
algebraic varieties.

With the rise of the computers a
computational algebraic geometry area
has emerged which lies at the intersection
of algebraic geometry and computer
algebra. It consists essentially in
developing algorithms and software for
studying and finding the properties of
explicitly given algebraic varieties.

A TS e a2 &y el Al Ja

O Baarie el ) el g dbaad) calizaly )
Jolail) Jie de giie CVlae ae o sgall dals
Alac Y Ay Hli g L gl il ¢ g8l

82x 40 gl Vbl Jaa 4l 50 8 Lo
Ladie 4y pall dutighl ¢ g sa oy <l juaia
agd O i ¥alaal) Ja g3

lea Jola 4l gald5 4 g sl pailiadlld
Y Bael (ary ) Lo sds 138 5 caaaa
Al g o sedall Cum (e JSS luialy ) (S
lre

el dunigl) Caanii) 0 pdall o A (S
O aladl slat¥) A e clbalaial 3ac6 L))
el Llaill7 ) jal 'K Ay jeal) Al
Al ael IS s g juall cile gl (p
Blre Jin (8 40 jra Lgiliilaa) Al Lalail)

Laldlaa) Al sl & sunl) Jalas
Jia B o Al dacY) Jis 6 3 jaa
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il g lpa )l sa g ulnd S8
4 pal) cile il ailad slag) 5 4wl )l
T pllaxall

ceesadl) Al

& NhatsApp : 0997378154 N A
- -4
- o
s A=l Ay

Al

Facebook_Page : IOM
Aaalal) Aasal) ¢y Uy calkas




Ll ) i)

WWW.SYRIAMATH.NET

In a very ‘rough sketch we “explain what
3algebraic geometry is about and what it can be
used for. We stress the many “correlations with
other fields of research, such as >complex
analysis, ®topology, 'differential geometry,
8singularity theory, °computer algebra,
Ycommutative algebra, *tnumber theory,
12anumerative geometry, and even “theoretical
physics. The goal of this section is just
Ymotivational; you will not find *definitions
or *®proofs here (and probably not even a
Ymathematically precise statement).

Ayl duaigh? ale lan Jap il 8 - yi?
el VI e dpaall et Lgaladiad Sy 13 g
(sial) JiailP Jia sVl i g 5 il Bl ae

ﬁ9 ‘.'ij‘ :\_Ulmg M.\La\_u daaia’e \_1;)3)4.16
g calae W 3 e (Jaasl) a0 pulal)

8 anadl) 138 e Cangd) 3 kel ol 3l s 5 ciilual)

OV Lle 5) U o) 10 ol iy JlailS s e g paaas!
(i G Ll ) 1 500e317 223

0.1. What is algebraic geometry? To start
from something that you probably know, we
can say that algebraic geometry is the
lcombination of ?linear algebra and algebra:

_ In linear algebra, we study “systems of
Slinear equations in ®several variables.

_ In algebra, we study (among other things)

"polynomial equations in ®one variable.
Algebraic geometry °combines these °two
fields of mathematics by studying systems of
polynomial equations in several variables.
Given such a system of polynomial equations,
what sort of questions can we ask? Note

that we cannot expect *in general to write
down explicitly all the solutions: we know
from algebra that even a *?single complex
polynomial equation of degree d > 4 in one
variable can in general not be solved exactly.
So we are more interested in **statements
about “the geometric structure of *the set of
solutions. For example, in the case of a
complex polynomial equation of degree d,

even if we cannot *°compute the solutions we
know that there are ®exactly d of them (if we
7count them with the *correct multiplicities).
Let us now see what sort of “geometric
structure” we can find in polynomial equations
in several variables.

A dusigh (2 L 0.1
A poad) i) o A Wiy (e ad ju o s ol
il B3 Ghadll paliZ s mealll o
CAall5 (e Seat udi Jhall yall b -
LY gaiia 3az6 Apdadl)
(oAl ebadl ) ALYl Geoxi il B -
A g J eatia A0 aall Yalalll?

il Sl e a0 (3 &y pual) Faigl) pan®?
L) ria Bazs 4 gasd) Yalaal) (e Jaa 4l
LSy ) (e g 53 sl ¢dgn gaal) Cilalae Culac) 13
AU @5 ple JSETT ki Y L JaaY flea jh
Adlaal2 o o) (el cal s JS Jolal) maen
Ay ey d>4 daall (e S s s Lsie 4o goa
ST i i Y Taeally s la (S0 Y

e yanal5 () dpmtigh Adll4 Cos 3 < Jlaall3
dpdie 430 gas Alalas Als 8 (JEA) Jaaw Ao Jla)
ed Ax Al e

s aif alas Lild Jglall Cluat5 e adaivs ol of s
G a8 aliaae 17 13)) Jalall (e lailé d aae
LSy "dratiel) 4" e g 53 sl QY 5 AL L (apaall
Ll e Baay 40 gl ¥ alaall 8 salay)

Example 0.1.1. *Probably the Zeasiest example
that is covered °neither in linear algebra nor
in algebra is that of a single polynomial

V3 iy ol Jlie a2 () Jaisall (el 10,1.1 Jlia
Bua g A gan Adlas g puall Yy Jadll jually
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equation in two variables. Let us consider the
following example:
Co = {(x,y) €C?;

y2=(x—-1x—-2).. (x—2n)} c C?
where n > 1. Note that “in this case it is
actually °possible to write down all the
solutions, because the equation is (almost)
solved for y already: we can ®pick x to be any
complex number, and then get two values for
y—unless x € {1, ...,2n}, in which case we
only get one value for y ("namely 0).
So it seems that the set of equations ®looks like
Stwo copies of the *°complex plane with the
two copies of each point 1,...,2n identified: the
complex plane “*parametrizes *the values
for x, and the two copies of it **correspond to
the two possible values for y, i. e. *the two
roots of the number (x — 1) ... (x — 2n).

- S DB sy ol iy
Co ={(x,y) € C?;

y2=(x—-1(x—-2).. (x —2n)} c C?
o Saall 5 Al sl 3 a0l LY n>1 G
A glae (Lo ) Aoladdl O (Jshall ppan 35S 481 1)
4)(:{1’___’21'1} il 1) Y ch e e J guanll (;3
oy Jad 3ol 5 Aad o Joass Al oda i
(0 Lpall7)
O RS9 a8 el de gana o s 13
1,210 Bl e JS e (it aa (g2l (5 glusall10
oAl g ¢x ﬂ L;JA’J\ LﬁM\ a1l " paadill
(x- 23 1 ,3a14 o oy (iiSaall Grial) olagdait3
.(x-2n)...1)
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Remark 0.1.4. One of ‘the trivial but
common 3sources for “misunderstandings is
whether we count *dimensions over C or over
R. The examples considered above are °real
surfaces (the dimension over R is 2), but
complex curves (the dimension over C is 1).
We have used the word ©

surface” as this fitted
best to the pictures that we have drawn. When
looking at the theory however, it is usually best
to call these objects “curves. In what follows,
we always mean the dimension over C unless
stated otherwise.

Jailallz oK1 agalilll jaladi3 aal 20,1,44d2a3a

ol € (s Aa¥IS 203 US 1Y) Lo oo pedl) 3 cUad DU
A 7 sl oo Wl cu o JIVABY) R G

C o 2ll) dpaie Gliaia LS (2 58 R Gle anll)
dae e Y LY "lan6" Zal) Lariinl 281 (1 5o
S bl die (Ja Al e lgany &8 Sl saall
hiniar? alual) oda seai of Bale Juadl) (e 4y ki)

S ANV C e anall Lty s L Lk

Remark 0.1.5. What we should learn from the
examples above:

_Algebraic geometry can make statements
about the topological structure of objects
defined by polynomial equations. It is
therefore 'related to topology and differential
geometry (where similar statements are
deduced using Zanalytic methods).

_The geometric objects considered in algebraic
geometry need not be *smooth (i. e.

they need not be “manifolds). Even if our
>primary interest is in °smooth objects,
“degenerations to ®singular objects can greatly
%simplify a problem.

This is a main point that *°distinguishes
algebraic geometry from other “geometric”
theories (e. g. differential or symplectic
geometry). Of course, this comes at a price:
our theory must be strong enough to include
such singular objects and make statements how
things vary when we degenerate from smooth
to singular objects. In this regard, algebraic
geometry is related to singularity theory
which studies precisely these questions.

G ABRY (e Aalad g Le 10,1, 540830
VNP [ WA S TR [ WL (PP G SV
dalaial (st S A0 jan Y aleay 48 yrall e\_u;‘m
Gl il Cua) Llaldl) gl 5 L ol sl

(s 3 ,h2 aladiuly dglin

Y A ) daighl 8 Ay yaall dpuaigl) aluall
0553 o) Zliad Y (gl) slulad 5S35 ()Y lias

A bl Ldaials o e ae ll e (A siiet
430y 33 50 slun¥8 o7 (4 ¢plualal) Lua L6
BomS Aa L Alid) Japi®

e e Ay pal) gl 3ail0 dulud dass ol
a5 Aglaliil) gl Jia) (5 Al "dania®
Ly 65 of oy i 4l 1aa (ld aadally (Jag )
a5 0368 o3LE el (pancatl A0S 48 Loy 3y 8
slale (ol el (e (378 Ladie LuiY1 & 65 (50 oo
Ayl 3 ) Al Sl oLal) 13 4 B3LE )
Gy IS Y sl oda (i ) 3 534
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Remark 0.1.6. Maybe it looks a bit restrictive
to allow only algebraic (polynomial) equations
to describe our geometric objects. But in fact it
is a deep theorem that for ‘compact objects, we
would not get anything different if we allowed
holomorphic equations too. In this respect,
algebraic geometry is very much related (and
in certain cases identical) to “complex
(analytic) geometry. The easiest example of
this correspondence is that a holomorphic

map from the Riemann sphere C, to itself
must in fact be a *rational map (i. e. the
quotient of two polynomials).

s Ladie Jl8 2 g Lay ) 10164083

Ll Cim g1 aé (33 52 l1) Zy puall ¥ olaally
Asee A ylas a5 ARS8 K1 L Taie dpnig])

& e daani Gl dual yia aluall Jal e 4l Sai
I A ) ga sl sl ¥ alaally Linans 13 CaMA)

8 i 5) By 4y yadl dxigll Jag i cavall aa
Jlie Jeud, Apaial) (sl Jowvighi? (Aipma <Y s
581 e ) saslsad) Gulaill () sa A8l o3a e
1) LS Tl () 6 of s L ) C o Railan )
(g2 ppdl

Example 0.1.7. Let us now turn our attention
to the next ‘more complicated objects, namely
2complex surfaces in *3-space. We just want to
give one example here. Let S be the “cubic
surface
S={(xy,2);1+x3+y3+23
—(1+x+y+2)3=0} cC?
As this object has real dimension 4, it is
impossible to draw pictures of it that reflect its
topological properties correctly. Usually, we
overcome this problem by just drawing the
real part, i. e. we look for solutions of the
equation over the real numbers. This then
gives a real surface in R3 that we can draw.
We should just be careful about which
statements we can claim to “see” from this
incomplete geometric picture.

JEYIL A0 a1 ) U Uali) il £0,1,7 06

(D el 8 Lasial) - slandl2 ) dpasily e

Sl ot § S i Tas) g Yl ki oy i
S={(x,y,z);1+x3+y3+23

—(1+x+y+2)3=0} cC®

Ay Jnisall (gad 4 BAa) 2adl A) ansadl 128 () Lay

Bile . unia <G dan sl sl dailiad (WSai ) gea

of hadh gasl) o all oy A o38 e (i

dgiiall dac Yl elizad e dalad) Jola e Cua

A ) Wiy R3 8 Liiia adans a3

Uiy <l jlall (g (sl Jsa cds 080 o o Lile

o Anig) 3 ) all o2 (e Mgty )" e L) glel

Al

In contrast to our previous examples, we have
now used a'linear projection to map the real
3-dimensional space onto the drawing plane.
We see that there are some lines contained in
S. In fact, one can show that every smooth
cubic surface has exactly 27 lines on it. This is
another sort of question that one can ask about
the solutions of polynomial equations, and that
is not of topological nature: do they contain
curves with special properties (in this case
lines), and if so, how many? This branch of
algebraic geometry is usually called
2enumerative geometry.

ad Lalanl aladiuly V) Ui dayLall Lilfie) (uSay
vl (5 sive e alag) D eliadl) y gual

15l 3 S o bl sindl T shadll s 35 (53
Lalasi ok 27 ellay Caae el o JS o i) L€y
O panill (S Gl ALY (e AT 51 agle

(e Cuall 5 A gasll SYalaall Jgla J g g hay

Gl cilyisie (Jslall) Gl Ja cdaa o) s danla

Gy G5 o(dashad Alad) oda 3) Th20ak ailiad
s Ayl Aaigl) e gLl 13a flanae (S laaia
Auleall duaigi2 dale
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Remark 0.1.8. It is probably surprising that
algebraic geometry, in particular enumerative
geometry, is very much *related to theoretical
physics. In fact, many results in enumerative
geometry “have been found by physicists first.
Why are physicists interested e. g. in the
number of lines on the cubic surface? We try
to give a short answer to this (that is
necessarily vague and incomplete): There is a
branch of *theoretical physics called “string
theory whose underlying idea is that the
>elementary particles (electrons, quarks,. . .)
might not be point-like, but rather one-
dimensional objects (the so-called strings), that
are just so small that their one-dimensional
structure cannot be observed directly by any
®sort of "physical measurement. When these
particles move in time, they sweep out a
surface in space-time. For some reason this
surface has a natural complex structure coming
from the underlying physical theory.

o=l iyl Auig o) Lalas 38 30,1848
Aobl el il e Bady dari el cApluall duaig)
232 dploall Lunigh) 8 il (e aaell el ) 3
Nl il 3 e Laalay)

b shall sae Jia oluily () 5l 5l gy 13

SN 5 i Ala) elae) Jslain S Sall mland)
Allia ;(AaiSa e 5 dadan 3 )5 pally o 5) Jibudl
Aokt cann 4kl ol 5ll3 (e g

O ot bl 45 S8 cilastl) 4151/ 15 )

Va8 (LS ) el g IV A 6V Clapunlls
oy L) 2l Apalad Labusal s s Ll () 5S
Lalal L o Aa Al 8 a8 5 ¢(lasall/ Y0
Gl&al7 (1 £ 536 (5l 55l L) e S Y anl)
e e Clamall s &l ati Laxie A0 )

138 ellay Lo apd a3l eliadll 8 ladass aus 8
A 5l 4 el (e (A dladay dpdie Ay mdandl)
Al

Now the same idea applies to space-time in
general: string theorists believe that space time
Is not 4-dimensional as we observe it, but
rather has some extra dimensions that are
again so small in size that we cannot observe
them directly. (Think e. g. of a long tube

with a very small diameter—of course this is a
two-dimensional object, but if you look at

this tube from very far away you cannot see
the small diameter any more, and the object
looks like a one-dimensional line.) These extra
dimensions are *parametrized by a space

that sometimes has a complex structure too; it
might for example be the complex cubic
surface that we looked at above.

So in this case we’re in fact looking at
complex curves in a complex surface. A priori,
these curves can sit in the surface in any way.
But there are “equations of motion that tell
you how these curves will sit in *the ambient
space, just as in classical mechanics it follows
from the equations of motion that a particle

will move on a “straight line if no >forces apply
to it.

Aaladl Aall A e ) ladll e 5 KAl i ok
=1 ol gl slalll G 5 sl Gany
s Aila) sl Al ¥ e s coans LS aladY!

Ll ya adaio Y Ll A ol Aaally 5y Ll
dan jpa yld 4l sl copls S S8) 380
e ) eyl 13) S0 canll LS aues 138 aidally

¢ poall il 45 ) ISal 3 5my Y dms (g0 )
ALy bl oda (Larall galal laaS avall say g
OSaall (e ol e Ay Bla @llas Aalioey 2aa1
A gaial) uaSl) ) (il Jaaas ey 55 0
Tals slilaay

i) ) Allall sda A lai gad dadal) 8 1))
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38 gl ade Bt ol

NhatsApp : 0997378154 N A
- -4
;\¥/«‘
- o
Sl A=) Al
Al

Facebook_Page : IOM
Aaalal) Aasal) ¢y Uy calkas




Ll ) i)

WWW.SYRIAMATH.NET

In our case, the equations of motion say that
the curve *must map holomorphically

to the ambient space. As we said in remark
0.1.6 above, this is equivalent to saying that
we must have algebraic equations that describe
the curve. So we are looking at exactly the
same type of questions as we did in example
0.1.7 above.

O G i) () A8 jall ¥ alae J g Ll b
Ll LS Lol eliadll ) (8 ) 50 o) 58 S ) sucay
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graph theory :§u‘p\$\ Olys <

13,14

Chapter 1

Definitions and Fundamental Concepts

1.1 Definitions
Conceptually, a ‘graph is *formed by >vertices and
*edges connecting the vertices.

Example.

JsY) Juadll

il ashlia g Ly e

Gl ca sefall Aniilly 17,1 iy plad
Aall 038 Loy 5i g Skt g aic3 e <2
Jhe

Formally, a graph is a pair of sets (V,E), where V is
the 'set of vertices and E is the “set of edges, formed
by ®pairs of vertices. E is a “multiset, in other words,
its elements can occur morethan once so that every
element has a *multiplicity. Often, we °label the

vertices with letters (for_ example:a, b, c,...or v1,v2,...

) or numbers 1, 2,... Throughout this lecture material,
we will_label the elements of V' in this way.
Example. (Continuing from the "previous example)

We label the vertices as follows:

(VE) Sle sanall Ga z 55 s ol ¢ oans ) S
Mc?ﬂa&y\&:wz E 5 2ial) dc ganal V Cua
dw&%ﬁywﬂ\ﬁu\u&“uﬁ&
L(2223) ) S35

S (V2,5 ab,c,, die) Cials diall 6 Lo L
‘).h:u.u Q\)..AM\ XYY () gaaaa A _1’2,” ?EJT

A3y Hhall 03 V' _palial

oo L ial i (Gl JAAL7 ) peVL) 2l

v
B ov; Vy
We have V = {v1,...,vs} for the vertices and 28all V={vy,....,vs} Ll
E = {(v1,v2),(v2,vs), (vs, v5), (vs, v4), (vs, v4) } E={(v1,v2),(v2,vs),(Vs,Vs),(V5,v4),(V5,Va) } 5
for the edges. &3l S
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Similarly, we often label the edges with letters (for
example: a, b, c,...or e1,ez,...)or numbers 1, 2,.. for
simplicity.

o le) Cisymm gD Llle i ajlie (S
Ll 124851 5 (e1,e2,.. 5l a,b,c,... JEI

Remark. The two edges (u, v) and (v, u) are the
same. In other words, the pair is not ordered.
Example. (Continuing from the previous example) We

label the edges as follows:

ALl | Wil (V,U)} (u'v) Olalall V- TG
Adipe e AN (5 Al

LS & B s (ol Ul e yaiWL) 1l
x

SOE = {ey,...,es}.

We have the following *terminologies:

1. The two vertices u and v are %end vertices of the
edge (u,v).

2. Edges that have the same end vertices are ®parallel.
3. An edge of the form (v, v) is a *loop.

4. A graph is >simple if it has no parallel edges or
loops.

5. A graph with no edges (i.e. E is empty) is °empty.
6. A graph with no vertices (i.e. V and E are empty) is
a_'null graph.

7. A graph with only one vertex is ®trivial.

8. Edges are “adjacent if they share a common end
vertex.

9. Two vertices u and v are adjacent if they are
connected by an edge, in other words, (u, v) is an
edge.

10. °The degree of the vertex v, written as d (v), is
the *'number of edges with v as an end vertex.

By convention, we **count a loop twice and *parallel
edges contribute separately.

11. A “pendant vertex is a vertex whose *°degree is 1.
12. An edge that ‘°has a pendant vertex as an end
vertex is a *’pendant edge.

13.An isolated vertex is a vertex whose °degree is 0.
Example. (Continuing from the previous example)

* vaand vs are end vertices of es.

* esand es are parallel.
* e3is a loop.
* The graph is not simple.

.E={ey,...e5} el
06 Callaadt Ll
LalJ) (u,v) abeall dsles 2ie2 o y,v lisial) 1
(el 6/l
A ) a3 (oS5 Al dsel) (yush ot Lé_ﬂ\ goay) 2
Adlat g (v,v) JSa (e ol 3
gl o (5 ging oS Al 1Y) Uanss ) 0S5 4
il gl 450 s
» (WWE LE‘) &)..4\ e s Y il gl 5
(g 04) J& L6
5 (U E5 Vo gl) 2 e gsing ¥ 3 o) 6
S L7
AL LB ga Baal g Balie (g g A L) 7
Adled Bakay OIS iy LIS 1Y) (o) slaiad (lalia (5555 .8
s (il o WS ) () slatie U,y (e 5559
el (4,v) OS ) AT ety
gouaY) 2acll o od (V) S v baie da 210 10
Ll by o A
Crond A ) gall £ aYN3 5 4 5o AdlAl) 22312 Fae Dall
. .M.. Q L—‘S":L’.
1 Lgia 5015 saie o Aaladl) 5200114 11
550 Ailed 3388 Glae iyl llail6 g3l aliall 12
lales Lalal7
0 s 319 saie a g mall 3281118 13
(Gl JEall (e ) paina¥L) 1

.5 Adilgl M vy, e

s esses

‘\.ﬂ; ez o

A e gl e

NA
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* e1and ez are adjacent.

* v1and vz are adjacent.

* The degree of v1is 1 so it is a pendant vertex.
* e1is a pendant edge.

* The degree of vsis 5.

* The degree of v4is 2.

* The degree of v3is 0 so it is an isolated vertex.

Ooskslkeezser e

hoskaievosvy e
_Zﬂuzsécg@jélillg‘svlli;ﬁ °
Glaa QLA €1 o

S AVsian e

2 AV e

Ay jmadiic (Al Avzan, o

In the future, we will label graphs with letters, for
example: ¢ = (V,E).
The 'minimum degree of the vertices in a graph G is
denoted 6(G) (=0 if there is an isolated vertex in G).
Similarly, we write A(G) as the “maximum degree of
vertices in G.
Example. (Continuing from the previous example) 6
(G) = 0and A(G) = 5.
Remark.In this course,we only consider *finite graph,
i.e.V and E are *finite sets.
Since every edge has two end vertices, we get
Theorem 1.1. The graph G = (V, E) where

V = {vi,...,vn}and E = {ey,..., em}, satisfies

rdy) =2m.
Corollary. Every graph has °an even number of
vertices of odd degree.
Proof. If the vertices v1,..., vk have ®odd degrees
and the vertices vk + 1,..., vn have 'even degrees, then
(Theorem 1.1)

dwi) + - +d(w) =2m —d(Wk +1) — - - — d(vn)
is even. Therefore, k is even.

i) das e cipaly il i Jaiud) 8
G=(V,E)

0 ssbd) §(G) W& e G Oy G all JAYI A5 pallt
(G (2 A5 me B8 G 1)

G die oy eV da 02 A(G) eyt 4dbiie S
(Gl JEdl (o yatana) 2l

AG)=55A(G) =0

dadd dginall Clilull3 u dis Juadll 128 8 14B3ada
Aagiie Gle sanat By V o a1

1aad oOiiiled Giaie dllay alia IS o Ly
V={V1,...,vn} Cus G=(V,E) ohall 11,1 & dai
.33 E={eq,..,em}s

Xk d(w) =2m

il ) b3 el e Lin 5 ) laaeS ellay la JS Agil
g

FRN X Sl )26 MVl,---,Vk Qa2ll i< 1) :Q\..u:'\‘]\

s tladie Ao ) GAla 237 MVk+1,---,Vn Jaall

1.1% ks

dvi) + - +dwk) =2m—d(vk+1) — - - — d(vn)
2o kel (a5

Example. (Continuing from the previous example)
Now the sum of the degrees is

1+2+0+2+5= 10 = 2 - 5. There are two
vertices of odd degree, nameIY viand vs.

A simple graph that contains “every possible edge
between all the vertices is called a “‘complete graph.
A complete graph with n vertices is denoted as Kn.
The first four complete graphs are given as examples:

(Gl JE) (e aiina) 1JGa
1424+0+42+5=10=2*5 s Gls il g sena
Vs v et 4 8 Al o Legd (lidie aa g

Sial) aaan G AiSaall ) JST (5 say dages ol
K= 338 n 48 28 Glal2 e 60 Gl (oo
AN Jaad Y a5 Al il

K K,
® e—o

The graph G1 = (V1, E1) is a subgraph of G2 =
(V2,E2) if

G2=(V2,E2) 0= o> O s G1=(V1,E1) okl
13 1)
Vi€V, .1
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1.Vi € Vzand .i-ab,-ziszéab}%G1m¢L'ad5.2
2. Every edge of G1is also an edge of G2.

Example. We have the graph

and some of its subgraphs are Va
Vs
4
Gl <
2]
V*_)
®
Gy:
Vs

® e
"_.‘1 6

The subgraph of G = (V, E) induced by the edge set &M‘y\ de ganay A gall G=(V,E) 0 Sl okl
E1CE is: 9 E1CE
G1 = (V1,E1) = der.(E1), G1‘ = (V1,E1) = def.(E1) ‘
. . A - . s PO . o R aver »
where V1 consists of every end vertex of the edges in E1 o g3ha) Ge Ailgd nie S e Al V) S
E1. (o).c\ .J_)JLQ AJULM) :d‘:\A
Example. (Continuing from above) From the original Ol Al 55 eg,e3,e5 MY G La¥) Gl (e
graph G, the edges ez, ez and es induce the subgraph BN
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Vs

The subgraph of G = (V, E) induced by the vertex set
Vic Vis:  G1 = (Vi,E1) = der.(V1),

where E1 consists of every edge between the vertices
in V1.

Example. (Continuing from the previous example)
From the original graph G, the vertices v1,

vz and vs induce the subgraph

V1SV il de sana Alsall G=(V,E) S0 ol
G1 = (V1,E1) = der.(V1), T9d

V1 b il o g a8 (e il By s
(Gl JE (e paiina) 1JGa

Ol A 53 vq,v3,vs R G Lal) ) (e
BN

("1 V3. Vs):

A complete subgraph of G is called a clique of G.

Glacles o G o el G

1.2 Walks, Trails, Paths, Circuits,

COﬂI’lECtIVIty, Components

Remark. There are many different variations of the
following terminologies. We will adhere to the
definitions given here.

A 'walk in the graph G = (V,E) is a “finite sequence
of the form

Vio, €j1, Vi1, €j2,..., €jk, Vik,
which consists of *alternating vertices and edges of G.
The walk “starts at a vertex. Vertices vi. - 1and vi.are
end vertices of ej: (t = 1,...,k).
viois the “initial vertex and vicis the “terminal vertex.
k is the “length of the walk. A ®zero length walk is
just a single vertex vio. It is allowed to visit a vertex or
go through an edge more than once. A walk is “open if
vio # vir. Otherwise it is closed.
Example. In the graph

oJag ) ¢ il gal) ¢ 3 al) ) paal) (il jlwall],2

PS yall

Gilallaadll Zalidal)l Cilaaadll (e Y llia sddaada
LGa slazall ol peilly i Aol

e Agtiie A2 8 G=(V,E) ol A bualll
sl

Vio, €j1, Vi, €j2, ..., €jk, Vik,
Dsal) fagt G (e Ay gliiall3 DY) 5 aied) (g callis
By
(t=1,....K) €jt £ 0DY) Gu53) (A Vies Vieq 28a)
9 K Al 3332116 & vy 9 caniall 32325 a8 vy
Andd saa g 3aie ga ) Aol (A LB Ll J 5ha7
S8 abin I8 e g pall ol Bainy 55 el 7 gansall (1
) e (e
A A5 vip # vik O 13 s 5809 35kl o S
okl A rdha
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the walk
V2, e7, Vs, es, V1, es, Us, €6, V4, €5, V4, €5, V4
is open. On the other hand, the walk
V4, €5, V4, e3, U3, €2, U2, e7, Us, €6, V4

is closed.
A walk is a ‘trail if any edge is traversed “at most
once. Then, the number of times that the vertex pair
u, v can appear as “consecutive vertices in a trail is at
most the number of parallel edges connecting u and v.
Example. (Continuing from the previous example) The
walk in the graph

V1, €8, U5, €9, V1, €1, V2, 7, Us, €6, V4, €5, V4, €4, V4
is a trail.
Atrail is a *path if any vertex is visited at most once
except possibly the initial and ®terminal
vertices when they are the same. A closed path is a
“circuit. For simplicity, we will assume in

the future that a circuit is not empty, i.e. its length = 1.

We identify the paths and circuits with
the subgraphs induced by their edges.

:)Luml\
V2, €7, U5, €8, V1, €8, US, €6, U4, €5, V4, €5, V4
bl AT LAl (e ke
V4, €5, V4, €3, U3, €2, 12, €7, US, €6, V4
(s

3aal 55 502 alim (sl o ) 2513 221 Ll oS
WV el 7 55 )seds <l e aae e JEYI e
gy s JSY) e sa jaal) 8 dlaia 2ixS3
v b S A ) sl
rokd) (A bl (Gl JE) (e i) 1B

V1, es, Us, €9, V1, €1, V2, €7, Vs, €6, V4, €5, V4, €4, V4
‘ ) L JRa sA
B2l 55y Base (gl Ao Uy 13 Ly plat Ll o S
il s3ie e ) g pall Aul<a) lae Y e
el i LS 13 duledl) 46
Juisall (& (o jiies Japadill 3 5107 g4 (3laall (5 yhall
1 < ledsh ol dlla cad s 3l
O Al 4 ja by il sall 5 3kl (i s
(g mY) (e 33 5a) Lage Sl

Example. (Continuing from the previous example) The
walk
V2, e7, Us, €6, V4, €3, U3

is a path and the walk

12, €7, Vs, €6, V4, €3, U3, €2, U2
IS a circuit.
The walk starting at u and ending at v is called an
u-v walk. u and v are ‘connected if there
isau-v walk in the graph (then there is also a u- v
path!). If u and v are connected and v and w
are connected, then u and w are also connected, i.e. if
there isa u-v walk and a v—-w walk, then
there is also a u-w walk. A graph is connected if all
the vertices are connected to each other.
(A trivial graph is connected by convention.)
Example. The graph

el (Gobad) JUal (e saiane) 1Jia
v2,e7,Vs5,e6,V4, €3, V3

bl g (G yka ga

v2,e7,Vs5,e6,V4,e3,V3,€2,V2
Sl sa
e UV (oamsd V= (o5 U= 1w (s3] ldl)
Sl (B Jlse u-v 2a 5 1) Cihas el v 5SS
u,v <ils 1) (LJ.A:}\ b u-v g \AJ.'\::_S)
Ll Gk e u,w B Githadi e v,w s Oiidasi e
U-W 22 98 e V-W 5 Db U-v ) MRS
Al yo odie maen S 13 Unljie gl 058
(WYL Uayl yia ey 4dll) gladl) Lgamy
o) 1
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IS not connected.
The subgraph G1 (not a null graph) of the graph G isa
'component of G if
1. G1is connected and
2. Either G1is trivial (one single isolated vertex of G)
or Giis not trivial and G1 is the subgraph induced by
those edges of G that have one end vertex in G1.
Different components of the same graph do not have
any common vertices because of the following
theorem.
Theorem 1.2. If the graph G has a vertex v thatis
connected to a vertex of the component G1of G, then v
is also a vertex of G1.
Proof. If v is connected to vertex v'of G1i, then there
isawalkin G

vV = Vi, ej, Vit,..., Vi - 1, €jk, Vik = V.
Since v-is a vertex of G1, then (condition #2 above) ej«
is an edge of G1and vi - 1is a vertex of G1. We
continue this process and see that v is a vertex of Gu.
Example.
The components of G are G1, G2, Gz and Ga.

e o
058 G ol (i Bl ) Gy S gl
a3 G Gt
Ll e Gr .1
22 G1 sl (G e Ajmia saa) g ke ) 4dli Gy W) .2
G (e g2 el A gall S5l lad) sa Gy 480
‘_Gl‘;aa'éh\}u_%‘)la'éﬁc ERE P
asjmﬁsg\&aywut_ﬁuaﬂu\au)u\
Al 4 )
o Abadije v sdie (55m G L) S 1Y) 11,2 Ayl
Lol Gy sdie v 8 G Gy 0sSal) b b
Laie Gp e v satall ddayi je v cilS 13) ey
G O Db a

UV = Vi, ej, Vi1,..., Vik - 1, €jik, Vik = V.
ejk (e3ef 2 bl cun) (b Gy e Be v O Lay
g dgleall o2 S5 G (A B2e Vi1 9 G (B pla
.G1 b b v ¢
G4 5 G3,G2,G1 > G b sSe JUia

1"3
o |
1"1 e:’.
Vy
G, Gy
NhatsApp : 0997378154 N A Facebook_Page : IOM
- 7
N\

N ~

- o
~alps Al Al
Al

Lanalat) 4€al) pa Lh g ol




Tl ) i)

WWW.SYRIAMATH.NET

Theorem 1.3. Every vertex of G belongs to exactly
one component of G. Similarly, every edge
of G belongs to exactly one component of G.

-This divides a graph into distinct components

-Every isolated vertex forms its own component.
-A connected graph has only one component,
namely, itself.

-therankofagraph G p(G) = n — kwithn
vertices, n edges and k components.
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