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Preface:

This doctoral thesis is intended mainly for considering the asymptotic nor-
mality of the distributions of certain permutation test statistics conditioned
by some specific symmetric o-fields. It is known that the classical theory
of weak convergence has been the main base of the asymptotic distribution
theorems, where these theorems have led to huge advance in statistics and
probability in the last several decades. In particularly, this advance has led
to obtain new powerful tests and to build the classical theory of statistical
hypotheses testing, where the permutation tests have been developed also
by depending on these theorems. And recently, after building the modern
computers which have the capacity of making very accurate and fast com-
putations, the permutation tests theory has become a big advantage in the
modern theory of statistical tests. Moreover, the tremendous rise of the
measure theory has led to enormous development in the theory of condi-
tional expectations. And the results of the modern theory of conditional
expectations are very promising in developing the classical theory of test-
ing statistical hypotheses, where this thesis is a small step forward to build
modern theory of statistical tests. And in fact, this thesis has been focused
on some results in the theory of multivariate permutation tests, concerning
the asymptotic normality of the conditional distributions of some linear per-
mutation test statistics conditioned by some symmetric o-fields, where also
these o-fields are generated by the considered random variables. Also, we
introduced and generalized many theorems related with stochastic processes,
and we put many central limit theorems and applications. This doctoral
dissertation has three chapters. The first chapter is intended to give an ex-
position of many basic prerequisites about the conditional expectations, the
conditional weak asymptotic equality, the conditional asymptotic normality,
and the exchangeability. And this chapter has the definitions of these con-
cepts in addition to many related theorems and other issues, and I mention
here that some of these theorems and their proofs were built in parallel with
similar ones in the book of Billingsley [1968], and also in the paper (On the
asymptotic theory of permutation statistics) which is due to H. Strasser and
C. Weber [1998]. In the second chapter we put several central limit the-
orems, related with stochastic processes. In the third chapter, I put some
limit theorems and their proofs for the conditional distributions of linear test
statistics under the familiar hypotheses Hy, Hq, Ho, and Hz. And this chap-
ter contains four sections, where these sections were built to be similar to
each other. And this is to give the reader a good vision about how to deal
with similar hypotheses. The first section in this chapter has similar results
to those of the mentioned paper above. Also, the second and the third chap-



ters give a vision of a new theory of testing statistical hypotheses, where the
conditional expectations play the role of the integrals in the familiar classical
theory of testing statistical hypotheses.

Finally, I wish to express my gratitude to Prof. Dr. Georg Neuhaus for his
supervision and his help. I feel very much indebted to him for his efforts
with me to make this work come true. I thank him deeply from my heart, I
wish to him the best, and I will never forget him. I thank Prof. Dr. Arnold
Janssen for reviewing my dissertation and his help. I thank Germany, and
the staff of the University of Hamburg also the Studentenwerk in Hamburg,
and the people of this land for their great and warm hospitality. I thank also
my family very much, and all the friends who supported me. I thank the
University of Damascus, and all staff of the Faculty of Sciences in Damascus,
also the Syrian Government for funding my studies, and their great support
to me.

Hamburg, June 2005.
BASEL AL-HASSBANI



Remarks:

Here we mention that definition 1.2.1, definition 1.3.1, definition 3.1.1, lemma 3.1.2, lemma
3.1.3, lemma 3.1.8, theorem 3.1.9, remark 3.1.10, definition 3.1.11, lemma 3.1.12, lemma,
3.1.13, lemma 3.1.14, theorem 3.1.15, and remark 3.1.16 are mainly taken from the paper
”On the asymptotic theory of permutation statistics” which is due to H. Strasser and C.
Weber [1998].

Also, the ideas of definition 2.2.1, theorem 2.2.2, definition 2.2.3, theorem 2.2.4, theo-
rem 2.2.5, theorem 2.2.6, and theorem 2.3.1 are essentially taken from the book ”Conver-

gence of Probability measures” which is due to Patrick Billingsley [1968].
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Chapter One

Conditional Expectations

In this chapter we build the needed theoretical base of this research, where first we in-
troduce concepts of the conditional expectations and the conditional variances in various
cases and we define some binary operations to simplify the computations of the conditional
expectations in case of random matrices. Also, we introduce a concept of conditional weak
asymptotic equality and some related theorems which will play a major role in building
the proofs of the invariance principles in chapter three. Also, we introduce a concept of
conditional asymptotic normality and many needed results which form the essential argu-
ments later. The main goal of this chapter is to make the reader familiar with the kinds
of computations which are applied in the other two chapters. We mention here that many
of the resultes and their proofs in this chapter are built on their similar ones in Billingsley
[1968], and those in the paper (On the asymptotic theory of permutation statistics) which
is due to H. Strasser and C. Weber [1998].

1.1. Conditional Expectation and Probability:
Introduction:

Let P be a probability measure defined over the sample space (92,.A4), T
a statistic defined over (£2,.4) and taking values in some space (J,B), Ao
the sub-o-field it induces. Consider a nonnegative function f which is A-
measurable and P-integrable. Then [ 1 fdP is defined for A € A, and there-
fore for all Ay € Agy. It follows from the Radon Nikodym theorem that there
exists a function fy which is Ap-measurable and P-integrable and such that

fdP = fodP, for all Ay € Ao,
Ao Ao

and that fo is unique with respect to (A, P), and it is known that there
exists a B-measurable function g such that

fo=goT [P].

Let fo be denoted by E(f|T) which is called the conditional expectation of
f given T and g be denoted by E(f|T = t) which is called the conditional
expectation of f given T' = t.

E(fIT) = E(fIT =)o T [P],

9



and easily we observe that:

/ F@)dP(z) :/E(f\T:t)dPT(t).
T-1(B)

B

So far, f has been assumed to be nonnegative. Without this condition, the
conditional expectation of f given T is defined by

E(fIT) = E(f'|T) - E(f7|T) [P],
and the conditional expectation of f given T" =t is defined by
E(fIT = t) = B(/*|T = t) - B(f~|T = t) [P"].

Also, that when the subtract operations are well-defined.

Definition 1.1.1. Let (2,4, P) be a probability space, and Aj,
a sub-o-field of A, and let f : (2, A) — (3,B8) be a measurable func-
tion. Then E(f|Ao) := E(fl|id), where id : (2, A) — (2, Ap), id(x) = x.
E(f|Ap) is called the conditional expectation of f given Aj.

Remark 1.1.2. The following properties of conditional expectation

are needed in the coming arguments. Let (€2, A, P) be a probability space,
X and Y be random variables on this space, i.e. (X,Y € R), C C A be a
sub-o-field, and A, C A; C A be sub-o-fields.

1. If C = {0,Q}, then E(X|C) = EX [P].

2. E(E(X|C)) = EX.

3. B(E(X|A,)A) = B(X|A,) = B(B(X|A)|A,) [P].

4. I Y is C-measurable then E(XY]|C) = YE(X|C) [P].

5. E(aX +bY|C) = aE(X|C)+bE(Y|C) [P], where a and b are constants.

6. If gafvflan:"' 7fn7"' are (.A,P)—integrable, and |fn| < g, fn I
f [P], and E(g|C) is well-defined then E(f,|C) — E(f|C) [P].

7. P(X € B|C) := E(1(xep)|C) for all B € B.

09

. X is independent of Y = E(X|Y) = EX [P].

10



0. |E(X|C)| < E <|X|’C> P,
0. E (‘E(X|C) D < E(X]).

11.CCC = E (‘E(X|C) D <E <’E(X]Cl)

)

Let (2,4, P) be a probability space, and C a sub-o-field of A, let further
X : Q — R? be a probability array, such that EX is well-defined. Then we

define E(X|C) by
B(X|c) == (E(X'|C),--- , E(X“[c))",

where X = (X1, ... X9,
Also, if EX'X7 4,5 =1,---,d, are well-defined, then

Var(X|0) == E (X — B(X|C)) (X — B(X|0))' [C).

and we call it the conditional variance of X given C.

Let X : Q — Mg, x4, be a random matrix such that EX%, i =1,--.

j=1,---,ds, are well-defined, then we define

E(X|C) = (E(Xij|c))1<7;<d1 )
1<j<d2

where (XU) 1<i<dy -
1<j<ds
And we define the random array Y := arr(X) € R4 by
Yie=X"v? =X ... Yyh .= XxH

di+1 . 12 di+2 . 22 2d1 . d12
yhtl .= x12 yht2 . x2 ...y ydi2

ydi(d=D)+1 . xldy | ydidy . ydidy
* ) ) * N

7d17

We mention here that, the function arr is also known by vec. This definition
means that the column of Y is made from the columns of the matrix of X,

which are taken from left to right in order.
Now we define Var(X|C) := Var(Y|C) = Var(arr(X)|C).

Suppose that A € M,,xq4, is a given constant matrix, we want to give an

11



easy expression for Var(AX|C).

Var(AX|C) := Var(arr(AX)|C)
Var(AX|C) = A Var(X|C) e A [P],
where (X)) ¢icay, X7 = (XY, XD j=1,--+ dy, and

Ae Var(X|1C<)j§i2At =
— (4 B ((x7 — B(X7(0)) (X7 — B(x#|C))'[C) AY)

. 1<j1.do<ds
From this we define the operations e, e by the following:

Let A € med17 B = (BZ])lglgkla B € Mdlxla = 1a U 7k:17 j = 1’ Y 7]{:27
1<j<ke
C € Mjym, then
Ao B:=(ABY) ¢k,

1g<ke

and B
Be(C = (B’ch)lgigkl-

1<j<k:
Let £: Q — R% and n: Q — R%, be random arrays such that
E(he ), 1 <iy,is < di, 1< 1, j2 < do,
are well-defined and satisfying that
E(E"g= n|C) = E(§" €7 [C)E(n" n(C) [P],
for all 1 < 11,79 < dj, and all 1 < 71,72 < da, then we easily see that
E (arr(¢n') - (arr(€n'))'[C) = B(€€'IC) * E(m'[C) [P),

where
E(&€'|C) * E(m'[C) := (EEE IO EM 1*1C)) <, 1oeas

From this, we define the operation * by the following:
Let A € Myyxn, B € My, then we define A * B := (A-b%Y) 1<it » Where

1< <k

1<j<k

Theorem 1.1.3. Let (9, A, P) be a probability space, and (C,,)nen
be a sequence of sub-o-fields of A, let further p, : 2 — R be non-negative

12



random variables, such that E(p,|C,) . 0. Then p, — 0 also.

Proof: From the hypotheses we find that the limit
P{|E(pn|Cn)| = v} — 0is valid for all v > 0.

We note from the definition of conditional expectation also that

/ pndP < v, ¥y > 0.
{IE(pnlCn)|<7}

Let €,6 > 0 be arbitrary and fixed temporarﬂy. For v = €6, we have

P {|pnlyp@acai<n| = 0} < SE (pal(ppaci<n) < €

P{|pnlyEpmicais| = } PA{E(pnlCn)| = 7}
Also, we conclude that P{|p,| > d} — 0, Vd > 0. O

The next definition gives a concept of the stochastical boundedness, which
will play a big role in the rest of this research.

Definition 1.1.4. Let X, n € N, be random elements defined on
(2, A, P) and taking values in the norm space (S, || - ||). We call the sequence
(X1 )nen stochastically bounded iff Ve > 0 : 3M > 0, P{|| X, |[<K M} > 1—¢,
is valid for all n € N. O]

In the same situation of theorem 1.1.3, but here we assume that (E(p,|Cy))nen
is stochastically bounded. Then we have that the sequence (p,)nen is also

stochastically bounded.
Let € > 0, there exists M > 0 such that

2M 15
{|Pn1{|E<pn|cn suy| > —} < P{IE(pnlCn)| > M} < 3

oM
{|Pn1{E<pn|cn <y | > T} WE (PnlB(nlcai<any) <

2M
{|pn| > ?} < €,

P{lpa] < M'} >1—¢, where M' =

DO ™

2M
-

13



Let us here introduce here a general concept of exchangeablity, also we
shall present some related arguments, which will be needed later in chapter
three.

Let (€2,.A, P) be a probability space, and let £, = (&1,&, -+, &) be a tri-
angular array of random elements from (€2, A, P) to (£,8), where £ is a
separable metric space, and B is the Borel o-algebra defined on £. Let fur-
ther G be a finite group of measurable functions h : E5 — £*, and C be a

-1
sub-o-field of A. Finally, let S (&) = <§ k) (Sk), where Sy denotes here
the o-field of all sets B in B* satisfying the condition

z, € B<= h(z,) € B, Vh € G,

where here x; = (1, ,z).
Definition 1.1.5. The random arrays &, &, -+, & are G-ex-
changeable under P(-|C), iff Yh € G the equality

P (gk c Byc) —p (h (§k> € B!C) [P]

is valid for all B € B, and then the array €, is called G-exchangeable under

P(lo).

Lemma 1.1.6. Let f: (£,8)" — (R, B) be a measurable function
such that E(f(¢,)) is well- deﬁned If ¢, is G-exchangeable under P(:|C),
then VA € S(¢,), C €C, h € G the followmg equality is valid

B (e (4(6))) - # (et (&)

Proof: Lethec G, Ac S(§,), and C € C. Then there is A € B satistying
-1 ~ ~
A= (§k) (A) and h(A) = A. Consequently, we have 1;(h(¢,)) = 14(£,).

We shall prove the assertion only for f = 15, where B e B, since the gen-
eral case is a direct result of using the monotone convergence theorem for
conditional expectations.

E[Lanclz(h(E,))]
= E[14(¢)15(h(g,))1c]
= E[14(h ( D15(R(E,)) 1]
= E[135(h (6 ))1c]

14



k> |C}1C}

1c]

O

ot Yandan

—_ =

b

o]
\—//I\A

Im

=

Q

—— —

Let us denote the o-field o(S(¢, ),C) by S(§,,C). Now, since {ANC : A €
S(€,); C € C} generates the o-field S(¢,, ) we have by lemma 1.1.6 the

validity of . (1Df (h <§k>>) —E (1Df <§k)> ’

VD e S(ék,C), he@.
Therefore, the following lemma is just a consequence of lemma 1.1.6.

Lemma 1.1.7. Let f: (£,8)" — (R, B) be a measurable function
such that E(f(¢,)) is well-defined. 1If { is G-exchangeable under P(:|C),
then

E(f(g,)IS(E,.C Zf

hEG

where |G| is the size of the finite group G.

15



1.2. Conditional Weak Asymptotic Equality:

In this section, we introduce a concept of weakly asymptotically equal dis-
tributions conditioned by given sub-o-fields. The following definition deter-
mines this concept.

Definition 1.2.1. Assume that S is a metric space, S is the
Borel o-field, F is the set of all bounded uniformly continuous functions
f 8 — R. Let further (X,), oy, (Yn),en be sequences of random elements
from (€2, A, P) to S, and let (Cy),cn, Cn € A, be a sequence of sub-o-fields.
We say that the sequences (Xy,), .y, and (Y;,), oy are weakly asymptotically

nens and write that by symbols X, ~ Y, (C), iff

E(f(X.,)|Ca) — E(f(Y,)|C.) - 0, is valid for all f € F.
The following lemma provides a useful criterion for weak asymptotic equality.

equal conditioned by (C,)

Lemma 1.2.2.  The sequences (X,,),.y and (Y,),.y are weakly
asymptotic equal iff the following limit

f(X)dP — [ f(Y)dP — o0,
Ch Cn

n—-aoo

is valid for all (C,),,cy, Where C,, € C,,, n € N, and for all f € F.

Proof: Since f is bounded, the validity of the limit follows from the dom-
inated convergence theorem. Now, let us prove the sufficiency. Suppose
temporarily the contrary, then there is f € F, a sub-sequence {n'} of {n},
e >0, and § > 0, such that for C,, € C,/, defined by

Co i={w:w e S, [(E(f(Xw)Cw) — E(f(Y)|Cw)) ()| = €}, VR EN,

we have P(Cy) = 6, n = 1, 2, ---, and consequently there exists a sub-
subsequence {n"} of {n’} such that either

Cor ={w:w e S, (E(f(Xu)|Cor) = E(f(Yar)|Cur)) (@) = €},

or
Cn” = {w Tw e S, (E(f(Yn”)’Cn”) — E(f(Xn”)|Cn”)) (w) 2 5}7

is valid for all n” € N.

But in the first case we find

[X)dP = [ fFu)dP = | E(f(Xar) = F(Yar)|Cur) AP,
Cpr Cpr Cr

16



f(Xn//)dP — f(Yn//)dP = €0 > 0, Vn" S N,
C C.n

and in the second case similarly also

f(Yn//)dP — f(Xn//)dP >ed > 0, vn" € N.
C”’LN C’ﬂ”

And this is a contradiction clearly. Hence, the sufficiency holds. O

The next theorem provides equivalent conditions to weak asymptotic equal-
ity, any one of these conditions could serve as a definition.

Therem 1.2.3. Assume the same situation of definition 1.2.1, then
the following conditions are equivalent.

(i) X, ~Y, (Cn).

(ii) E(f(X.)|Ca) — E(f(Y,)|Ch) —= 0, is valid for all bounded Lipschitz-

continuous functions f: S — R.

(i) P (E(1Lr(X,)[Co) — E(1p(Y,)[Ca) =) — 0, ¥p > 0, Ve > 0,

where F' is an arbitrary closed set in S, F™? :={z:2 € S, d(z,F) <
p}, and 1p, 1p+, are indicator functions.

(iv) P(E (16(X,)|Cn) — E (1g-»(Y,)|Ch) < =€) — 0, ¥p > 0, Ve > 0,

where G is an arbitrary open set in S, G™* :={z: x € G, d(z,0G) >
p}, and 1g, 1g-» are indicator functions.

Proof: We shall prove this theorem as the following diagram
(I)=(ii) == (ili) == (iv) ==(iili) = (i).

Of course, (i)==(ii) is trivial because of the simple fact that any Lipschitz-

continuous function is uniformly continuous.

Proof of (ii)=(iii).

Suppose that (ii) holds and that F' is closed. Suppose further that p > 0.

Let f: S — R be defined by f(z) := ¢ (%d(z, F)), where (t) is defined
1 = t<0

by o(t) ;== 1—t : 0<t<1. Then fis a Lipschitz-continuous function,
0 : 1<t

17



and also (ii) holds for this f. It is easy to see that 1p < f
for all n € N, we have E (1p(X,,)|Cn) — E (1p+0(Y5)[Cp) <
E(f(Y,)|Cn) [P]. Also, the assertion follows.

The equivalence (iii) <= (iv) follows by complementation.
Proof of (iii)==(i).

Suppose that (iii) holds and that f : S — R is bounded uniformly contin-
uous. we shall show that E(f(X,)|C,) — E(f(Y.)|Cn) L. 0. First, we shall
prove that P(E(f(X,)|Cn) — E(f(Y,)|Ch) = €) — 0, Ve > 0. Without

any loss of generality, we can assume that 0 < f(z) < ¢ < 1, Vax € S, where
q is fixed. In general, we may reduce the problem to this case by trans-
forming f linearly. For an integral k, temporarily fixed, let F; be the closed
set F; := {93:9365, %éf(x)}, i=1,2,--- k. Since 0 < f(z) < ¢ < 1,
Vx € S, we have for all € > 0 which satisfying ¢ <1 —¢

k

< 1p+s. Hence,
E

(F(Xn)ICn) =

i—1 i
2 (% o) Lo egwei-a S 2 i Lt gwe)
This can be rewritten as the following

k k
(% ; 1{tes:;—e<f(t)}) —elg < f < {ls+ iZ:Zl Lg,.
Since f is uniformly continuous, for € > 0 there is p > 0 such that
-F?_pg{l'lxes, %—5<f(ar)},2:1,2, 7k'
k k
Hence, (% > 1F_+p> —elg < f<ls+ 12 1m.
i=1 i=1
k
Also, E(f(X,)[Cn) < 115+ 7 > E(15,(X,)[Cy) [P], and
i=1
k
“E(f(G)[C) < els — £ 52 By (Ya)IC) [P

i=1
Hence,

E(f(Xn)|Cn) - E(f(Yn)|Cn) < i
<(t+9) L+ 1Y (BORXD)IC) = Bg(0)IC) [P
Thus, P (E(f(X,)|Ch) — E(f(Y,)|Cn) =€) S 0, Ve > 0, indeed. Putting

—f in place of f, we obtain P (E(f(X,)|C,) — E(f(Y,)|Cn) < —¢) — 0.
Therefore, E(f(X,)|Cn) — E(f(Y,)|Cn) L. O

For the next lemma suppose that X,,, Y,, Z,, n € N, are random elements
from (€2, A, P) to the separable metric space (S, d).

Lemma 1.2.4. If X, £ Z, (C,) and d(X,,,Y,) — 0, then Y, & Z,
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(Cn)-

Proof: We shall show that the following implication

E(f(Xa)IC) = E(f(Z0)ICa) == 0, d(Xp,Ya) = 0 = B(J(V)ICy) —
E(f(Z,)|C) - 0, is valid for all f € F. It is clear that f(X,)— f(Y) —— 0
and E(f(X,)|Ca) — B(f(Y,)|Ca) = 0, also B(f(Ya)|Ca) — E(f(Z4)IC) —

0.
Hence, the assertion holds.
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1.3. Conditional Asymptotic Normality:

This section contains a concept of conditional asymptotic normality of se-
quence of random arrays. This concept is created to discuss a certain behavior
of the conditional distributions of a given sequence of random elements.

Definition 1.3.1.  Let (X,).en be a sequence of random arrays
defined on a measurable space (€2, .4) and taking values in R*, and let (P, ),en
be a sequence of probability measures on that space. Let further (C,)nen,
Cn C A, be a sequence of sub-o-fields, and consider the sequences (pt,,)nen,
(02),en where for each n € N, p,, and 02 are a random array and a random
matrix respectively, and they are defined on (Q,C,) and taking values in R*
and My, respectively. We say that the sequence (X, ),en is asymptotically
normal under (P,),en and conditioned by (Cy,)nen if the limit

Ep, (f(X0)[Ca) — / FAN iy 02) T 0,

is valid for all bounded uniformly continuous functions f : R* — R, and we
denote that by

The next theorem provides equivalent conditions to the concept of the asymp-
totic normality, any one of these conditions could serve as a definition.

Theorem 1.3.2. Assume the same situation of definition 1.3.1 then
the following conditions are equivalent.

(i) P, * X, ~ N (ttn,02) (Cn).

(ii) Ep,(f(X)|Cn) — [ fAN (pin, 02) L, 0, is valid for all bounded Lipschitz
continuous functions f : R¥ — R.

(iii) P, (Ep,(1r(X,)[Cn) — [ 1psodN (pin,02) =€) — 0, Vp >0, Ve > 0,

where F is an arbitrary closed set in R*, and 1p, 1p+, are defined as
in theorem 1.2.3.

(iv) P, (Ep,(16(X,)[Cn) — [ 1g-odN (1, 02) < —¢) — 0, ¥p>0,Ve>

0, where G is an arbitrary open set in R*, and 14, 15—, are defined as
in theorem 1.2.3.
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Proof: It is easy to see that this theorem is similar to theorem 1.2.3, also
the proof here can be built similarly. O

For the next lemma suppose that X,,, Y,, Z,, n € N, are random arrays
from (2, A, P) to (R¥,]| - ||), where || - || is the usual norm on R*, and F is
the set of all bounded uniformly continuous functions f : R¥ — R.

Lemma 1.3.3. If P, X, ~ N (yn,02) (C,), and if || X,,—Y,, || - 0,
then we have P, * Y, ~ N (pin, %) (Cp).

Proof: Since | X, - Y, ||i> 0, we obtain that f(X,) — f(Yy,) Lo 0 s

valid for all f € F. This implies E(f(X,)|Ca) — E(f(Y,)|Ca) == 0 is valid

for all f € F, and also Ep, (f(Y,)|Co) — [ fAN (i, 02) =2 0 is valid for all
fer. O

Theorem 1.3.4. Let X,,, n € N, be a random array from (£, A, P)
to R™, assume that P * X,, ~ N (un,02) (Cp), and assume further that for
eachn € N, Y, is a C,-measurable and stochastically bounded m-dimensional
array, then

P (X +Y5) ~ N + Yy, 07) (Ca).

Proof: It is sufficient to prove it for the case when there exists M > 0
such that P(|| Y, [|[< M) =1Vn e N.
Since one can reduce the general case to this one by using Y, 1)y, <} instead
of Y,,. And then we get the validity of

P (X + Yalga<any) ~ N (i + Yalgygaary, 0n) (Co)-

Which implies

PB4 ¥016) ~ [ 1N+ Vs > 21 Vel b — o

for all v > 0. and we note from the hypotheses P{|| Y, ||> M} < e,
and this will complete the proof. Now, we prove the assertion in the case
P(|Yo||[< M) =1V¥n € N. Let F be the set of all bounded uniformly
continuous functions f : R™ — R. We want to prove the validity of the
following implication
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E(f(X2)[C) — [ fAN (i, 02) == 0, ¥f € F = E(f(X, +Y,)|C) —

[ FAN (i + Yy, 02) == 0,¥f € F.
Let a € R™ be a given constant and let g be defined as g(-) := f(-+a). Then
g € F, and we have

E (9(X)[Cp) — [ gdN (ttn, 02) — 0, which implies
E(f(X +a)|C) = [ F(- + a)dN (i, 02) = 0, Ya € R™. But this means

P(‘E(f(X +a)|C,) — [ f(- + a)dN (pin, 07)| >

5) — O,V5>O,Va€

R™. Let us define the C,-measurable functions hy, = (h}m, e ,han)t :
k—1
Q@ — R™ by h?c,n : ZO( M+ == 2 )1{ M+2Li<r; (Vo) <—M+22 (i+1)} J =
1,---,m, where my, 7o, ---, m, are the usual projection functions. It is easy
to see that || Y, — Ay, [|< 24/m, and
. t
hin(w) € { (=M + &Ly, - =M+ 22i,) -

(i, im) €40, ,k:—l}m},

Vw € (). Let us prove the validity of the limit

P(E(f(X +hkn |C ff +hkn)dN(Mn7 n) >5> — O, Ve > 0,
Vk € N.
For this let us define the constants
oM oM . \'
Ci17"',im ( M+ 721, —M—|— Tlm) .

Now, P (’E(f(X + hien)|C) = [ F(+ Paew )N (i, 072)

28):

> P (hk,n = Ciy,oer yim s ’E (f(Xn + Ciy i) |C) —
(i1, im)E{0,+ k—1}m

- ff + Ciy,- )dN<:unv n)

25) — 0,

n—aoo
Ve > 0, Vk € N.
Since f is uniformly continuous, for a given € > 0 there exists £ € N such

that P (| (70X, + V)I60) = [ £+ ¥)a )| > ) <

gP('E(f(X + hen)|Cr) — [ £+ hin)dN (pn, 02) 28/2>,Vn€N.
Thus,
E(f(Xn +Y0)ICa) = [ £ + Ya)dN (pin, 07)

> 5) — 0. But this is

n—=ao0
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equivalent to

P ( E(f(Xn+Yo)[Co) = [ fAN (ptn + Yy, 02)

arbitrary, the assertion follows. OJ

28) —— 0. Since € > 0 is
n—ao

Theorem 1.3.5. Assume the same situation of definition 1.3.1, but
here P, = P, Vn € N. Assume further that there exist M > 0, v > 0 such
that for each n € N we have P{|| u, ||< M} =1, P{|| o2 ||< M} =1,
P{|det(c?)| = v} = 1. Then the following conditions are equivalent:

(1) E(f(X)|Co)— [ FAN (i, 52) == 0, for all bounded continuous functions
f:RF — R.

(ii) Px* X, ~ N (tn,02) (Cp).

(iii) Let F be a closed set in R¥, G be an open set in R*, and let {n} be
any subsequence of {n}, then there exists a sub-subsequence {n®} of
{nM} and a set N C €, such that P(N) = 0, and for any subsequence
{n®} of {n®}, and for each w € 2 — N there exists a sub-subsequence
{n™} of {n®} such that the following inequalities are well-defined and
valid

limsup E(1p(X,®)[C,w)(w) < hg)l/leN(MnM) (w), in (W),

n4)

and

lim nf B(16(X, 0)[C,) () > lim / LN () (@), 0200 ().

(iv) E(14(X)[Cn) — [ 1adN (i, 02) — 0, for all N'(0, I)-continuity sets
ACRF

Proof: Before we start with the steps of this proof, we mention here that
in the condtion (iii) the sequence {n™®} depends on the element w € Q also
the set N depends on the sequence {n("} also F and/or G.

Now, similarly to theorem 1.2.3, and by computations which are familiar
from the portmanteau theorem in Billingsley [1968].

The implication (i) == (i7) is clear.

Proof of (i1) = (iu7).
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Suppose that (i) is valid and that F is a closed set in R¥ and let {n(}}
be any subsequence of {n}. Then there exists a sub-subsequence {n®} of
{nM} and a set N C Q, P(N) = 0, such that the limit

E(fo(Xne)ICh)(@) = [ fodN (pne (), 07z () — 0,

72 o0

is valid Vw € Q — N, Vp € N, where f, : R* — R, f,(z) := p(pd(z, F)), and

1 : t<0
where p(t) :=¢1—-t : 0<t<1.
0 : 1<t

And also || e (W) < M, || 07 (w) [[< M, and [det(o7, (w))] > 7 are
valid for all n € N, w € Q — N. Consequently, for any subsequence {n()?
of {n®} and for any fixed w € Q — N there exists a sub-sequence {n®} of
{n®} such that the sequences {y,,» (w)}, {02 (w)} are convergent. And we
have in the same time the validity of the limit

E(fo(X@)|Cr@)(w) = [ fodN (pinn (w), 02 (w)) o 0,Vp € N. And we

see that !
E(1p(X,@)|Chw)(w) < E(fp(X,@)|Cha ) (w)
1im(S)11p E(1p(X,@)|Chw)(w) < 11({})1] FodN (p0 (W), 024y (W), Vp € N.

Thus,
lim sup B(1p(Xpe)|Coen) (@) < lim [ 1rdN (g0 (@), 050 (@)

n(4
And by complementary, we conclude also for G = F* the following inequal-

1ty.

liI}Ll(})nf E(lg(Xn(4))|Cn(4))(w) 2 ng)lf 1ng(un<4) (w), 02(4) (w))

Moreover, we can easily conclude that the condition (ii7) in this theorem is
equivalent to the following one

Let {F}, Fy,- -} be a countable family of closed sets in R*, {G, Gy, -} be
a countable family of open sets in R*, and let {n(!} be any subsequence of
{n}, then there exists a sub-subsequence {n®} of {n(V} and a set N C Q,
such that P(N) = 0, and for any subsequence {n®} of {n(®}, and for each
w € Q — N there exists a sub-subsequence {n¥)} of {n®®} such that

limsup E(1p(X,0)[Cpw)(w) < hg)l/leN(an (W), o2 (@),

n4)

and

im nf E(16(X,00)Cu0) @) > limn [ 16aN (0 (), 0% ()

for all F' € {Fy, Fy,---} and also for all G € {G1,Ga, - }.
Let us now prove the implication (iii) = (iv).
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Let A° denote the interior of A C R¥ and let A~ denote its closure. If (iii)
is valid, and let {n"} be any subsequence of {n}, then there exists a sub-
subsequence {n®} of {nM} and a set N C Q, such that P(N) = 0, and for
any subsequence {n®} of {n®}, and for each w € Q2 — N there exists a sub-
subsequence {nW} of {n®} such that the sequences {1, (w)}, {024 (w)}
are convergent, and we have

1i(I4T>lf La—dN (ppo (W), 024y (w)) = limsup E(1a4-(X,@)[Cpw ) (w)

n()
> lim(s)up E(1a(X,w)[Crn) (w)
hmlnf E(14(X,0)|Chw)(w)

)

>

> hﬁ?i)nf E(140(X,)|Ch)(w)

> hmfledN ) (W), 02y (W)).

If A is N(0, I1,)- continuity set, then ng)lf LoadN (p,m (W), 024y (w)) = 0.
Consequently,

B(La(X0)[Cu0)(@) = [ LadN (o (@), oow)) = 0.

4 oo

And therefore, Vw € () — N we have

E(La(X,)|Coto) (@) — / LadN (0 (@), 02 () — 0,

n(2) —oo

which implies that

E(14(X,)[C) - / LadN (i, 02) 2 0.

Moreover, we can easily see that the condition (iv) in this theorem is equiv-
alent to the following one.

Let {A;, Ay, -+ } be a countable family of N'(0, I )-continuity sets in R, and
let {n®} be any subsequence of {n}, then there exists a sub-subsequence
{n®} of {nM} and a set N C Q, such that P(N) = 0, and for any subse-
quence {n®} of {n®}, and for each w € Q— N there exists a sub-subsequence
{n®} of {n®} such that

B(La(Xo0)|Coto) (@) — / LadN (pnis (@), 020 (@) — 0,

n4) —oco

VA € {Ay, Ay, -+ 1.
Proof of (iv) = (iii).
Since 0{x : d(x, F') < ¢} is contained in {x : d(x, F') = 0}, we find that these
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boundaries are disjoint for distinct §’s, and then there exists a sequence {0,},
such that 0; — 0, and the sets F; = {z,d(z, F) < ¢;}, j € N. If (iv) is

j—00

valid then for {Fy, Fy,---}. And let {n(V} be any subsequence of {n}, then
there exists a sub-subsequence {n®} of {n¥} and a set N C €, such that
P(N) = 0, and for any subsequence {n®} of {n(®}, and for each w € Q — N
there exists a sub- subsequence {n®} of {n®} such that
E(1p,(X,0)|Ch@) (W) = [ 15, dN (@ (W), 02 (w)) o= 0VYjiEN

Consequently, by routine and easy computations, as in page 14 in Billingsley
[1968], we have the validity of (iii) for F', and by complementation, we have
also the validity of (éi7) for G.

Proof of (iii) = (7).

It is sufficient to prove this implication in the case where 0 < f < 1, and f
is continuous. Let us define Fj; == {z :i/j < f(x)},i=1,2,--- 7.

And Consequently,

{Fj, i=1,2,---; j=1,2,---} is a countable family of closed sets in RF.
Let P be a probability measure defined on R*, then we have

J_ . ) )

>0 =P S < f(a) fdeP’<Z SP{a: 5 < fa) < 5

=1

And consequently, we have

1219’ ji) < J fdP <5+ Z]P’( Fyi),

If (mz) is valid, and let {n! } be any subsequence of {n}, then there exists
a sub-subsequence {n®} of {nM} and a set N C , such that P(N) = 0,
and for any subsequence {n®®} of {n®?}, and for each w € Q — N there
exists a sub-subsequence {n¥} of {n®} such that the sequences {s, @ (w)},
{024 (w)} are convergent and

limsup E(1p(X,w)|C,@)(w) < lig)l/lpd./\/'(un@) (w), 0'2<4> (w)),
n(4) n

forall F e {F;, 1=1,2,---; j=12,---}.

Moreover, we have

J
hm(S)up E(f(X,m)[Cow)(w) < 5+ 322 1i<{f)lf Ly, dN (pt (W), 024y (W) <
a4 i=1n

<L tim [ AN (o (), 02 ().
By letting j — oo, we obtain

1im<§>up E(f(Xo)[Cow) (@) < lim [ faN (o (@), 070 (@),

we replace now f by —f, and then we obtain
lim it E(f(X,00)[Coco) (@) > limm [ AN (o (), 0% ()
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Therefore, we have

E(f(Xn<4))|Cn<4> — [ faN (o (), 020 (W) — 0.

n4) —oco

The proof is complete. OJ

Corollary 1.3.6. Similarly as we did at the beginning of the proof
of theorem 1.3.4, here also in theorem 1.3.5 we can release the conditions
imposed on the sequences (1, )nen, (02)neny Where we assume here that these
sequences are stochastically bounded, and for each n € N, pu,,0? are C,-

measurable. We assume further that Ve > 0 : 3y > 0, Ing € N, such that
P{|det(c?)| =7} > 1—¢, VYn =ng

Then the conditions (i), (ii), (iv) in theorem 1.3.5 are equivalent.

Theorem 1.3.7. Assume the same situation of corollary 1.3.6.
If PxX, ~ N(un,02) (C,), and let h : R* — R be measurable and
the set of discontinuities of h is negligible with respect to N(0,I;), then
P h(X,) ~ N (tn,02)h™! (C,) or more explicitly

E((h(X.))Ca) /f VAN (s 02) 220,

for all bounded uniformly continuous functions f : R¥ — R.

Proof: 1In a similar way as theorem 5.1 in Billingsley [1968], theorem
1.3.5, and corollary 1.3.6, it is sufficient here to prove the assertion in the case
where for suitable M > 0, v > 0, and Vn € N, we have P{|| p, [|[< M} =1,
P{l 02 I|< M} =1, P{|det(02)| > 7} = 1.

We want to prove that for a given closed set F' in R*, and a subsequence
{nM} of {n}, there exists a sub-subsequence {n®} of {n™M} and aset N C Q,
such that P(N) = 0, and for any subsequence {n®} of {n®}, and for each
w € 2 — N there exists a sub-subsequence {n®} of {n®®} such that the
following inequality is well-defined and valid

limsup B (Le(h(X,0)ICyo) (&) < lim [ (b)) iy (@), 0210 (0).

For this, let (h~1(F))” be the closure set of h™1(F). And let us denote the
set of discontinuities of h by Dj,. From the hypotheses D, is negligible with
respect to N(0, I) and (h"1(F))” C D, Uh™L(F).
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Let {n™M} be a subsequence of {n}, then there exists a sub-subsequence {n®}
of {nM} and a set N C €, such that P(N) = 0, and for any subsequence
{n®} of {n®}, and for each w € Q— N there exists a sub-subsequence {n*}
of {n®®} such that the following computations are valid

limsup E (1p(h(X,®))|Chw) (w) =

n(4

= hm(s)up E (1h_1(F) (Xn(‘l))‘cn(‘l)) (Cd)
n4

n®)

< lnlg)lf 1(h—1(F))*dN(/~Ln<4) (w>7 0721(4) (w))
= limf 1h*1(F dN( oy (4) (W)a 0'72l<4) (W))
= hmflp ()AN (e (w)70721<4) (w)). -

Let h,, n € N, and h be measurable functions from R* to R, and let D
be the set of all x € R*, such that there exists a sequence (x,)ncn, Where
z, € R¥ Vn € N and x, — z, but h,(z,) — h(z) fails to hold.

Then it is known that this D is N (0, I} )-measurable.

Theorem 1.3.8. In the same situation of corollary 1.3.6, and
if PxX, ~ N(un,02) (Cn), and N(0,I;;)(D) = 0, then P * h,(X,) ~
N (pin, c2)h,t (Cy), or more explicitly

E(f(ha(X.)IC) /f NN (j1s 02) L0,

for all bounded uniformly continuous functions f : R¥ — R.

Proof: It is sufficient here to prove the assertion in the case where
for suitable M > 0, v > 0, and Vn € N, we have P{|| u, ||< M} =
P{|| 6% ||[< M} = 1, P{|det(c2)] = v} = 1. By applying theorem 1.3.5,
and computations which are similar from theorem 5.5 in Billingsley [1968]
we conclude the validity of this theorem.

And for this, we want to prove that for a given open set G in R¥, and a sub-
sequence {nM} of {n}, there exists a sub-subsequence {n®} of {nY} and a
set N C Q, such that P(N) = 0, and for any subsequence {n®} of {n®},
and for each w € Q2 — N there exists a sub-subsequence {n™®} of {n®} such
that the following inequality is well-defined and valid

liminf £ (1 (A (Xo@))[Cos ) (W) 113)1/1G(hn<4)('))df\/(un<4> (w), oo (@)).
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Since D is negligible with respect to N(0, I,),
we find that G is a hg)l./\f(un@)( w), 02y (w))h L -continuity set, and it is

sufficient to prove

liminf B (1 (hnw (Xnw))|Crw) ( 11111/1(; )AN (o) (W), 020 ().

For this, let 7j := N;h; '(G), and for each [ € N let T be the interior set
of Tj.

We note that h=1(G) € DUX, T7. Let {n)} be a subsequence of {n}, then
there exists a sub-subsequence {n®} of {n"} and a set N C €, such that
P(N) = 0, and for any subsequence {n®} of {n(®}, and for each w € Q — N
there exists a sub-subsequence {n®} of {n(®} such that the following com-
putations are valid

hmledN o, (4) (w) 02(4) (u))) 0

hmf Lo (h(-)dN (b (W), o n(4> (w)) =

= ngglflh 1@ dN (@ (W), o n(4> (w))

= i J T, 200 (o (), 20 1)

Let € > 0. SinceT C Ty 1,forl_l, 2, -++, we have

hmf la(h )dN(Mn<4)( ) 02w (W) <

< hmf LpodN (pty (w), 024 (w)) + ¢, for sufficiently large 1.
< hm(mf E (1Tl"(X (4))|Cn(4)) (W) +¢€

n

liminf F <1h’(1)(G) (Xn(4>)|C 4)) (w) +e

We conclude finally the validity of the inequality
lin [ (AN o (), 0% () < Tininf B (16 (0 (X,00)) [€,0) ()
The proof is complete O
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Chapter Two

Stochastic Processes

In this chapter we shall discuss some stochastic processes which satisfy cer-
tain characteristics. Where we focus here on the d-dimensional Brownian
motions and also the d-dimensional Brownian bridges. We introduce some
central limit theorems and we put some applications. All these issues will
be used later in chapter three in building the results related with multivari-
ate permutation test statistics. And we mention here that, the conditional
distribution limit theorems which are introduced in chapter three can be
considered as direct consequences of the applications of this chapter. In the
same way, one can derive many limit theorems in the field of permutation
test statistics. And actually, one can build a comprehensive theory where
the conditional expectations play the role of the ordinary expectations in the
classical theory of testing hypotheses. And we have just opened a way for
that in this dissertation.

2.1. Gaussian Processes and Some Essential Concepts:

We begin with the well-known concept of a general process. Let (2,4, P)
be a probability space, (S, B) an arbitrary measurable space, and 7 an arbi-
trary set. The family of measurable functions (X;) ., is called a stochastic
process, defined on (9, .4, P), with state space (S, B), and index set 7.
Also, one can see that, if 7 is the set all positive integer numbers { 1, 2, 3,
-}, and § = R, the set of all real numbers, and B = B the Borel o-field
on R, then (X;) . is the sequence of random variables X;, X, ---. And if
7 ={1,2 ---,d}, then we obtain a d-dimensional random array. Also a
general process can be considered as a single random mapping X from € to
ST, the set of all functions from 7 to S, see R. Ash [1975].
X(w) :={X,(w): 7€ T}, and 87 is provided with the o-field A7, where

A7 ::"({wesfzw(Tl)eBl,--- @ (Tm) € B} :
c T, Tm €75 and By, -+, By, € B, formEN).

Now, we shall introduce the concept of the d-dimensional Gaussian pro-
cesses.

If S =R?Y B =B and T = R, then we call X a d-dimensional Gaussian
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process iff for each t1, to, ---, t, € 7, and for n = 1, 2, ---, the random
array (X (t1), -, X(t,))" has normal distribution.

Before we introduce the d-dimensional Brownian processes, we begin with
the definitions of the spaces (C[0,1])%, (D[0,1])?, and we focus on some of
their features.

(C[0,1])* is the space of all continuous functions from [0,1] to R?, provided
with the metric

D(x,y) := sup [lz(t) = y(1)], Y,y € (C[0,1])"

0<t<1

where

o ! (AL Lyt d
] = fg;gglvl, Vy = (v %) e RY

The topology generated by this metric is called the uniform topology, and it is
known that, the space (C[0,1])% is complete and separable under this metric.

(D]0,1])* is the space of all functions z defined on [0, 1] and taking values
in R?, such that x is right-continuous and has left-hand limit at any point
te0,1].

lim Z’(t) = LC(to), vto S [O, 1),
tlto

and

lim z(t), is exist, Vi € (0, 1].
tTto

And it is known that, there can be at most finitely many points ¢ at which
|z(t) — liTm z(t)|| > €, for a given € > 0. Moreover, x has at most countably
tTto

many discontinuities, and it is bounded.

sup |[z(t)[] < oo.
0<t<1

Let A be the set of all strictly increasing, continuous functions A : [0,1] —
[0,1]. If A € A, then A\(0) =0 and A(1) = 1.
We define the metric here D as the following

D(x,y) = inf{€¢ sup [A(f) — ] <&, sup [lz(t) —y(ME)| < 6},

<<l SIS
¥,y € (C[0, 1))".
It is known that the topology generated by this metric is called the Skorohod
topology. And the space (D0, 1])d is separable but not complete under this
D. It exists another metric Dy which generates the same topology but the
space (D]0, 1])d is separable and complete under Dy.
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Do(x,y) = inf {5 ©osup ‘log %
0<s<tkl

<e sup et - OO <=,
0<t<1
, Va,y € (D[0,1])".
For more details see Billingsley [1968].
We are now at the suitable position to introduce the concept of the d-
dimensional Brownian processes.

We define a d-dimensional Brownian motion W as an array (Wl, w2, ...,

t
we ) where W', W2, ... W are independent one-dimensional Brownian

motions. Let p be the Wiener measure, defined on the space (C[0,1])%, then
the identity function W defined as the following

W (€0, 1) — ([0, 1))

W(w) =w, Yw e (C[0,1])

is called the standard d-dimensional Brownian motion. And we shall use
the symbols W, and p when we want to deal with d-dimensional Brownian
motion and Wiener measure, defined on (C[0,1])%.

Also similarly to case when d = 1, here we define the standard d-dimensional
Brownian bridge W as the following

we s (€0, 1)) — (C[0, 1))

W(w) =®, Yw e (C[0,1])?,

and where
O(t) == w(t) — tw(1).

And consequently,

(Wto)o<t<1 ~ (Wt - th)0<t<1 :

Where Wy(w) 1= w(t), We(w) := @(t), Yw € (C[0,1))%, and Vi € [0,1].
And in words we say that, the processes (W¢),; and (W — tW1),,, are
equivalent.
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2.2. Central Limit Theorems:

In this section, we generalize some of the theorems in chapter four in Billings-
ley [1968]. Where we prove these theorems in the case of d dimensions. One of
these theorems characterizing d-dimensional Brownian motions, and another
one characterizing more general d-dimensional Gaussian processes. Also, we
introduce asymptotic forms of these two theorems. We mention here that
one can use these theorems to build many applications as we shall see in the
next section.

Definition 2.2.1. Let X be a random element defined on (€2, A, P)
and taking values in (D0, 1])%. We say that X has independent increments
iff for all partitions of [0, 1]

0<to <ty <~ < <1, keN
Then the increments
X(t1) — X(to), X(t2) = X(t1), -, X(t) — X(tx-1)

are independent under P.

Theorem 2.2.2. Let X be a random element defined on (€2, A, P)
and taking values in (D|0,1])? such that it has independent increments and
satisfies

P{X € (Cl0,1))"} =1, E(X(1)) =0,
and
E(X()(X(¢)") =tl, Yt e [0,1].

Then X is distributed as W, where W here is a d-dimensional Brownian
motion. In symbols X ~ WW.

Proof: Since X has independent increments, we have for s < ¢, and
li,ly € {1,2,---,d}, X"2(s), and (X" () — X"(s)) are independent under
P, and from the assumptions imposed on X, we find also

E(X"(1)X"2(s)) = E (X"2(s) (X"(t) — X" (s))) + E (X" (s)X"(s))

B I . O s L #

_O—I—E(X (S)X2(S)>—{S =1

Consequently, for general s, t, taken from [0, 1], we have

E(Xh(t)Xlg(s)):{ 0 h#b

min(t,s) : =1y’
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And this will lead to
E(X(t) (X(s))") = min(t, s) I, Vt,s € [0,1],

E(X() (X(3))") = min*(£,8), Vi, 35 € ([0,1])¢,

where
EZ: (ttha e 7td)t 3

5= (81752;"' 7Sd)t7

X<t~) = (Xl(t1>7X2(t2)7"' 7Xd(td))tv

t

X(8) := (X"(s1), X*(52), -+ X¥(s0))

min(ty, s1) 0 e 0
. 0 min(tg, $2) - -- 0
min* (¢, §) := _ (.2 2 , : )
0 0 -+ min(tg, Sq)

E((X(t) = X () (X (1) = X(5))) = [t = slLa, Vt,5 € [0,1],

and from the assumptions we conclude also that P{X(0) =0} = 1.

Now, we shall show that to prove the validity of the assertion of this the-
orem, it is sufficient to prove that X(¢) — X(s) has normal distribution
N(0,(t — s)I) for s < t. Since X has independent increments, this will
imply that the random array (X(t1),X(t3),---,X(tx))" for ty, to, -+, tg
€ [0, 1], has normal distribution N (0,T"), where

tlld min(tl, tg)]d s min(tl, tk)]d
r min(tg, tl)]d tgld A min(tg, tk)]d
min(tk, tl)Id min(tk, tg)]d s tkfd

So far, we found that if we prove that X(t) — X(s), for s < ¢, has normal
distribution, then this will lead to the fact that all finite-dimensional distri-
butions of X and W are identical, and consequently X ~ W indeed.

And actually, if X (¢), for ¢ € [0,1], has normal distribution N(0,¢1;), then
X(t) — X(s), for s < t, has normal distribution N(0, (t — s)I;). And this
comes from the fact that X (s), X(t) — X(s) are independent and from the
following equalities

B (530 = B (¢HKOX) (X0 | v e B,
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. 1
B (ezu X(t)) _ eXp(—iﬂzttIdﬂ)? Yu € Rd’

- 1

and consequently
. 1
E <6wt(X(t)_X(s))) = exp(—§ﬂt(t — 8)14), Vi € RY

Now, since X € (C[0,1])¢ with probability one, we find e X(®) — @' X(1)

t—1

almost sure for all w € €. And since |eiﬁtX ] =1, vt € [0,1], we conclude
that
E <€iﬁtX(t)> B (eiatX(1)> .
t—1

Therefore, to achieve our goal here it is truly sufficient to prove that X (t),
for ¢ < 1, has normal distribution N (0, t1,).

So, let us now prove that the random array X(t¢), for ¢ < 1, has normal
distribution N (0, t1,).

For this let (¢, ) be the characteristic funtion of X (t), where

o(t, @) = o(t;ur, ug, -+ ,uq), @ = (ug,ug, -+ ,ug) € R?,

and -
o(t, i) = F (e“‘tX(t)> :

We are to show that o(t, @) satisfies the differential equation
=33 R
ulo(t,a), 0<t <1, a€R%

And since the system

gﬁ(t, INL) _ E (eiatX(t))
3 d ., 0<t<1, aeR?
Be(t,n) = 3 Lufe(t, D)

has the unique solution (as we shall see below in the note, see also p. 155 in
Billingsley [1968])



this will lead to the normality of the distribution of X (¢), for ¢t < 1.

If f satisfies f'(t) = A(t)f(t) with A continuous, then its ratio with the nonvanishing
function fo = exp fot A(7)dr has derivative 0, so that f(t)/fo(t) = f(0)/fo(0) = f(0).

So, it remains to prove that (¢, @) satisfies the mentioned differential equa-
tion.
We want now to show that

lim

Sp(t + ha 11) _ @(ta fb) _
110 h -

d
> uie(tw), 0<t <1, aeR
=1

N | —

Where the left side of this equality is equal to %(t, a)for 0 <t <1, u€RY
since the right side is continuous in ¢.
Fix t < 1 temporarily. For notational convenience let us put for h > 0

t

A(h) == (AY(R), -, AYR)),

and
AUR) == XMt 4+ h) — X'(t), 1=1,2,--- ,d.

From the assumptions we have

E(A(R) =0, and E (A(h)(AR)) = O(h),

where
h 0 - 0
0 h - 0
O(h)=1. .
00 - h

— F (eiﬂtX(t) (eiﬂtA(h) _ 1))

_E (eiﬁ’tX(t) (mt A (h) = L (it A () + (it A (h)))).
Where the function ¢(-) is satisfying that

- 1
e =1+iv— 51)2 +¢c(v), Yv € R,
and |c(v)| < min(|v[3,v?) Vv € R.

For this, we see
| (v)| = |—ie®| =1, Vv € R
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—

Of | (7) ] dr

= ‘f " (T)dr
0

= |"(v)] <
— |d(v)] <
— Je(w)| < Hop < JoP, o e R,

and also similarly,

()] = —e”+1] < 2

= |c(v)| < 0%, Vv €R.

So, we conclude the validity of the inequality |c(v)| < min(|v|3,v?), Vv € R.
Now, since X (¢) and A(h) are independent, we have

(p(t + h> fb) - @(ta fb) =

d
= olt,) (3 S+ Bl A M),
But since |p(t, )| < 1 we conclude

- - d
()O(t + h7 U) B 90(t7 U) 1 2 ~
+ 5 ZXI: U @(t U)

<5 E(le(@am)l),

SRS

h

and
e (@ & ()| < |at A ).

Hence, it is sufficient to prove

1 _ :
ll%ﬁ]lEE (}ut A (h)‘3> = 0.

But also we can assure that (by applying Holder-inequality)
d 3
@t A )] <K fud ()]
1=1

is valid for some universal constant K, where the value of this constant
depends only on d.
Therefore, it is sufficient to prove

o1 3
lim> £ (\Al(h)y ) —0, forl=1,2,---.d.

Since X', for each | = 1,2, -- -, d satisfies all assumptions of theorem 19.1 in
Billingsley [1968], and from the computations in p. 156 in the same book,
we find that the wanted limit is valid for each [ =1,2,--- ,d.
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Hence, the proof is complete and the assertion holds. O

Definition 2.2.3. Let X,, n = 1, 2, ---, be random elements
defined on (Q, A, P) and taking values (D[0, 1])¢. We say that the sequence
(Xn), oy has asymptotically independent increments iff for all partitions of
[0,1]

neN

0<s <t <sg <Kty <- <8 < 1k3€N

Then the quantity
P{X,(t;) — X,(s;) € H;, j=1,2,---  k} — HP{X X,(s;) € H;}

converges to zero as n tends to infinity, for all Borel sets Hy, Hs, -+, Hy €
B? k € N.

Theorem 2.2.4. Let X,,, n = 1, 2, ---, be random elements
defined on (2, A, P) and taking values (D[0,1])¢. Suppose that the se-
quence (X,),.y has asymptotically independent increments, and the se-
quences ((be(t))2> Jforl=1,2,--- d, t €0,1] are uniformly integrable.

neN

Suppose further that
E(Xn(t) — 0,

n—-—oo

and

E (X, (t) (Xa(t)") — tly, Ve [0,1].

Suppose finally that, for each positive e, and 7, there exists a positive § such
that
P{w(X,,0) 2 e} <n, Vn =

is valid for some ny € N large enough. Where

w(x,0) = sup |z(s) —z(t)], z = (', , 2N € (D]0,1))?,

[s—t|<d
0<0<1,s,tel0,1], and |x(s) —x(t)| := fglag;!x (s) —a'(t)].
Then X, -2 W.

Proof: Similarly to the proof of theorem 19.2 in Billingsley [1968], we
can write here the following arguments:
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Since E ((Xfl(O))2> — 0, for each I = 1,2,--- ,d, we conclude that the

sequences (Xi(O))neN, [ =1,2,---,d, are tight. And from theorem 15.5 in

Billingsley [1968], we find that the sequences (Xfl)neN, [ =1,2,---.d, are
tight, also the sequence (X,),cy is tight. This means (by Prohorov’s the-
orem) that each subsequence of (X,),y, contains further sub-subsequence
that is convergent in distribution. Let X be the limit in distribution of a such
sub-subsequence, then also from the same mentioned theorem 15.5 we find
that P{X'€ C[0,1]} =1,1=1,---,d. This implies P {X € (C[0,1])?} =
1. We are to show that any such X must be distributed as W.

First, without any loss of generality we can assume that

X, = X,
From the assumptions, and from theorem 5.4 in Billingsley, we find that
E(X'(t)=0,1=1,---,d, Vt€[0,1],

and

E(XHULXQQD::{g iéiigz,thzlf-wd,Vte[Qly

These equalities imply that
E(X(t) =0, E(X(t)(X(t)") =t Yt €[0,1].

Now, since (X},), oy has asymptotically independent increments, we have for
all partitions of [0, 1]

0<81<t1<82<t2<"'<8k<tk<1, ]{JGN,

the quantity

P{X,(t;)) — Xu(s;) € Hj, j=1,2,--  k} = [[ P{Xu(ty) — Xuls;) € Hy}

converges to zero as n tends to infinity, for all Borel sets Hy, Hy, ---, Hy €
B? k € N.
Since X, P, X we have
Xn(tl) —Xn(Sl) X(tl) —X(Sl)
s = z
Xn(tk) — Xn(sk) X(tk) — X(Sk)
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And consequently, we find
P{X(t;)— X(s;) € Hj, j=1,2,--- ,k} — HP{X X(s;) € H;} =0,

for all Borel sets Hy, Ho, ---, Hy € B?, k € N, satisfying that
P{X(t;)— X(s;) €0H;} =0, j=1,2,--- , k.

Where for each j, the set 0H; stands for the boundary of the set H;. This
will lead to the validity of the equality

P{X(t;) = X(s;) € Hy, j = k= HP{X X(s;) € Hj},

for all Borel sets Hy, Hy, ---, H, € B¢, k € N.

This means that the increments X (¢;) — X(s;), for j =1,2,--- |k, are inde-
pendent under P.

Let s;j41 tends to ¢;, for j =1,--- ,k — 1. Then

X(tjs1) = X(sjr1) — X(tj) = X(y) [P], for j=1,--- k- 1.

Hence,
X(t1) — X(s1) X(t1) — X(s1)
X(t2) — X(s2) X(t2) — X(t1)
X(tg) — X(S3) L X(tg) — X(tg)
X () — X(sp) X () — X(tp 1)

Put ty := s; we conclude easily
k
P{X(t;) = X(t;m1) € Hj, j=1,2,-- k} = [[P{X(t;) - X(t;-1) € H;},

for all partitions of [0,1], 0 < tp < t; < -+ < ¢ < 1, and for all Borel sets
H,, Hy, ---, H, € BY, k € N, satisfying that

P{X(t;)— X(s;) €OH;} =0, j=1,2,--- k.

And also this will imply that
k
P{X(t;) = X(tj-1) € Hj, j=1,2,--- k} = [[ PAX(t;) = X(t;-1) € H},
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for all partitions of [0,1], 0 < tp < t; < -+ < ¢ < 1, and for all Borel sets
Hy, Hy, ---, H, € B, k€ N.

This means that X has independent increments by definition indeed.

And therefore, the assertion X ~ W is valid by theorem 2.2.2. OJ

Theorem 2.2.5. Let X be a random element defined on (€2, A, P)
and taking values in (D[0, 1])¢, such that
P{X € (C[0,1))%} =1, P{X(0) =0} = 1.

2

Suppose that the functions p,o? are defined and continuous on [0,1) and

taking values in R
t
p = (pla T 7pd)t7 0-2 = (0‘%’ e 70-621) )
and for each [, the function o7 is nonnegative. Let us put for ¢ € [0,1)

t
g1(t) :=exp /pl(T)dT ,1=1,2,---,d,
0
t
Gi(t) :== /a?(r)gl_Q(r)dr, [=1,2,---,d.
0
Suppose that the limits tliin1 gi(t)G,(t) exist and are finite.

Suppose finally that X satisfies the conditions [1] (or [la]), [2] (or [2a]), and
[3] (or [3a]), where

[1]If0<t; <ty<--- <t <1, then

(L] lim ;B {‘E { X!tk + h) = X' (1) | X (1), X (t2), -+, X (t) } —

—hpi(tr) X (tx)

}zO,forlzl,---,d,

[II ] 1}3101 %E{‘E {(Xl(tk +h) = X)) | X (1), X (t), - ,X(tk)} -

—hoi ()

}zO,forl:1,~-,d,

and
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[T1T | llgrol iE {’E{ (X" (tk + h) — XU (ty)) (X2(te + h) — X"2(t)) |

| X (t1), X (t2), - -- ,X(tk)}’} =0, for I} # I,.

[la |If0 <t <t <o+ <ty < 1, then for all @y, 1y, -+ -, 4 € RY

[T ] lim lE{ (expi i a§X(tj)) (Xl(tk +h) — X' (ty)—

hlo =
600)} 0ot

k

1T ] 1}%1 %E{ (expi S a;x@y)) ( (X!t +h) — X'(t))" —

=1

—ho?(tk))} =0,forl=1,---.,d,

and

[TII ] lim %E{ (expi ia;x(tj)) (X (te + h) — X" (1))

Jj=

(XZQ(tk + h) - Xb(tk)) } = O, for ll 7é lg.

2] sup E ((Xl(t))2> < oo, forl=1,2--,d.

te(0,1]

[2a | lim sup ‘Xl(t)|dP:(), for{=1,2,---,d.
a_’oote[ovl]{‘Xl(t)’>a}

[3 ] There is a constant K such that for each [ =1,--- ,d
E{(x!() = X'(1))* (X'(02) - X'(0)°} < K (12— 12)?,
for all tq, t, to satisfying 0 < t; <t <ty < 1.
[3a | lim limsup i (Xl(t+h)—Xl(t))2dP:O,

T hlo {(Xl(tJrh)le(t))Z;ah}
foreach [ =1,--- ,d, and for all 0 <t < 1.
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Then X is the continuous Gaussian function specified by
E(X(t)) =0, vt €[0,1],

and for 0 < s <t <1
s s t
o (Xll(S>Xl2(t>) _ [ of(r)exp <f p(T)dT + fpl(T)dT) dr , for l; =l
0 r I :
0 , for 1y # 1y

More specifically,

g1(t) (1 + Gi(1)) W(“Gl(t) )

TrC1 (D)

(X(t))ogtgl ~ : ’
94(t) (1 + Ga(?)) Wfdcdm

1+Gd(t)) 0<t<1

where here, the random variables W°!, W2, ... W are independent one-
dimensional Brownian Bridges, and also we put

Gi(1) o Gi(t)
) gy Y g9 g
1+Gl<1> tinl 1+Gl<t)’ T T

and
a(1) (1 +Gi(1)) == tli_rg at)(1+G(t), 1=1,2,--- ,d.

Proof: In the proof we assume that the conditions (1a), (2a), and (3a)
are satisfied. Where similarly to theorem 19.3 in Billingsley [1968], we can
assure that (1)=(1a), (2)==-(2a), and (3)=(3a).

We shall show first that all finite-dimensional distributions of X are normal.
Secondly, we show that X satisfies the mentioned assumptions, related with
the expectations E(X(t)), for 0 < ¢ < 1, and also E (X"(s)X"(¢)), for
0<s<t<1, 1<l <d. Finally, we clarify the mentioned form of the
distribution of X.

For k£ € N, let us fix points t;, j = 1,---,k, such that 0 < #; <t <
- < t, < 1, also we fix @y, Ug, ---, Up € REL Let t, @ vary over strip

th <t<1,aecRY

Put

¢ (t,a) = E{exp (i [a{ X (t) + - + @, X (ty) + @' X (1)]) }

44



and

So, we can write

Y(t,a)=F (ezze“‘ Xm) .

For notational convenience, let us put also

U = (U, -~ ,Udj)t, for j=1,---,k, and @ = (uy,--- ,uq)".

We are to show that v (¢, @) satisfies the differential equation

€0 =3 (w3 60) - gtk (ta)).

1=1
and next we shall solve this equation.

To do this, we prove the validity of the limit

d
H (0 h) = (1. 0] = 3 (w032 (13) ~ hado? )0 (1. ) \ ~0.
And we prove also that the function

lim |+
R10

> (w52 (.0 - gutoton (.0)

=1

is continuous in ¢, where this will lead to the validity of the equality

o 1 - -
875( )_%{gh[w(t—i_f%u)_w(t?u)]'

For this, we deal with the functions 1, 2 a JI=1,---,d.
We begin with 1 (¢, @) = E (e* el Xt )
It is clear that the function ¢ is continuous in ¢, @ jointly in the strip

ty <t<1, weRY,

since
st
ezZew X(t)

{X e (Co, 1])d} —1,

and if (t,,u,) — (t,a), then

n—-auoo

n—--auo0o

<61Z€zu X(tn)> _ (ezZezu X(t)) [P]
And consequently, by the bounded convergence theorem we have

E <ezZ€zu X(tn)> - % E (ezZezu X(t))

n—-—uoo
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Also, for each [ = 1,--- ,d the equality

oY - iZ_iatX(t)
For (1) = E(le(t)eze X)

is valid, since

in(t)eiZeiﬂtX(t) _ |Xl<t>

and from the condition (2a) (also see the arguments in p. 32 in Billingsley
1968)).

Moreover, the condition (2a) implies also that the function g—i is continuous
in ¢, @ jointly in the strip

t<t<1, aeR%
To explain this we put
A (t, ﬁ) ZXZ( ) iZ zutX(t)

So, we can write
o
8ul
If (t,a,) — (t,a), then E (A (t,,a,)) — E(A(t,0)),

since the sequence (A (t,,y)),cy is uniformly integrable, and also

(t,4) = E (A (t,0)).

A(ty, u,) — A(t,a) [P,
(see theorem 5.4 in Billingsley [1968]).
So far, we have proved that the functions v, g—i, forl=1,---,d, are contin-
uous in the strip
ty <t<1, 0eRL

We turn now to prove the validity of the limit

lim |1 [ (¢ + h, @) - vita)] - 3 (un)2 u)—%u%a%(tw,a))\:o.

in the same strip.
To simplify the computations we put for h > 0

and

Yt + h,a) —P(t,a
E( zZ zutX() (ezﬁtA(h) _ 1))
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—E (eizeiﬂtx(t) (mt A (h) = L (@t A (h)? + (it A (h)))).
Where the function c¢(+) is satlsfylng that

- 1
e =1+ — 5112 +¢c(v), Yv € R,
and |c(v)| < min(|v]?, |v]?) Vv € R.

MUY (085~ i 06 0.0) <

<R (7™ x0 it & () - 3 w032 (00)| +
+ %E<QZZ@“L < 2 (ut AN (h)) >>+ Zulal()z/)(t )| +
+ \éE (€26 X0 (c(it A (h))))]
<L BB (X0 [A1R) = b X O)])| +
+,é g E (ezZe X(t) [(Al(h)f — ha?(t)D +

+l§l |uzlum! ‘E( at X (t) [All(h) Nl (h)])‘+
+3 B (le(@ A (h))]) -

But from condition (1a) we conclude that the quantity

S E (6268 X0 [Al(h) — hp(H) X' (1)]) | +

R

+ ; |“11“l2| ‘E ( iZ iﬁtX [All Al2 D‘
1 2
tends to zero as h | 0. It remains to show

1 ~t
EE (|e(@* A (n))]) s 0.

Since |c(v)| < min(|v|?, [v]?) Vv € R, we can assure that

BB (el A <K | max ()5S [ (a'm)*dP+
(atn))*zan

d
3
e ()3 S [aiwfap
1<I<d -
= (Al( )) <ah
is valid for some universal constant K, where the value of this constant de-
pends only on d.
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For example take d = 2, then
E (le(@t & (0)]) = E (Je (un A () +uz A2 (1))
= J + J + J + J :
(AYR)? = ah  (AYR) = ah  (AY(R)? <ah  (AYR)® < ah
(A2(h) ho (02(h) <ah  (D2(h)* = ah (A%(h)° <ah
Now, for the first, second and the third integral we use the inequality |c(v)| < (|v|?),
but for the fourth one we use |c(v)| < (|v]?). Also we use (v; + v2)? < K(v? + v3),

lv1 +v2)? < K(Ju1]? + |vg)?). Finally, inside the second and the third integrals, we replace

2
Z«
2
Z o

(Al(h))Q, and (A? (h))2 by their maximum, and we use the linear property for all inte-
grals.

RE (@ S <K | max ) 13 [ (8l0) dP | +

d
T (AkR)) zah

+K max (|ul|3) azhzd
1<i<d
Hence, by using the condition (3a) we find

1 4 _
%%EEqduﬁqmﬂ)_u

So far, we have proved that the function ¢ (¢,a) = E (e# emtx(t)) satisfies
the differential equation

in the strip
te <t <1, aeR%

Now, we shall solve this equation and find the general form ¢ (t,%) that
satisfies this equation together with

b (t i) =E <€¢Z€mtX(t)> _

For this, let us put for arbitrary o = (vy, -+ ,v4)" € R?

s

Ay (8) = v exp —/pl(r)dT ,1=1,2,---,d, and t;, < s < 1,
tg

>\17 = <>\v17 o 7)\vd)ta
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and
g5(8) == (s, A5(8)), tp < s < 1.

Let us compute the derivative < g;(s). By the chain rule we have

gi(s) = 1y (s, Ag(s +Zwmm X (),

g5(5) = 1 (s, Aal(s +szlm —pu($)Au(s)]
where o0
¢1 (t,ﬂ): at( )7
and o0
oy (t, ) = 0ul< w), l=1,---,d.

But also we have have

Z (uzf)z Y (t,0) — %ul of () (t,a)) ,

=1

d 1 2 2
) =3 (M) (05D = 2 (1026 ()

=1

~

and

) =3 (M) (5 3a(6) = 52, ()o2ohanls) )

=1

Hence,




d S
g5(9) =g ) exp | 5 3 [ Aot r)ar

=1

v (s uls) = ¥ (et exp | =5 3 [ X0t r)ar

0 (sl = ¥ (et exp | 5 3 [ X (r)otar

Let (t,@) be an arbitrary point in the strip
ty <t <1, a€RY

and let us take
t
U = U €Xp /pl(T)dT , forl:l,... ’d'
lk
Then we obtain
As(t) = @,
t
)\il(r) = U exp 2/pl(’7')d’7‘ L forl=1,---,d.

T

Therefore, we find that the equality

=1

d
WV (t,a) = (ty, U * a) exp (—% Zu?b?) ,

is valid in the strip
ty<t<l1, @R

Where
~ t
U::(U,l,“‘,U/d) )
a = ((1/1,"' 7ad)t7
U a = (uay, ,Uglq)



and

¢ ¢
b7 = /af(r)exp Z/pl(T)dT dr, 1=1,--- ,d.
i v
Now, let us put
2o - 0
o |0 B 0
0 0 b2

Consequently,
1
Y (t,u) = (tg, @ * a) exp (—iﬁtb%}) :
and also by using
b () = B (26 X0)
we get

E {eXp (z (@t X (t1) + - - + @b X (tg,) + @' X ()] ) } =

=F {exp (1 (@ X (t1) + -+ AL X (t) + (@ % a)’ X(t)] ) } exp (—su'b*a),
for
0<thi <t < <t <t < 1.

And because of continuity, it is valid also for all partitions of [0, 1]

OStiSte<- <SSt L

Let © € R? be arbitrary, then
E {exp (2 (@t X (t1) + -+ + @b X (t) + 0" (X (t) — ax X(tg))] ) } =

=F {exp (z (@t X (t) + -+ (G — 9% a)' X () + 0 X (1))

=F {exp (@ [ X (t) + - + 4, X (t)] ) } exp (—30°b%D).

Hence, we conclude that

E {eXp (z [ X (t)) + -+ WX ()] + 08 (X () — ax X(t)) ) } =

=F {exp (@ [ X (t) + - + @, X (t)] > } exp (—20'b?0)
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=E {exp (@ [ah X (t1) + -+ - + af X ()] )

B {exp (z’@t (X (t) —a*x X(t)] ) }
This means that the random arrays

[X(t) — ax X(t)] and (X(tl), e ,X(tk)) are independent under P, also

[X(t) —ax* X(t,)] is distributed as N(0, b?).
And since P{X(0) = 0} = 1, we conclude easily that the random arrays
[X(tk) —a (tk 1, tk) * X(tk 1)] [X(tk 1) —a (tk_g, tk—l) * X(tk_g)] gt

X (t2) — a(ty,te) * X(t1)], [X(t1) — a(to, t1) * X (to)], X (to)
are mdependent and distributed normaly under P, for all partitions

O<to<hi <<t <L

Where explicitly we can write

B
aj (Oé,ﬁ) = exp /Pl<7>d7' ) [ = ]-7 T 7d7 and aaﬁ € [07 1]

[e7

Moreover,
Let us put
aq 0 0
. 0 a9 0
a* = } ,
0 0 aq
and for fixed points 0 <ty <t; < --- <t <1, we put
1, 0 0 0
1
H a*(tj_l,tj) Id 0 0
=1
s 2
[Ta*(tj-1,t;) Ila"(ti-1,t) Iy 0
j=1 j=2
A=
k—1 E—1 k—1 k—1
a*(tj-1,t;) a*(tj-1,t;) a*(tj-1,t;) a*(tj-1,1;)
j=1 j=2 j=3 j=4
k k k k
11 a*(tj—lvtj) 11 a*(tj—lvtj) [[a (tj 1,15]) I1 a*(tj 1,15])
j=1 j=2 j=3 j=4
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0 0 0
0 0 0
k—1
IT a(tj-1. ;) Iy 0
j=k—1
k k
a*(tj1,t;) Il a"(tj-1,t;) L
j=k—1 j=k
And we find
X(to) X(to)
X(tl) —a(to,tl) *X(to) X(tl)
A- X(tg) —Cl<t1,t2) *X(tl) — X(tg)
X(tk) —a (tk,b tk) * X(tkfl) X(tk)

We conclude that all finite-dimensional distributions of X are normal, and
moreover, X satisfies all the mentioned assumptions in this theorem indeed.
(See also p. 158, and p. 159 in Billingsley [1968]).

Let us compute E (X'(s)X'(t)), for 0<s<¢<1l,andl=1,--- ,d.

For this, we deal with the random array (X'(s), Xl(t))t.

(Xl<t> —):Ei,)wxl(s)) ~N (O’ (b’?(g’s) b%(g,w)) |

where we can write
B B
bi(a, B) = /012(7") exp 2/pl(7)dr dr, l=1,---,d, and o, 5 € [0, 1].

- T

This will lead to
X(s) b%(0, s) 0 .
(eia) =V (08 (707 ) )
1 0
B = <al(sat) 1) ’
and

<‘”(i’t> (1)) (blg(%s) b?(it)) (az(i,w ?)t:

33
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_( b(0,s) ai(s, )b (0, s)
 \ay(s, 0)02(0,8) a?(s,t)b?(0,s) + bi(s,t) )
But from the forms of a;(«, 3), b?(«, 3), we find

a? (s, t)b7(0,5) + b7 (s, t) = b7 (0,1),

s s t
ai(s,t)b7(0,s) = /012(7“) exp /pl(T)dT—l—/pl(T)dT dr.
0 r r
Therefore, the proof is complete. OJ
Let us here explain how to compute p;, and o7, for [ = 1,2,--- ,d. For

this we put:

fi(s,t) = E (X' (s)X'(t)), forall 0 < s <t < 1,and [ =1,2,--- ,d.

2

And consequently, if there exist p, and ¢° suitable for X, then they satisfy

the equalities:

L 9f;
t) = —(s,t
forall 0 <s<t<1l,and [ =1,2,---,d, and also

t

ot = (Lt =it ) feso | [ mirrar |

s

forall0<s<t<l,and [ =1,2,--- ,d.

Theorem 2.2.6. Let (X,), 4 be a sequence of random elements
defined on (€, A, P) and taking values in (D[0,1])¢. Suppose that the se-

quences ((Xi(t))Q) Jfori=1,2,--- d, t € [0,1] are uniformly integrable,
neN

2

and X, (0) L0 Suppose further that the functions p,c* are defined and

continuous on [0, 1) and taking values in R

p = (/)17"' 7pd)t7 02 = (O-%"“ 70—3)t7

and for each [, the function o7 is nonnegative. Let us put for ¢ € [0, 1)
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¢
Gi(t) == /0?(T)g[2(r)dr, [=1,2,--- .d.
0

Suppose that the limits tliml gi(t)Gy(t) exist and are finite.

Suppose also that, for each positive €, and 7, there exists a positive § such
that
P{w(Xy, 0) > e} <n, Yn = ng

is valid for some ny € N large enough. Where

w(z,d) = ‘Ss_lﬁélw(s) —z(t)], z = (z,- -, 2Dt e (D[0,1])?,

0<d<1,s,tel0,1], and |z(s) — z(t)] := ma)élxl(s) —2l(t)].

1<i<
Suppose finally that (X,), .y satisfies the conditions [1°] (or [1°a]), [2°] (or
[2°a]), and [3°] (or [3°a]), where

[1O]If0<t1<t2 <tk<1,then

E {Xé(tk + h) - Xi(tk)‘Xn(h), Xn(t2>v e 7XTZ(tk‘)} -

N

(1] 1}1%1 lim sup; £

n—:eoo

—hpi(te) X} (t1)

}zO,forl:1,~-,d,

—N—

[11] 1}311 limsup; £ ‘E { (XL (g + ) — XL (1)) | X (t1), X (ta), - - ,Xn(tk)}

n——aoo

—hO'ZQ(tk)

}zO,fOlrl:1,~--,d7
and

[T11] %{n lim sup; £ {'E{ (X0t + 1) — X0 () (G2 (6 + h) — X2 (1)) |

n—:aod

|Xn(t1),Xn(t2), ce ;Xn(tk)}‘} = O, for ll 7é lg.
[]_OCL] o<t <ty K e Kt < 1, then

for all @y, Gy, - -, U € R?
k
(1] l}ibﬁ)l lim sup%E{ (expi > &;Xn(tj)> (X,l%(tk +h) — X! (ty)—
n—-00 7j=1

—hpz(tk)Xé(tk))} =0, forl=1,---,d,
k
[I1] l}iinlimsup%E{ (expz’ ZlazXn(th < (XLt + h) — Xrll(tk))Q B
]:

—haf(tk))} =0,forl=1,---,d,

and
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k
[117] 111&)1 lim suphE{ (expi > ﬂ;Xn(tj)) (X[ (i + h) — X5 (t))

n—-00 j=1

(X2 (b + h) — X (1)) } 0, for b £ b,

[2°] sup limsupFE <(Xfl(t))2> < oo, forl=1,2,---,d.

te[0,1] n—o0

[2°a] lim sup limsup S ‘Xi(t)} dP=0,forl=1,2,---,d.

GTTE ] no0 f1vt (1)) >a )

[3°] There is a constant K such that for each [ =1,--- ,d

limsupE { (X5.(t) — Xé(tl)f (X (t2) — sz(t))z} < K (ty — 1),

for all t1, t, to satisfying 0 <t; <t <ty < 1.
[3%a] lim limsup limsup J (XL(t+h)— XfL(t))2 dP =0,
a—00  p0 n—s00 {(Xil(t—l-h) Xl (t))2>ah}

foreachl=1,---,d, and for all 0 <t < 1.
Then X, NS , where X is the continuous Gaussian function specified by

E(X(t)) =0, vt €[0,1],
and for 0 <s<t«<1

s s t
E (X" (s) X"t Ofa exp pi(T)dT + Tfpl(T)dT) dr ,forl; =1 ‘
0 s for ll 7é l2

More specifically,

g1(t) (1 + G (1)) ngal(t) )

THG 1 (D)
(X(t))ogtgl ~ : )
ga(t) (1 + Ga(t)) ngcd(t)

l+Gd(t)) 0<t<1

where here, the random variables W°', W% ... W are independent one-
dimensional Brownian bridges, and also we put
Gi(1) I Gi(t)

2 el Y 1 =1.2....
1+Gl(1) tE}ll"‘Gl(t)’ l ) Sy 7d7

and

(1) (14 Gi(1) = lim gu(t) (14 Go(t), 1=1,2,++ ,d.
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Proof: Similarly to the proof of theorem 19.4 in Billingsley [1968], we can
write here the following arguments:

(1°) = (1°a), and (2°) = (2°a), but the condition (3°) does not imply the
condition (3°a) in general, since from the assumption we have

P {Xn Z (C10, 1])d} > 0, probably for infinitly many n.

(See also p. 156, p. 160, and p. 164 in Billingsley [1968]).

By theorem 15.5 in the same mentioned reference above and from the as-
sumptions, we conclude that each subsequence of (Xy,),, .y contains a further
sub-subsequence, such that, it is convergent in distribution to some random
element X of (D[0,1])%, with P {X € (C[0,1])?} = 1, and X(0) = 0 almost
sure under P. Also similarly, we find

(1°a) = (1a), (2°a) = (2a), (3°) = (3) = (3a), (3%a) = (3a).

In other words, the random element X satisfies the conditions (1a), (2a), and
(3a).

And this completes the proof.

As a consequence of the remark and the computations in p. 165
in Billingsley [1968], we see that the following conditions are also
sufficient to come to the same conclusion of the previous theorem
(1°) (or (1°a)), (3°), P{X,(0) =0} =1, Vn € N, and

lim max
n—so0 0<t<1

Xa(t) = lim X, (¢ - h)” —0[P].

Where || - || is the usual norm defined on R¢. O
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2.3. Applications:

In this section we present some examples to show the reader how one can
apply the limit theorems, which are discussed in this chapter. And the pur-
pose of thses examples is mainly to establish the needed base for building the
proofs of another limit theorems related with the conditional distributions of
specific linear permutation statistics similar to those in chapter three. And
the following theorem is intended to be used later when we shall deal with
permutation statistics for the hypothesis of randomness Hy.

Theorem 2.3.1. For each n € N, let 2,1, Tn2, -+ , Tk, be a se-
quence of d-dimensional arrays of real numbers which are not distinct nec-
essarily, let further (&,1,&m2, - ,&um,) be an array of random arrays, and
taking values in the set of all the permutations of (z,1, 2, - , Tnk, ) Which
is {m(zp1, Tpo, ++ , Tnk, ) : ™ € Iy, } , where I, is the symmetric group of
the permutation functions of order k,,, and we suppose further that each one
of the k,! permutations having probability 1/k,! . And let us define X,, by
X, (t) == Zyi’f] nis Xn(t) := 0 whenever 0 < t < 1/k,, where [-] stands for
the integral value function. Then we assert that:

If Zf;l Tt = I, Zf;l Tp; = 0, and maxicic, || Tni ||njoo 0, then we

have also XnLWO, where W° here is a d-dimensional Brownian bridge.

Proof: In fact, it is enough to verify the conditions (1°) and (3°) in
theorem 2.2.6, for p(t) = —1/(1 —t), o?(t)=1,1=1,--- ,d, t € [0,1), that
characterize the d-Brownian Bridge W, and to verify the remark following
the proof of that theorem. By doing that, we achieve the assertion of this
theorem. We shall verify the condition (1°) , then the mentioned remark,
and next we turn to the condition (3°).

Let us now begin with the folloing preliminary computations:

Easily, one can see that £ (§,1) = F (&) = -+ = E (§ur,) = 0. and
E (gnl (fnl)t) =F (€n2 (gnQ)t) ==K (€nkn (gnkn)t) = kijdy
t t —1
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whenever 1 < i # j < k,. Also,

[knt]

Z gm (Snl)

and

E { (Z ) (28 ) } = [kat] B (€ (60)') +

Hkat] ([kat] = DE (&n1 (€:2)")

= (1!~ ) o — (1 - Dl forn — 0o

Also, we need (as we shall see in the proof) to consider the limit

kn kn 2
n@m; (a:ﬁw)4 < nhirlm; (:Eiu)z (1122( |2t ) =0,forl=1,---,d
So far, we have achieved

t kent] (kn—[knt

E(X,(t) = 0, B (X,(t) (Xn (1)) = Edfetild — 41 — )1, for n —
00.
By noticing these computations, one can guess the form of p(t) and o?(t)
which could serve in proving the assertion of this theorem. Now, we begin
verifying the mentioned condition (1°) which states:
1] If0 <ty <tg <+ <t < 1, then

(1] hmhmsuphE {‘E {XL(te + h) — XL(t)| Xn(t1), Xu(ta), -+, Xultn) } —

n—-—uoo

_hpl<tk)X£L(tk) } =0,forl=1,---.d,

~

(1), Xalts), -+, X(tr) }

n—-auoo

[IT] lﬁn lim sup; E {‘E{(Xfl(tk +h) — XL (t)) |X

—ha?(ty) } =0,forl=1,---,d,
and
[I1T] 11?1 limsup; £ {'E (XU (tk + h) — X0 (te) (X2(te + h) — X2(t)) |

n—:aox

| X (t1), Xul(ta), - - ,Xn(tk)}‘} =0, for Iy # I,.

Let us verify (I): Since X,,(0) = 0 is valid and ¢, < ¢ < 1 must be hold,
the case t = 0 is trivial. Fix 0 < t < 1, for reasons of convenience, we put
my := [knt], and my := [k, (t+h)] — [knt], where 0 < h < 1—t. Consequently,
for large n we have 1 < m; < mq + mo < ky,.

Suppose that we know the values of &1, -+, &umy, then & v, -+ Snmatme
are conditionally distributed as a sample of points of size my taken from the
population x,1, Tpa, - - - , Tnk, after removing the points corresponding to the
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sample &1, -, &umy - And we have similarly to the beginning of the proof:

mi+ma
E{ > 5ni’£n17 e ,fnml} = — Z &ni, which implies

1=mi+1
And we can rewrlte it as
E{Xa(t +h) = Xa(O)[é1,- -+ Eutpon } = —me

Now, for t = ty, and since

o(Xn(ta), -+ Xn(th)) € 0(Enrs - Enlhnti]),

we have,

E{X, (ty+h) — X, (t) | X (1), -+, X (t) } = WX( 0.
And for I =1,--- ,d we find

LE{|B{XLt+ ) = Xet)|Xa(t), -, Xalti)} = b = - X(1)| | =

[kl + )] = ki,
kn _ [ ntk] 1—tg

N 7
-
., _h
n—soo 1=tk

But from the computations at the beginning of this proof, we conclude that

CE{| XL ()] }-

=

E{|x\(t)]} < <E {(sz(tk))Q})é < Constant,

VneN,and for [l =1,--- d.
Hence, (1) is verified clearly.
Also, for [ =1,--- ,d, we have

mi+ma 2
E{( Z an> ‘Snla"' 7€nm1}:
i=mi+1

_mQE{(gnml—H) |§n17"' ’fnml}'f‘

+m2(m2 - 1)E {gé,m1+1gé,m1+2‘€nl7 T 7€nm1}
_ ma(kn—mi1—ma) 1 %( 1 )2 + ma(mo—1) Zg
T (kn—m1)(kn—mi—1) ni (kn—m1)(kn—m1—1) ’

i=1
Therefore, for t = t;, we find

E{(Xrlz(tk + h) — X[ (ty ) [SSPERE ,€n[kntk]} =
2
— B.(h) (1 R ;m) L) ([k”z” 5511») ,
=1

=1

60



where

(ko (te + B)] — [Fnti]) (kn — [kn(ts + 1))

Bl = = o) (e — ] — 1)
and
(DRl 1)) = [katid) (ki + 1) = util) — 1)
Ci(h) = (i — Wonti)) (b — [hnte] — 1) '
Since

J(Xn(t1)7 e 7Xn<t/€)) C O-(é'nh U 7§n[kntk])7
and from chapter one in this dissertation we have

C1 € Co = E{|E(fIC)[} < E{[E(fIC2)]} -

So, we can write here

1E{‘E{ (XL (t + h) — XL(t ) X, (1), ,Xn(tk)}—h-l‘}g
<:E {’E{Xl(thrh) ) ’fnl,"',€n[kntk]}—h~1‘}<
[knte]
< —'B”,f“E{ > (67 - g ‘} |2 (1= ) a4
+00 g {(x (0)*}
But also we see that
By — Mzt h)
n—oo (1 —t)?
h2
Cn(h

) o (1—t)%

o)

h
% —’

and
E { (Xfl(tk))Q} < constant, Vn € N.

So, to verify (II) it remains to prove the validity of the limit
[kntk]
Enty]
E g [Eati] 0.
For this, and from the beginning of the proof we can write that

[kntk-]
) (Z ( ’l“')2> .

=1
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[kntk}
and let us here compute the second moment of > ( fm)Q

=1
E [kntk} [ 2 i _ kntk] kn kntk) kntk [kntk} ) t2
i—Zl (i) = ka(ka—1) kn(bn—1) o Uk
;w
[kntk] 2
But this implies Var [ > (&) — 0.
i=1 n—oo
And consequently, the limit
[k/'ntk:}
knti]
E l‘ 2 [ n 0
ZZI (fnz) kn njoo

is valid indeed.

Therefore, also the condition (II) is verified.
Now, let us verify the condition (III).

For 1 < I; # ls < d, we have

mi+msa m1+m2
{( Z gnz) ( ) ‘énh”' 7§nm1} =
i=mi+1 1= m1+1

=meE {gn m1+1 nm1+1’§nh T é'nml} +
+m2(m2 - 1 E {gn m1+1 nm1+2‘€n17 T 7€nm1}

— -ty (B ) 4 pomimt o (Ben) (Ben)
Therefore, for t = t;, we find
E{ (X3 (te+h) — Xi(te)) (XP2(tk +h) = X2 () [nrs -+ s Eapputi) | =
kntr [kntg] kntr
= ()(Zé ) ()(ZE)(ZE)
< 1Bl g ( el ¢ ) AT < ik]f kf“]é D
=1 i

> &
So, to verify (III) it remains to prove the Vahdlty of the limit

kntk]

B2 Gtu] | 0

[kntk}
For this, let us compute the moment of S &gl
i=1
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[knts] : [bnts] (k [kt])kn BN2( 02 )2
2 Gl | = et Y ()P () +

2
[kentr]([kntr]—1) ](knt] 1) hl2
\—,_/

=0
And hence, we have verified the condition (1°).
Now, we turn to the second part of the proof. So, let us verifiy the remark,
mentioned at the beginning of the proof:
Since the maximum jump max; i<k, || Zni || in X, tends to zero and X,,(0) =
0,Vn € N, the mentioned remark is verified obviously.
Now, we turn to condition(3°) which states:
There is a constant K such that, foralll = 1,--- ,d, and for all ¢, ¢, t5 € [0, 1]
satisfying t; <t < tg, then
limsup E {(X;(t) = XL(t)” (XL (ty) — X;(t))Q} < K(tsy — )2
First, if t, — t; < -, then E{(Xfl(t) — XL(1))* (XL (ts) — X;(t))Q} =0,
and the condition holds.
Now, if to — t; > é, then we find easily that:

2 2
E{(X4(1) = X4(0))" (Xh(t2) = XL(0)" ) = D {ehith bt}
where [k,t1] < 1,7 < [kut], and [k,t] < k,l < [kuta]. Let us put here
= [knt] — [knt1] and mo = [k,ts] — [knt]. We can write for n large
enough
sz = Z{fin 7llj Zfzkfle}; )
=muma E{(&1)" (€2) } + mama(ma +ma — 2)E{(&1)” §bis}+
+ma(my — 1)ma(me — 1) E{€,1 858080}
_ 1-7} 27} -1
= m1m2—kn(krl) -+ mlmg(ml -+ mo — 2)—’%(]6”71)(1%72)4‘

3(1—27}
+mi(my — 1)ma(ms — 1)kn(kn—1()(kn—z))(kn—3)’

1=
linm sgop QL < H(ty— t1)2, and this is since we have myms < i(ml + m2)2,
and %ﬂ'rm 7 ty — 1.

This will leg(ﬁ:o the validity of the limit

timsup £ { (XA() = X4(0))" (XL(t2) = XL(0)"} < 76t — t2)*

n—-—:aoo 6
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Therefore, also the condition (3°) is verified for K > %, and consequently
the proof is complete. O

Remark 2.3.2. Under the same hypotheses of theorem 2.3.1, but

k _ _ k
here the sequences <Z¢;1($m‘ — Tp ) (@i — xn)t) o and ( P a;m) . are
ne ne

| En, ; 2
bounded, where Z,, = - D ity Tpi, also we assume that the matrices s (gkn)

are positive definite. Where s2 (gkn) = Zf;l(a:m- — Tp)(Tpi — )t And we
assume further that the triangular array z, is infinitesimal, where z; :=
(Tp1, -+ 5 T, ), then we have

=1

kn,
(Xa())ocrca ~ ( 5% ()WY +1 Z xm> (Cn).
0<t<1

Where the assertion means by definition

E(p(Xn)) - E (w ( 57 (2, )W + () iwn» — 0,

or more explicitly

[kn(:

) "
1

DL DD / ¥ ( s* (24, )W° + () Z%) dp — 0.
"on i=1 °

(Clo,1p*

For all bounded uniformly continuous functions ¢ : (D[0,1])? — R, where
11 is the Wiener measure, defined (C[0,1])?, and where 7 here ranging over
all bijective functions, defined on {1,2,--- k,}.

Proof: It is sufficient to prove it in the case, where there exists ¢ > 0,
such that || s*(z, ) ||> ¢, is valid Vn € N.

Under the same hypotheses and by using computations similarly to those in the proof
kﬂ,

of theorem 2.3.1, one can conclude that Var (Xn(t) -ty xm> will tend to zero if and
i=1

only if s2 (gk) tends to zero, and the assertion then is valid. See also lemma 1.2.4.

Now, to reduce the case of this remark to the case of theorem 2.3.1, we

_1
put 4, == (32(%”)) 2 (Tpi — Tp), i =1, kp, n € N, then we have
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i=1

_1 [knt]
((SZ(an)) : > (&ni — mn)> PLWe. Since the sequences (82@’%))7161\1’
0<t<1

kn
and (Z xm> are bounded, the assertion is valid. O
1=1 neN

The following theorem is intended to be used later when we shall deal with
permutation statistics for the hypothesis of symmetry H;.

Theorem 2.3.3. For each n € N, let 2,1, Tp2, -+ , Tnr, be a se-
quence of d-dimensional arrays of real numbers which are not distinct nec-
essarily, let further (&,1,&u2,  ,&u,) be an array of random arrays, and
taking values in the set of all the permutations of (z,1, e, - , Tnk, ) Which
is {m(Tn1, Tn2,  + ,Tn,) : ™ € g, } , where Il is the symmetric group of
the permutation functions of order k,, and we suppose further that each one
of the k,! permutations having probability 1/k,! . Also, let €,1,€n2, ", €nk,
be i.i.d. variables, and taking values in {+1,—1} such that each of +1 and
—1 having probability 1/2, and these variables are independent of &,1, &2,
o+ &k, too. Finally, let us define the random arrays C,1, (n2, -+ 5 Gak,, DY
Ci = Enibnisi = 1, k,. And let us define X, by X,(t) := S ¢ .
X, (t) := 0 whenever 0 < ¢t < 1/k,, where [-] stands for the integral value
function. Then we assert that:

kn t
If >0 wpixh, = I; and maxigicr, || Zn Hn:;O 0, then we have also

D . . : i .
X,— W, where W here is a d-dimensional Brownian motion.

Proof: 1In fact, it is enough to verify the conditions (1°) and (3°) in
theorem 2.2.6, for p(t) = 0, o?(t) = 1,1 =1,---,d, t € [0,1), that char-
acterize the d-Brownian motion W, and to verify the remark following the
proof of that theorem. By doing that, we achieve the assertion of this the-
orem. We shall verify the condition (1°) , then the mentioned remark, and
next we turn to the condition (3°).

Let us now begin with the folloing preliminary computations:

Easily, one can see that £ ((,1) = E ((u2) = -+ = E (Gur,,) = 0. and
E (Cnl (Cnl)t) =F (CnZ (CnQ)t) ==k (ann (ann)t) = ki[da

E (Cm (gm)t) =EB (Cnl (€n2)t> =0,
whenever 1 < i # j < k,. Also,

[knt]
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and

B{(S060) (S 60) | = Il (6o (Ga)) +
+[knt]([knt] - 1>E (Cnl (€n2)t)

([k”t] + O) 1, — tl; for n — oc.

Also, we need (as we shall see in the proof) to consider the limit
k k 2

: n 4 : n 2
nhinoozzzl (zh;) < nh—r»noo; (4;) (112225 |2, ) =0,forl=1,---,d.
So far, we have achieved
By noticing these computations, one can guess the form of p(t) and o?(t)
which could serve in proving the assertion of this theorem. Now, we begin
verifying the mentioned condition (1°) which states:

[19) If0 <ty <tp < -+ <ty < 1, then
[I] h{nhmsuphE {’E {Xl tk + h) Xi(tk)‘Xn(h)aXn(tQ)v e :Xn(tk)} -

n—:oo

_hpl(tk)Xfl(tk)'} =0, forl=1,---.,d,

[H]lgfnlimsup%E{‘E{(Xfl(tk—l—h) XL(t))* | Xn(t) Xn(tg),“',Xn(tk)}

n—-auao

—ho? (ty) } =0,forl=1,---,d,
and
[L11] h{n lim suphE{ E{ (XI(te + h) — X0 (tr) (X2(te 4+ h) — X2(t)) |
|Xn(t1),Xn(t2), cet ;Xn(tk)}‘} = 0, for ll 7é lg.
Let us verify (I): Fix 0 < ¢t < 1, for reasons of convenience, we put my := [kyt],

and my = [k,(t + h)] — [knt], where 0 < h < 1 —t. Consequently, for large
n we have 1 < m; < m; + mg < ky,.

Suppose that we know the values of &1, -+, &umys then En sty - 5 Enmy+mo
are conditionally distributed as a sample of points of size my taken from
the population x,1,xn9, - , Tk, after removing the points corresponding
to the sample &1, ,&um,. Also, the values of €, 41, , Enmytmy are
taken independently of each other, and also independently of the values of
Enly " »Enm,- And consequently, we have similarly to the beginning of the
proof:

mi+ma
{ > Cm‘Cm, ,Cnml} = 0, which implies

=m1+1
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Now, for t= tk, and since

O-(Xn(h)? e 7Xn<tk)) C U(Cnla T 7Cn[kntk])a

we have,

E{X, (ty+h) — X, (t) | X (1), -+, X0 (t) } = 0.

And for I =1,--- ,d we find

TE{|E{XL(t,+h) — X (te) | Xn(tr), -+ Xulte)} — h-0- XL ()|} = 0.
Hence, (I) is verified clearly.

Also, for [ =1,--- ,d, we have

m1+m2 2
E{( Z dm) ‘Cnla"' 7Cnm1} =
i=mi+1

= sz{( nm1+1) |Cﬂ17 to 7Cnm1} +
+m2(m2 - 1)E {C7l7,7m1+1g7lz,m1+2‘<=n17 T 7Cnm1}

- s (1-3c®) +o

1=

Therefore, for t = t;, we find

[kntk}
E{(XA(twh) XL (t))® !cm,---,cn[kntk]}an(h) (1— Z<fn>2>,

i=1
where

i+ 1)) = [huts]

By (h) := b — kil

Since
U(Xn(t1>7 te ;Xn<tk)) - U(Cnl; t 7Cn[kntk])7

and from chapter one in this dissertation we have
C1 C G = E{|E(fIC)[} < E{IE(fICy)]} -

So, we can write here

LE{|B{ (XLt 4+ h) = XL(t)° [Xa(t), -+ Xalte)} — b1} <
<k {’E{Xl<t’“+h) X0 (1)) G- 7Cn[kntk]}_h"1’}<

(Fnt]
Bn(h kn Bn(h En
< Bl g ;(fn)Q—[k,f’“] }+ ,f)<1—[kj’“]>—1‘
But also we see that "
B, (h) —
n—oo 1 — {,



and

— 0.
n——m-—aeo

1)

So, to verify (II) it remains to prove the validity of the limit

[knty]

EQIY (¢ - [k;zk] .o

- n—so00
=1

For this, and from the beginning of the proof we can write that

[kntr) 9 [k? tk]
E )T = t
; (Cm) kn njoo ks
[knt] 9
and let us here compute the second moment of > ( Tln) .
(knt] ? kn -
S 1\2 ) [kate](kn—[knts] Lot (rnti] =)
E<zl(m)> - annlk Z kknlcnkl) njoot%-
=1 -
[kntk] 2
But this implies Var | > (¢4) — 0.
i=1 nTee
And consequently, the limit
[knt]
knt]
E l ) 2 [ n 0
; (an) k, n:;o

is valid indeed.

Therefore, also the condition (II) is verified.
Now, let us verify the condition (III).

For 1 < 1; # ls < d, we have

mi+ma ! m1+m
=mi+1 1= m1+1

- m2E {Cn m1+1Cn7m1+1’Cn17 Tt >Cnm1} +
+ma(may — D) E {1 1C2mii2|Gats -+ s Goma

Therefore for t = t;, we find
E{(Xh(ty +h) — X2 () (X2(ts + h) — X2(t)) |Cats e+ Callnte) } =
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kntk]

= —By(h) ( > ¢
%EHE{(Xh ti+ h) — X (tk)) (X2 (8, + k) — X2 (1)) |Gar, - ,Cn[kntk}ﬂ}

[nk]

g Bnb (‘EC

So, to verify (III) it remains to prove the validity of the limit

kntk]

E Zg — 0.

[kntk}
For this, let us compute the moment of »_ (

=1

kntk i [kt]kn 11 \2( 12 \2

l2

n—-s00

And hence, we have verified the condition (1°).

Now, we turn to the second part of the proof. So, let us verifiy the remark,
mentioned at the beginning of the proof:

Since the maximum jump maxi i<k, || Zn: || in X, tends to zero and X,,(0) =
0,Vn € N, the mentioned remark is verified obviously.

Now, we turn to condition(3°) which states:

There is a constant K such that, foralll = 1,--- ,d, and for all ¢, ¢, t5 € [0, 1]
satisfying t; <t < tg, then

limsup E {(X;(t) = XL(t)” (XL (ty) — Xfl(t))Q} < K(ty — )2

First, if t; — ¢, < 7-, then E{(Xfl(t) — XL(1))* (XL (ts) — Xfl(t))Q} =0,
and the condition holds.
Now, if to —t; > i, then we find easily that:

B (X4(6) = X4(0))" (XA (k) = X5(0)"} = (¢t Chactal

where [k,t1] < 1,7 < [kut], and [k,t] < k,l < [knta]. Let us put here
my = [knt] — [knt1] and my = [kuts] — [knt]. We can write for n large
enough
sz = Z{Qlu 7le lek lel} =
= myma BY(C41)” (¢h) ™} + mama(my +my — 2)E{ ()" ¢halls}+

+mi(mi — D)ma(ms — 1) E{¢1(aClaCha -
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k
ol n
= mlmgﬁ + 0, where 7% := > (2L )* < 1.
i=1
: 2
limsup Q!, < (t2 — t1)".
n—-amo

This will lead to the validity of the limit

limsup E {(X;(t) — XL (1)) (XL (ts) — Xfl(t))2} < i (ty —t1)°.

n—-auoo

Therefore, also the condition (3°) is verified at least for K > 1, and conse-

quently the proof is complete. O]

Remark 2.3.4. Under the same hypotheses of theorem 2.3.3, but

here the sequence ( f;l :rmxﬁn> is bounded, and the array z; 1is in-
neN

finitesimal, also the matrices s? (gkn) are assumed to be positive definite,

then we have X,, /S @21, W (C,). Or more shortly,

X, ~1/s%(z, )W (Cn). Where s*(z; ) := Zf;l zpizt,. And where the

assertion means by definition

B - £ (o (5 (@)W ) ) —o,

or more explicitly

[kn(:

)]
SLED SEE b e R B (T Em) LG P

-
v ety N (Clo.1)?

For all bounded uniformly continuous functions ¢ : (D[0,1])? — R, where
{1 is the the Wiener measure, defined (C[0,1])%, and where 7 here ranging
over all bijective functions, defined on {1,2,--- , k,}.

Proof: It is sufficient to prove it in the case where there exists € > 0, such
that || s*(z;, ) ||> ¢ is valid for all n € N. We can reduce the case of this re-
mark to the case of theorem 2.3.3. For this and since that for each n € N the

. kn . L. . kn T2
matrix Y ", x,2h; is positive definite, we put y,; = <Zi:l asmmf”> Tnis
1=1,---,k,, n € N, then we have

1
S at;) C Xn,—>W. Since the sequence | Sz, is bounded
i=1 TniLp; n . q i=1 Tnilni | )
n
the assertion is valid. O
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The following theorem is intended to be used later when we shall deal with
permutation statistics for the hypothesis of independence Hj.

Theorem 2.3.5. For each n € N, let ,1, Tp2, *+*, Tnk,, be a
sequence of di-dimensional arrays of real numbers which are not distinct
necessarily, and let ¥,1, Yn2, -+, Ynk,, b€ a sequence of ds-dimensional arrays
of real numbers which are not distinct necessarily also. let further (&1, &ue,

k), and (Mn1, Mn2s =+ + Mk, ) be independent arrays of random arrays,
and taking values in the set of all the permutations of (2,1, Tn2, ", Tnk, ),
and the set of all the permutations of (Y1, Yn2, - , Ynk, ) respectively, which
are {m(Tp1, Tn2, * , Tpk,,) T € g, b, and {7 (Yn1, Yn2,*** , Ynk,,) : 7™ € g, }
respectively, where II;, is the symmetric group of the permutation func-
tions of order k,, and we suppose further that each one of these permu-
tations having probability 1/k,! . Finally, let us define the random arrays
Cnty Cnay v ,ann by Cui = &unkii = 1,--+  k,. And let us define X,, by
Xn(t) == Z[k" Cnis Xn(t) :== 0, whenever 0 < ¢t < 1/k,, where [-] stands for
the integral value functlon Then we assert that:

If = kn Z xnl'xnz [dn / Z ynzym, [dga Z Tni = O Z Yni = 0 and
max1<2<kn || 2 H — 0 max1<l<kn | Yni || — 0 then we have
—00
D
X,—W,
where W here is a d; X ds-dimensional Brownian motion.

Proof: We shall begin with some preliminary computations:

kn

kn 2
: 1 i L '
=1.... — Vg — 7 )2 —
Visloed 7D (e \/EZ._1<W (e 1) =0

kn 2
. 1
vj = 17..~ ’d27 \/?nzl ym \ Z ynz <1< <kn|yn7,’) :)oo O

ijl J2 Zyjlyjz _ {V n 1]:1 :]:2
n nz niJne :‘717&]2’

kn . P
Z xiltlx‘ZLQlQ = Z yitl ynZQ - {‘\(/)_ jl j2 Y

1<i1 2 <hn 1<i1 42 <hn 7
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and therefore,

‘% D1 = Jo, 0 = o

L o 0 D g1 F Jo, 11 = 1o

E(& &) = Eta,mi,) = ve Gy = i by
kn(kn_l) ’ B ’

0 D1 F Jos i F do

[knt]

[kn .
E(sz'?(t)):E(; zmzz) = > B () B () =0

and if jy # js, or ja # ja, then

S nt] et
E(X72(t)X5(t) = E Zl 21 T 232777”177”12) =0.

Also, if j; = 73, and js = j4, then
o (knt] [knt]
E (X%IJZ( )) =FE Z Z gnzl nlzznnzlnm,g -

11=119=1

[knt]

=FE (Zl &n itnfﬁnfﬁ) +E (; T 3&2777”1%12)
1= 11712

= Z E (( 74&12)2) nn% Z E ’rllu nlzznnunnm)

11712
A
-

=lntl B 0 (L) e D

kn n——oo -

So far, we have found

-~ J/

kn(kn—1)2 n—oo
E(X;7(t) =0,
E (Xim (t))2 — t,

and
E (X]72(6) X274 (t)) = 0, if j1 # js or ja # ju.

We shall take here similar steps to those of the proof of theorem 2.3.3. Now,
for jy =1,---dy, jo =1,---dy, we put pj,;,(t) =0, and a]m(t) =1, we begin
with verifying the condition (1°), which states here:

1] I 0 <ty <ty <+ <t < 1, then

(1] hm lim suphE {‘E {XJm ty + h) — X2 (tk)|Xn(t1>7 Xo(ts), -

n—-—uoo

X ()} — hpj s (t) X7192 ()

oo
fOrjl :1 dla andj2:17“' 7d27
[11] h{nhmsuphE {’E {(X£1j2(tk + h) — X772(t,)) |X t1), Xn(ta),- -+

n——ao
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ce aXn(tk)} - hO-lejQ (tk)

b-o

for jy =1,--- ,dy, and jo =1,--- ,do, and
[I11] 1}11&)1 lim sup%E{ E{ (X132 (8, + h) — X912(t}))

n—:ao

(X394 (ty, + h) — X394 (1,)) | X (t1), Xn(t2), - - ,Xn(tk)}’} =0,

for 71,73 = 1,--- ,dy, and for jo, 74 = 1,--- ,dy, and only if either j; # j3 or
Jo # ja is valid.

Let us start with verifying the part (I): Fix 0 < ¢ < 1, let us here put
my = [knt], ma := [k, (t + h)] — [knt], where 0 < h < 1 —t. Consequently, for
large n we have 1 < my < my +ms < k.

Suppose that we know the values of &1, - - -, &y, then &1, -5 Snmatme
are conditionally distributed as a sample of points of size my taken from the
population x,1, Tpa, - - -, Tnk, after removing the points corresponding to the
sample &1, - -+, Eum, - Suppose similarly, that we know the values of 1,1, - - -,
Nrmy s then My i1, =+, Mnumy+m, are conditionally distributed as a sample of
points of size my taken from the population y,1, Yn2, - - -, Ynk, after removing
the points corresponding to the sample 7,1, -+, Nnm, -

And we have similarly to the preliminary computations at the beginning of
this proof:

mi+ma i
1 2 . —
E Z §mnm gnla e 7§nm177ln17 o Mamg -
=m1+1
mi+mao I
— 1 2 .
- Z E fnmm 5”17 e 7§nm177]n17 oy Mamg
1=m1+1
mi+ma (Z 57111) <Z 77M>
_ =1 =1
- kn—m1)?
i=my+1 (kn—m1)

_ [kn(t4+h)]—[knt] [en?] i [knt] i
= Oy | 2 S | {2 i)

But on the other hand we have:

[knt] [nt] 2
kn h)]—[kn ki . n .
E(%(z f&) (mza)) -
=1 =1
2 2
_ ()]t \* o knt] . bl
=\ G at)? X & 3 mi

_ ([kn<t+h>]—[knt1>2 ( [kent] [km}({km]—l))z

k, — Q0.

T\ (kn—[knt])? En T (kn—1)
Therefore, for t = t;, and since

O-(Xn(t1>7 te 7Xn<tk)) g U(£n1; tte 7£n[kntk]7 n’nlu e 7nn[kntk])7
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we conclude that
1p { ‘E {092 (14 ) — X392(0) [ X (), Xo(t2), -

X,(te)y —h-0- Xg;h(tk)’},

for jy =1,--- ,dy, and jo = 1,--- ,ds, tend to zero with n goes to infinity.
Hence, the part (I) of the condition (1°) is verified indeed.

We turn now to the part (II) of the condition (1°).

We prefer here to make some necessary preliminary computations.

Fix 0 < t < 1, again here we put my := [kt], and mg := [k, (t + h)] — [kat].
Also, if j; = jo we put j := j; = jo, in the following formulas below, which
are similar to those formulas at the beginning of the proof:

VE Z ( ) CJ1 = J2
01 e
Z xnz ni i s . - s

i=mitl E T Ty L F J2
K SN2 . .
J1 .02 l—zlxnl + l—zl (xnl> a kn =

Z nivtnia — ml_ ] my _. m1 ,

i (o) ($0) + Sty 24

and similar formulas are valid when we put the 3’s in place of x’s above.
Therefore, we have for i1, io > mq + 1

J1 ¢d . _
E ( ni1 nmnnunmg 5”17 7§nm1 31y s 77]nm1> -

(VE-E (e)) (S )")

(kn—m1)2 : il = i2

((21555) +zl(5zgl)2m> <<Zlnfﬁ) +zl(n53)2m)
=1 =1 =1 =1 s .
(en—m1 )2 (b —m1 —1)2 Dy o

Also, for fixed ji, 7o we find
mi+mso 2
E{( Z fffmfz) fnlv"' 7€nm1;nn1a"' 777nm1} -

1=mi+1
(=X (1)) (Vi 2 (2)°)
=1 =1 +
(kn—m1)?
my . my
(B ) B e ~m) (B ) +& ) ~m)

+ma(mg — 1) (kn—m1)2(kn—m1—1)2 )
For notational convenience, we put

(VR (€2)°) (V- X (1))
in = ma = (kn—m1)2 )

:mZ
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QnQ—m2( 2—1<< )
ith

And we shall now deal wit

) <<Z n; ) +;§1(nﬁ)2m> |

(kn m1)? (kn—mi—1)?
each quantity of in, Q2 alone.

Qm:%(l—t:zw?)( - S ),

=1 17 &

b S e (i) - St ot
E (1 w%lmil ( fﬁ)2>2 — (1=,
(1——2( ) )2n:>oo (1—1)2,

=El1 1RA (et 1 A \2 (i1 V2 2 312
+ kn ( nl) + kn Z ( nl1> ( nlz) Vkn ( nl)
+

(in) njw h, E (Qn1>2 n:;o h2'

We turn now to deal @),,»

ma(mg — 1) Cffill)z

m

m . . 2 m .
F () R (D) + X ()"

an = (kn — ml)Q (kn
N—————
h2

., _ht
n—soo (1—1)2

—mi—1) (kn—m1—1)

By routine and similar computations we easily find:

™) 2 2
(121 gﬁ) Jr121(6"10 ~En

(kn—m1—1)
2 my 2
(Zz) +2 (3)' e
E =1
(kn—m1—1)

E (Qn2>2 — 0.
Consequently, we have
E (in + Qn2> n:;o h7

— 0,
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E (in + Qn2>2 njm hg-
Therefore, also we have

mi+ma 2
p(ed (78" ami)
i=mi+1
E|E (Tmimz J1 ]2)2

ni i
i=mi+1

Now, since

gnla"' ,€nm1;77n17"' 777nm1}> — h,

é-nla"' 7€nm1;77n17"' 777nm1}

U(Xn(t1>7 T >Xn<tk)) C O-(énla T 7£n[kntk]; Mty - 7?7n[kntk])7

we conclude that the part (II) of the condition (1°) is verified indeed.

We turn now to deal with the the part (III) of the condition (1°).

Fix 0 < t < 1, again here we put my := [k,t], and mq := [k, (t + h)] — [kat].
Also, similarly here we have

J1 ¢J3
E ( niy mgnmlnmg

Snla"' 7€nm1;77n17"' >77nm1> -

4 1 :Z
()i S » {;&ﬂi
<\/’Tﬂ§ 1V (2, 92,04 Zng4

n_zzl(énl) )(zg ”nz”nl) - if {jl — j2

— = : 1=173

o e

(Zgnl )(zg 77n177M> - if {] 7&]

(kn —m1)2 . 1 3

J2 # Ja
T (EeEe)Ba)((Ee) Bey've) ) {]i j
(kn—m1)2(kn—mi—1)2 ' L7 Js

J2 = J4

() B ) ()G Et) [
(kn—m1)2(kp—m1—1)2 1 ;§3

J2 4

() >+(zs JGEaEes) 7]
J2 # Ja

Also for fixed 71, jo2, J3, Ja, such that either j; # j3, or j5 # j4, is valid, and
then we find

mi-+ms2 mi-+msa
E{( 5 sf;nz;)( > sfmz;)

i=mi+1 i=mi+1

gnla"' 7£nm1;77n17"' 777nm1} =
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(2 enen) (vi-2 (n2)°)
(Fn—r)? T

= —m2

m . m R m . . m . 2 m .
() (BB (B0) B

+ma(mg — 1) o —m1)2 (kn—m1—1)2

ﬁ{ﬁ%k}+
J2 = Ja

(i (1)) (£ et

+ —1MmMa

(kn—ml)2
my . \2 m ) my my my
(B en) ey ~vm) (B ) (Bt & it
=1 =1 =1 =1 =1
+mg(me — 1) (kn—m1)2(kn—m1—1)2

) J1 =173
if <7 Jr 4+
{]2 # ]4}
iz (B b, da
[ (e (Eae)
2 (kn,ml)Q

((Zen)(Zem)+ enen) () (2 )+ X wizntt)
1) =1 =1 =1 =1 =1 =1
o

(kn—m1)2(kn—m1—1)2

+ma(mg —

jo # s
By using routine computations similarly to what we did before with the con-
dition (IT) we conclude that the condition (III) is valid indeed.
Now, since the maximum jump in X, (¢) tends to zero, and also X,(0) =
0, Vn € N, the remark following the proof of theorem 2.2.6 is also verified.
Now, we turn to condition(3°) which states: There is a constant K such that,
forall jy =1, --+, dy, jo = 1, --+, dg, and for all ¢1,¢, ¢, € [0,1] satisfying
tl < t < tg, then
lim supE {(Xg;m(t) — X (1)) (XD (1) — X2 (t))Q} < K(ts — 1)

First, if to — t; < ﬁ, then for all n € N we have
E{(Xg}j? (£) — X732 () (X752 (ty) — X2 (t))Q} — 0, and the condition

(III) holds in this case.
Now, if to — t; > é, then we find easily that:

B { (X2 (1) = Xt (1)) (X2 (1) — X32(1))° ) =
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= z Z E{ gzlll lelQ gzllg nl4} E {nnllnnlgnnlgnnh;} +
[knt1]<1175l2 g[knt] [knt]<l375l4<[k)nt2]

+x > B, ()} {nial, () b+
[knt1]<l17£l2<[knt] [knt}<l3<[knt2}

SR> S B g B 0n) " mions,
[nt1]) <0 <[knt] [knt] <lols <[knts] (&6d1) € Ori )t

S > B{(E) @)} E{0m) 0h)}
[knt1]<l1 g[knt] [k‘nt]<l2<[knt2]

For reasons of convenience, we put here

my = [k’nt] — [k’ntl], and mo = [kntg] — [knt]

E {(ijé( ) _ Xj1j2 (tl))2 (lejz (t2) _ X%”é (t))Q} —

mq (m1—1)ma(ma—1) S11-S12 + mi1(m1—1)mo S21:S22 4

T Ton (b —1) (kn—2)(kn—3) ko (kn—1) (kn—2) (kn—3) " o (kn—1) (kn—2) kn (kn—1)(kn—2)

+ mima(ma—1) S31-S32 4 _mamy S41-Sa2
kn(kn—1)(kn—2) kn(kn—1)(kn—2) kn(kn—1) kn(kn—1)"

Where
Sll = Exnllxnlgxnlgxnb;’
for ll, la, lg, l4 are distinct pairwise and ranging over 1,---  ky,
Z ynh ynlz ynl3 ynl47
for ll, la, l3,14 are distinct pairwise and ranging over 1,--- | k,,
2
521 = anll zlllg ( ‘77’Lll3) )
for ll, lo, 5 are distinct pairwise and ranging over 1,--- |k,
2
Zynhynlg (ynlg) ?
for ll, lo, 13 are dlstlnct pairwise and ranging over 1,--- , k,,
N2
531 = Z (‘IiLlll) mnlgmnly
for Iy, 15,13 are dlstlnct pairwise and ranging over 1,--- , k,,
Sz =) (yﬁl) vy
for Iy, 1,3 are distinct pairwise and ranging over 1,--- , k,,
N2\ 2
841 = Z ('rfllll) (xflllz) )
for Iy, [y are distinct and ranging over 1,---  k,,
N2 N2
842 = Z (yﬁfh) (y7]1212) ’
for Iy, 1y are distinct and ranging over 1,---  k,.
Therefore, there are constants K, K, Ky, K3, and K, such that, for all
j1=1,---,dy,and jo =1, ---, do, we have

E&mey=wmumﬂxmm@—xmwwﬂ<

< knm(llcimll)(llz,:@Q;n; i3 Ky + T'E;(Till 1)m2 K2 + r?llcmflmg E K3 + mlimfl Ky

< K(ty — )2
Hence, the condition (3°) is verified indeed, and consequently the proof is
complete. O
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Corollary 2.3.6.  Under the same hypotheses of theorem 2.3.5
let us define the random arrays (u1, o, -, Cnk,, by the following formulas
Cni = &ni * Mpiyt = 1,--+ ,k,, and where * here is a binary operation de-
fined by x * y = (2lyt, - 2%y, Vo,y € RY And let us define X,, by
Xn(t) = Zyjﬂ Cnis Xn(t) :== 0 whenever 0 < t < 1/k,, where [-] stands for
the integral value function. Then we assert that:

X, 2w,

where W here is a d-dimensional Brownian motion with independent argu-
ments, each argument is a one-dimensional Brownian motion. ]

Corollary 2.3.7. In the same situation of theorem 2.3.5, but here
we put for each n € N, (,; := &\ npi, i = 1,- -+, ky, then we obtain:
X, 2Vaw,
or more explicitly

[knt

]
. -
gome | Vaw)
— 0<t<1
= 0<t<1

where W here is a one-dimensional Brownian motion.
Proof: From the proof of theorem 2.3.5 we have
d

E Xd
u; X)) —

j=1

Now, we just put u; =1, 7 = 1,--- ,d, above. This implies the validity of
this corollary. 0

Remark 2.3.8. We keep all hypotheses of theorem 2.3.5, but we
make some changes in the conditions of the z’s and the y’s, where here we
suppose that the following sequences:

kn, kn
1.2 1.2 1 , 1 ,
(V e @k")> neN’ <V kn® (an)> neN’ (v oo 1:21 xm) neN nd (‘/E 1:21 ym>
are bounded. Where,

neN
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kn

32(%”) =D (Tni — Tn)(Tpi — fn)t,
i=1
kn

SZ(ykn) = Z(ym - gn)(Qm - gn)ta
=1 . .
where z, = i Z Tpi, and g, = é > Yni- We suppose further that the
i=1
arrays z;, , and y are infinitesimal and that the matrices s*(z;, ), sQ(an)
are positive deﬁnlte for all n € N.
Then the assertion becomes

. . ¢ kn
X ~ (\/T—n\/ s*(xy, ) Wt\/SZ(an) + k_n ;fﬂm ;yfu) (Cn),

0<t<1

which means by definition

! OS5, S
E(p(Xn))—E (s@ (\/T_n s*(ay,) Wo/s*(y, )+ T ;xn;yn — 0,
or more explicitly

. LAQ .
(kn!)? 7r127rQ ¥ Z Ly (l)ynﬂ'z(z) o

=1

B f(C[071)]d1xd2 (\ﬁ \ xk W V yk ) Z Lnsg Z ynz) d:u — 0.

For all bounded uniformly continuous functions ¢ : (D[O, 1])d1Xd2 — R,
where g is the Wiener measure, defined (C|0, 1])d1Xd2, and where 1, my here
ranging over all bijective functions, defined on {1,2,---  k,}.

Proof: It is sufficient to prove it in the case where there exists € > 0, such
that || \/%82@,%) |> ¢, and || \/%sz(gkn) |> ¢ are valid for all n € N. From
the new hypotheses above, we conclude that we can reduce this case to the
situation of theorem 2.3.5 just by define for each n € N these new arrays

_1 _1
im’ = (V%SQ(QIW)) (xm - *Tn)a and gm = (ﬁSQ(an)) (ym - gn)
Then we have by theorem 2.3.5:

1 [knt]

SIS

L, - — N\t L - D
(=) OIS () 2,
0<t<1
Consequently, the assertion holds. O
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The following theorem is intended to be used later when we shall deal with
permutation statistics for the hypothesis of random blocks Hs.

Theorem 2.3.9. For eachn € N, let Zp11, Tni2, -« » Tnik] Ln2ls Tn22,

s Lok 3 Tonly Ton2, *** > Tnnk DE a sequence of blocks of d-dimensional
arrays of real numbers which are not distinct necessarily, let further (11,
En12, ~ s Entks n2ts En22s s Gnaks o0 &ty Sy oo, Snnk) be an array of
blocks of random arrays, where the blocks are independent and the random
arrays of the ¢’th block taking values in the set of all permutations of the
block .1, Tpio, -+ - , Tnir, where each permutation having the same probabil-
ity &, and that is for i = 1,--- ,n. Let us define X,,; by X,,;(t) := Zgﬂ €nijs
X,;(t) == 0 whenever 0 < ¢t < 1/n, j = 1,--- ,k, where [] stands for the
integral value function.
If Z;?:l T =0, % Z; 1 a:m]xmj =14, =1,--- ,nthen we have X,,; 2, W,
g=1---k, Where W here is a d- dlmensmnal Brownian motion with inde-
pendent arguments, each argument is a one-dimensional Brownian motion.

Proof: Let us begin with some preliminary computations.
k

Let n € N, from the hypotheses we find E(,;;) = %mez = 0, and
=1

(gnzjgim,j) - % Z(xnzlxnll) = %ch = 17 ) 10, .] = ]-a 7k' A1S07 we

remark that for each Jj = 1,---,k the random variables &,1;, §n2j, =+ 5 &nnj
are independent.

E(XM &) = 0, E<<Zz 1 my) (Z[nﬂl mg)) = [nt]/nly — tl for
n — oo.
We turn now to the main part of this proof, where we shall implement the
same steps of the proof of theorem 2.3.3 for p,,(t) = 0, ¢%(t) = 1, and
m=1,---,d. Fix j of {1,2,---,k}, we begin verifying the condition (1°)
which states:
If0<t1 <K < 1, then
(I) lim limsup %E{'E{Xﬁ;(tk + h) = X2 ()| X (t1), an(tk)}—

lO n—aoQo

—hpm (tr) X35 (tr) } =0,form=1,---,d,

(D) Tim lim sup %E{‘E{(Xg}(tﬁh)—Xg}(tk))Q\an(tl)w- ,an(tk)}—

n—--auoQo

—ho? (1) } =0,form=1, --,d,
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and
)t o k[ (03 1) X5 (0) (635 0t )= 0)

n——aoo

‘an(tl), ce ,an<tk)} } = 0, fOI' ma 7£ mo.
Let us verify (I): Fix 0 < ¢ < 1, for reasons of convenience, we put m; := [nt],
and mgy := [n(t + h)] — [nt], where 0 < h < 1 —t. Consequently, for large n
we have 1 < my < My + Mg < n.

From the assumptions we know that, £, m 41,5, * -5 &nmi+ms,; are indepen-
dent of &1, -+, &umyj- And we have similarly to the beginning of the proof:

mi+ma
E{ > fmj‘fnu, e ,fnmlj} = 0, which implies

i=m1+1
E{Xm(t+h) = X2 ()| &g+ &g} = 0, for m =1, ---, d. Now, for
t = ty, we have of Course

o(Xnj(t1), -+ s Xnj(te)) € 0(&nrgs s Smaj)-

Therefore,

1E{|E{Xm (te 4 h) — X () | Xnj (t1), -+, Xj(tr) } — b+ 0 X2 (t) |} = 0,
form =1, , d.

Hence, (I) is Veriﬁed.

Also, for fixed m =1, ---, d, we have

mi+mso 2 _
E{( Z Z;Lj) ‘fnlja"'afnmﬂ}:% — h

i=mi1+1 A
Therefore,

) _

E{(X;Z(Zf -+ h) — Xﬁ;(t)) |€n1ja T agnmﬂ} = 72 njoo h.
And consequently
%E{‘E{(Xﬁ}(tk+h) X ()" | X (), an(tk)} h 1‘} =0

Therefore, also the condition (II) is verified. Also, for fixed mq,my € {1,
, d}, and my # my, we have

mi+msa m1+m2
Z fm] nzy ‘571137 U 7§nm1j = 0.
i=mi1+1 i= m1+

Therefore,
B {(X05 (¢4 h) = X5 (0) (X2 (¢ + k) = X2 (0) [€ngoe o s Gamas} = 0
And consequently

%E{ E{ (X;j;l (t+h) =X (1)) (X;j;?(t +h)— X7 (1)) \

| Xnj(t1), - 7an(tk)}’} =0.
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Therefore, also the condition (III) is verified.

Hence, we have verified the condition (1°).

Now, we turn to verify the remark following the proof of theorem 2.2.6:
Since the maximum jump maxi <, ||Znij|| in X,,; tends to zero and X,,;(0) =
0,Vn € N, the mentioned remark is verified obviously.

Now, we turn to condition(3°) which states: There is a constant K such
that, for all m =1, - -+ d, and for all n € N, and also for all t1,¢,t, € [0,1]
satisfying t; <t < tq, then

lim supE { (Xm(t) — X (1)) (Xm(ta) — X;g;(t)f} < K(ty — 1)

First, if £, — t; < L, then E {(Xg;.(t) — X () (X (ts) — Xg;(t)f} =0,
and the condition holds.

Now, if to — t; > %, then we find easily that:

E{(Xm( )= X7 (1)) (X7 (1) — X7 (1)) } = o {gm gm gm em Y where

[nt1] < iy,i2 < [nt], and [nt] < i3,i4 < [nty]. Let us put my = [nt] — [nt]

and mgy 1= [ntz] [nt]. We have

Z{fmm niaj m3J m4J} -

= muma E{(£)71;)7(&15;)} + mama(my + Mg — 2) E{(&]1;)%Em,6m0, 1+
+m1<m1 - 1>m2<m2 - 1>E{§n1] T%g TTL%] T7Ln4]}

= mlsz{(SZﬁ]) ( n2j) }+0

_ mimo < l(m1+m2)2
N 4 n2 .

limsup B { (X7(6) = Xi(1))* (Xp(ta) = X))} < 31— 10)?
Therefore, the condition (3°) is verified at least for K > }1, nd consequently
the proof is complete. O

Remark 2.3.10. We keep all the hypotheses of theorem 2.3.9, but
here we put these new conditions:
For each n € N, Z?ﬂ Tnij, and Z?Zl(xmj — Tp)(nij — Tn)" are independent

. — k . .
of the value of i, where z,, := %ijl Tp.j, l.e. we can write:

k k
E Tnij = E Tn.j,
Jj=1 Jj=1



Now, if the sequences (% Z?Zl xn.j> o and
n
(% Z?Zl(xw — ) (T — jn)t> are bounded, and the matrices s?(z,,) are
neN

assumed to be positive definite for all n € N. Then

k
Xy <\/%¢32(%>Wt+t%an.j> (Co)s G =12k,
j=1

0<t<1

k _ _
where s*(z,,) := >0 (T — Tn)(Tnj — Tn)".

It is important to mention here that the assertion of this remark means by
definition:

B(p(X,))~E <90 Q/% VW + () Z)) 0=tk

or more explicitly,

. [n(-)]
DR Z ¥ 4 Tnimi(§) | —
T2, T =1

= Jicwa ¥ <\/%V Slz)W + ()F Xin x”'ﬂ') dp = 0 g=1- .k
For all bounded uniformly continuous functions ¢ : (D[0,1])? — R, where

p is the Wiener measure, defined (C]0, 1])d, and where mq, s, -+ , T, here
ranging over all bijective functions, defined on {1,2,---  k}.

Proof: It is sufficient to prove it in the case where there exists ¢ > 0,
such that || %s*(z,) ||> € is valid for all n € N. We can reduce the case to
the situation of the previous corollary by using these new arrays:

1 , .
Tnij = (2s%(z,)) * (@nij — Tn),n €Ni=1,--- n,j=1,- k.
And consequently, we obtain by theorem 2.3.9:

[nt]

=

n 2 - _ D .
<E5 (En)> Z(fni]’ — Tn) — W, j=1,--- k.
=1 0<t<1
But from the hypotheses the sequences (% Z?Zl xn.j>n€N, and
(% 2521(%-]' — Tp) (g — i’n)t> are bounded.
neN
Hence, the assertion is valid. [
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Chapter Three

Conditional Distributions Limit Theorems
for Permutation Test Statistics

3.1. The Hypothesis H; (randomness):

We want to say here that some of the results, which are written in this section, can
be proved directly by using those results in the paper ”On the asymptotic theory of per-
mutation statistics [1998]” which is due to H. Strasser and C. Weber, but the proofs which
I presented here are in some places either similar to the orginal ones or modified. In fact,
the main reason for that is first to combine the case of Hy with other cases of Hy, Hs,
Hj in one volume, and secondly because the mentioned proofs have been completed and

explained entirely here.

Introduction: Let (2, A) be a measurable space and let P be a
probability measure defined on A, X, = (X1, Xpo, - Xk ) n €N, be
a triangular array of random elements with values in a sample space (€, B),
where £ is a separable metric space, and B is the Borel o-algebra defined
on €. Assume that the random elements of each row (i.e. X1, -+, Xy, ,
n € N) are i.i.d. under P. Let the distribution of X,; under P be denoted
by P x X,; or shortly by P,. The general form of linear statistics which are
considered here is denoted by T,, (1 kn)7 or shortly by 7,, if we can avoid

kn
confusion, where T, := \/% > Wni fn (Xm,ikn), and where w,; € M,,xd,
" i=1

1=1,---,k,, n €N, these matrices are assumed to be given constants. The
functions f, : £ x & — RY, (7,9, ) = fu(2,y, ), n € N, are measurable
and such that they depend on Y, in a permutation symmetric way. This

means f, (x,w @k )) = fn(x,gk ), for all m € Tl , where I, is the set of

all bijective functions defined on the set {1,2,---  k,}. Fix n € N, and let
A € R? be a given constant, define Q) C Q by

Q)\ = {)\tfn (anyikn) = )‘tfn (Xn%ikn) == )\tfn (Xn}ﬁ"i’&kn) }

we assume that P(2,) > 0 is hold iff A = 0. Now, for notational conve-
nience concerning the computations, let w, € £2([0,1], M,,xq) be such that
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i = kn, fwn tydt,i=1,-+ ky, n € N.

i
We mention here that the form of the considered statistic 7,, contains the

linear rank test statistic S = ) ¢;a(R;) which has been discussed deeply in
i=1

" Theory of rank tests [1967]” which is due to J. Hajek and Z. Siddk.

To achieve the purpose here we need to build a base for our coming limit
theorems, for this we shall begin with the following interesting steps which
are needed very much to obtain the final results.

Let us here introduce here the known kind of exchangeablity, but we call
it here Hy-exchangeablity, also we put some related symbols, which will be
needed for the main results of this section.

Let (92,4, P) be a probability space and let €, = (&1,&n2, k)’

a triangular array of random elements from (€2, A P) to (€,B), where & is
a separable metric space, and B is the Borel o-algebra defined on £. And
let (Cp)nen be a sequence of sub-o-fields of A, C be a sub-o-field of A. Let

-1
further S° (§ i > = (§ i > (82), where 8Y denotes here the o-field of all

sets B in B satisfying the condition
z, € B+ (gkn) € B, Vr e ll,,,

’rL

where here z, = (21,--- ,x,). Let s ( ) Z (Em ) (5m - gn)t; and

.

&n =1 Z &ni- For each n € N the matrix s ({kn) is assumed to be positive

deﬁmte These assumptions are hold in this section.

Definition 3.1.1. The random arrays &,1, &na,y -+ -, Enk,, are Ho-ex-
changeable under P(-|C,), iff V& € Il the equality

P (gkn c B|Cn> —p <7r (§k) c B|Cn> [P]

is valid for all B € B**, and then the array §, s called Hp-exchangeable
under P(-|C,).
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Lemma 3.1.2. Let f: (£,B)" — (R, B) be a measurable function
such that E(f(£, )) is well-defined. If §,_ is Ho-exchangeable under P(:|C),

then VA € SO(§k ), C €C, 7 €1l, the following equality is valid

B (et (7 () = £ (Le (&)

OJ

Let us denote the o-field o(S° <§k ) ,C) by §°(¢, ,C). Now, since {ANC:

Aes? <§k > , C € C} generates the o-field S({, ,C), we have by lemma
3.1.2 the validity of

B (10 (7 (&) = £ (107 (&)

VD eS¢, ,C), m €I,
Therefore, the following lemma is just a consequence of lemma 3.1.2.

Lemma 3.1.3. Let f: (£,8)" — (R,B) be a measurable function
such that E(f(, )) is well-defined. If §, is Hp-exchangeable under P(-|C),
then i

(715 (&,.¢)) = 17 2 f(&, ) 1P

TrGHkn

Let us here introduce the following theorem which is an invariance prin-
ciple, needed to obtain the limit theorems of this section.

Theorem 3.1.4. Suppose that the triangular array €, s infinites-

kn
imal, and the sequences (E Em-)
=1 neN

bounded. If C, O S° ({fk >, n € N, is a sequence of sub-o-fields of A,

Cn := o(C x (C[0,1))% : C' € C,), and if the triangular array €, 1is Hoex-
changeable under P(:|C,) then

, and <32(£ )) are stochastically
neN

—Rn

S,~W (C).
Where

S, 1 Q2 x (C[0,1)* — (DJ0, 1])¢,
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Sn(w17w2> = Sn(wl)u
[knt]

(Sn(wn)) (1) := Zﬁm(wl)-

And

W Qx (C[0, 1)) — (C[0,1))* © (D0, 1)),

Wilwn, wp) = < 52(§kn)> (wi) W (w2) +ti§m(wl),

Vvt € [0,1], V(wi,we) € Q x (C[0,1])%, where W° = (W?)oi<1 is a d-

dimensional Brownian bridge.

Proof:  We first prove it in the case where sup || s%(§

n

) lI< +oo [P,

kn
and sup || > &y ||< +oo [P].
n =1
By lemma 1.2.2 the assertion is equivalent to the validity of the limit

/ P(8n)dP @ i — / p(W)dP @ — 0,
CpxC[0,1]¢ CpxC[0,1]¢

for all sequences (C),),en, and for all bounded uniformly continuous functions
¢ : (D[0,1])* — R, where C,, € C,, and where y is the the Wiener measure
defined on (C10, 1])%.

Therefore, let (C},)nen be an arbitrary sequence of the measurable sets C,, €
Cn, n € N, we want to prove the validity of the previous limit above, which
is equivalent to

/go(Sn)dP—/ / ©(W)dPdy — 0

Cn Cn (C[0,1])¢

C,ldP — O

n—-—uoo

@i/E@wMQmP—/E / o) du
Cn G\l

Since the sequence (C),),en is arbitrary, the previous assertion is equivalent
to

E(p(S,)|Cy) — E / o)y
(Clo,1])4

¢, | 0
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= B (p(S,)|C) — / (W) duL20

(clo,1]?
1 [kn ()] 3 P
D d DI et
T = (Clo.1))¢
where 7 here ranging over all bijective functions, defined on {1,2,--- , k,}.

It is sufficient to prove that each subsequence {n'} contains another sub-
subsequence {n”} such that

[k (-

()]
1 ~
e | X e |- [ eMdn—or)
LA i=1

(Clo,1)4

From the hypotheses, each sub-sequence {n'} of {n} contains another sub-
subsequence {n”} such that | max | &ni ||[— O [P]. Therefore, without

KUK,

any loss of generality we can assume that max | &ni ||[— 0 [P]. Hence, for
\l\ n

all wy of those fulfill the hypotheses, we want now to prove

. LAQ)
En! ZSO ; gmr(i)(wl) -

i=

kn
- [ (( 32(§kn)> (wW)W° + () me‘(m)) dji — 0.

(Clo,1)¢ =
But this is valid indeed from remark 2.3.2.

Now, we turn to prove it in the general case.
kn

Let us define CM := { 122 & IS M, | 8%, ) 1IS M}, and also for each
i=1 -

neN andi=1,---,k,, we define the new random arrays ém = 1o &g It
is clear that the new random arrays satisfy the first case of the proof above.
Consequently, the limit

/ cp(lcy -gn)dp X u— / gﬁ(lcéw . W)dp Qu — 0,
Chx(C[0,1])4 Crn x(C[0,1])4

is valid for all sequences (C},),en, and for all bounded uniformly continuous
functions ¢ : (D[0,1])? — R, where C,, € C,,. We can rewrite the previous
limit as the following

n—aoo

/ 1071:4 . gD(gn)dP QU — / 10711\4 . QO(W)dP Q@u — 0.
Chx (C[0,1])4 Crn x(C[0,1])4
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Also, we can enlarge M to make the following inequality valid P(CM) > 1—¢
for any given € > 0, and for all n € N.
Therefore, we obtain the validity of the limit

n—-—uoo

/ @(Sn)dP Q@ — / gO(W)dP Qu — 0,
Crx(C[0,1])4 Cr x(C[0,1])¢

for all sequences (C,,)nen, and for all bounded uniformly continuous functions
¢ : (D[0,1])* — R, where C,, € C,. Hence, the proof is complete. O

Corollary 3.1.5. In the same situation of theorem 3.1.4, we have
the validity of

S, AW,
or more explicitly
[knt] kn
Zgnl ~ ((\/ 82(§kn)> Wto_'_thnz)
=1 =1 0<t<1

0<t<l1

In the same situation of theorem 3.1.4, we want to discuss the conditional
asymptotic normality of a given linear combination of the random arrays
Sn(t1), Sp(ta), -+, Sn(te), where tq, ta, - -, t belong to [0,1]. The following
remark is for this purpose.

Sn(tr)
Remark 3.1.6. Let X, be defined by : , where t, to,-- -,
S (tx)
tr. belong to [0, 1], and let ay, as,- -+, aj be given constant matrices of order

m X d, then we have

k
P> a;- Su(t:) ~ N (pn,02) (C,), where Vn € N
i=1
k o
[ = thaj : (Z fm)
=1 i=1

op = (ay,- - ,a) - (min(tutj)(l — max(t;, £;)s” (ékn»

1<i,j<k
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Proof: From Theorem 3.1.4 we conclude the following fact

Sn(t1)
P x : ~ N (fin,52) (Ch),
S (tr)
where here Vn € N .
t1 Y &ni
i=1
:&n = ;

kn
i=1

~92 . 2
o, = | 1in tl,t 1 — max t“t ) .
n ( 1 ( J)( a ( J))S <§ n 1<i,j <k

Which means by definition the validity of the following limit

Ep (f (Sn(t1), Sn(ta), -, Su(te))1Co)— [ fAN (fin,52) L0, for all bounded
uniformly continuous functions f : (RY)* — R. Now, let g : R™ — R be
a bounded uniformly continuous function, and let ai, as, -+, ax € M,,xq
be given constant matrices, then the function h : (RY)* — R, defined by
h(z) := g((ai,ag, - ,a) - ), Vo € (R%)* is also bounded uniformly contin-
uous function. Thus, we have for this h the validity of the limit

Ep (h(Su(t), Su(ta), -+, Sn(te)) |Cn) — [ RN (i, 52) —— 0, which can be
rewritten as

S (tl)

Ep g (alv Ag, - 7ak> ’ CTL _fng (MTL: 0-721) i) 07 which is

Sp(tr)
also equivalent to

where here
kTL
tl Z fnz
i=1 k kn
b= (o) | =3 b (zgm) ,
kn j=1 i=1
i=1
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and

o2 = (ar, -, a) - (min(’fivta‘)(l — max(t;, £;)s” (gkn»

1<i,j<k

Therefore, the proof is complete. OJ

Corollary 3.1.7. Inremark 3.1.6if 0 <t <ty < --- <t < 1,
then we can rewrite o2 as the following

=> <Z £, Jat +2%+z (€, Jalt;(1 —tjﬂ.)) .

J=1 =1
Also, if t = %, a; = a; — oy, and ap = ai, where aq, g, - -, oy, are given
constant matrices of order m x d, and if t; = j¢, for j = 1,2,--- , k, then we

have easily

k ko
Hn =1 <Z &j) ’ (Z fm)a and
j=1 i=1
k . i t
= (j; a;s? <§kn> O‘E’) t— (; aj) s <§kn> <Z aj> t?. These results
0

j=1
are involved in the proof of theorem 3.1.9.

Throughout the proofs of the coming limit theorems in this section we need

to represent some Partial sums as path integrals. Let &,1, &9, - &k, be
[knt]

random arrays from (Q, A4, P) to (R%B?), S,(t) = Z Eniy, and let wy;,

z‘ =1,2,---,k,, n € N, be constant matrices of order m >< d. One can write

Zwmfm = fo wy(t)dS'(t), where S!(t) is defined by S (t) = S, (’k_—l) +

ky, <t — %) (Sn (é) - S, (%)), where i := [k,t] + 1 in this formula,

and w, € L2([0,1], M,,xq) is defined such that w,; = k, [ wy(t)dt, for

L=z

7
kn

i
i =1,-- k,. Also, we need to see the behavior of || Zwmfm || when
i=1
|| wn ||2 tends to zero with n tends to infinity, the next lemma gives an an-

swer to that question.
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Lemma 3.1.8. If the random arrays &,1, &uo, -+ ,Enr, are Ho-ex-

kn
changeable under P(-|C,), and the sequences (Z fm) , and <32(§k ))
i=1 n -

eN neN

are stochastically bounded, then

kn,
P .
|| E wnifni || 07 if || W, ||2 0.
n—-0o00

=1

kn
Proof: Since the sequence (Z fm;) is stochastically bounded, it is
i=1

. neN
sufficient to prove

kn
1D wni (6ni = &) 1= 0, [ wn [l — 0.

i=1

_ kn,
where as we know &, := ki > &ni
"i=1

Since w € £%([0, 1], Mynxa), and from Lemma 3.1.3, we have

E <<§ Wi (&ni — fn)) (iznl Wi (€ni — fn))t S° <§kn’cn>> =

kn En En,
= é ;meQ(ékn)wzi — ﬁ ;wmsz(ékn) ;u}f“ + 0p(1).

Now, since
1

k
1 n
I 3o =l [ ntthat 1<l n e
=1 0
and
1 & /
> N 1P [l 17 dt =] on 1
" =1
0

and since the sequence (32(5 ) )) is stochastically bounded, we obtain
neN

B ((kzl o (- &) (kz: . (6 - gn))t s (e, c)) £

Therefore,

kn
i=1
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and from theorem 1.1.3 we conclude that the assertion is valid indeed. O

kn,
In the next theorem we discuss the asymptotic normality of the sum > wy,; €.
i=1

Theorem 3.1.9. Suppose that the triangular array £ . is infinitesi-

—hn

kn,
mal and that the sequences (Z §m-) , and <32(§ )) are stochastically
i=1 neN

neN
bounded, and further that sequence (w, ), is a relatively compact sequence

in £2([0,1], M,xq). We call it a sequence of weight functions and assume
that these weights are constants. If C,, O S° <§ . ), n € N, is a sequence of

sub-o-fields of A, and if the rows of the triangular array are Hy-exchangeable
under P(:|C,), then we have

kn
P x Zwmfnz ~ N(Mn’ 0-72:,) (Cn)’
i=1

where

1 kn
0 i=1
and

ol ::jwn(t)s2(§kn)w;(t)dt—/wn(t)dt~52(§kn)~/1w;(t)dt.

Proof: Since, (wn(t)),en 1s relatively compact, so every subsequence of
(wn(t)), ey contains another convergent sub-subsequence, and consequently it
is sufficient to prove the assertion in the case when the sequence (wy(t)),,cn
is convergent. And from lemma 3.1.8 we conclude that it is sufficient to
prove it in the case w,(t) = w(t), Vn € N. Moreover, remarking that
any w € L2([0,1], M,,,xq) can assumed as a limit of some sequence of step-
i-1 i)(t),aci S

E 'k

k
functions belong to M,, x4, where M,,yq := {w cw(t) =D Tl
i=1

Mpxa, 1 =1,--- k, k € N}, By applying lemma 3.1.8 we find that it is

sufficient to prove it when w € M,, 4. Now, we note that
1

;wm{m = [w(t)dS,(t) = ;xz (S;L (%) - S (%)) = ;aiSﬁl (%), where

0
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a; :=T; — Tiy1, 0 = 1,2,---  k — 1, a = xp. Since the triangular array g,
is infintesimal, and from remark 3.1.6, and corollary 3.1.7, we find that the
assertion is valid indeed. [l

Remark 3.1.10. In theorem 3.1.9, 02 can be rewritten as
kn kn kn
1 1 1
0-7%, = %n 2wni82(§kn)w2i " kn lem82<§kn)H le;tm? n € N. O
1= 1= 1=

We want at this position to introduce some important properties of the con-
cepts of the Hy-exchangeablity under P(:|C), where C is a given sub-o-field

of A, also we want to discuss some properties of the o-field S° <§ k), k € N.

For this, we shall introduce the definition of the Hy-exchangeablity under P,
also some interesting results.

Definition 3.1.11. Under the same hypotheses of definition 3.1.1,
we call the triangular array £, Hop-exchangeable under P iff this triangular

array is Hy-exchangeable under P(:|C), for C = {0, Q}.

— It is clear from lemma 3.1.3 that the Hy-exchangeablity under P(-|C),
for all C C S° <§ . ) is equivalent to the Hy-exchangeablity under P.

Lemma 3.1.12. Let X;, X, ---, X} be random elements from
(Q, A, P) to (€,B), where £ is a separable metric space, and B is the Borel
o-algebra defined on £. Let further, f : £ x E¥ — R™ be a measurable
function, which is permutation symmetric in its second variable, and let

§ = [ (X X,), i =1,k then 8° (€, ) € 8 (X,).
Proof: 1t is sufficient to prove that the following implication
g (ék) is S (ék) -measurable = g (§k> is S° (X, ) -measurable

is valid for all measurable g : (R™)* — R. For this, let k : E¥ — (R™)* be
defined by h(z) := (f (v1,24), . f (zp,2)), where z, = (21, ,23) €
Ek. Let g <§k> be S° <§k>—measurable, this implies g <7r <§k>> =g <§k> for
all m € TI;. Let us define go : E¥ — R by go (z) := g(h(z})).

Hence, go (X,) = g(h(X,)) = g (&), and go (7 (X,)) = g (h(7(X,)) =
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o7 (6)) ~s(6) =

Hence, go (7 (X)) = go (X), but this means that go (X) is S® (X, )-measur-
s S

able, and also ¢ (§ . X, )-measurable. Consequently, the assertion is

valid indeed. O

Lemma 3.1.13. Let f: & x £&¥ — R™ be a measurable function
which is permutation symmetric in its second variable. If the random ele-
ments Xy, ---, Xj are Hy-exchangeable under P(-|C), then f (X1, X,), ---,
f (Xg, X}), are also Hyp-exchangeable under P(:|C).

Proof: 1t is sufficient to prove that for any measurable function g :
(R™, B™)" — (R, B) satisfying that the quantity
E(g(f (X1, Xg), - f (Xk, X}))) is well-defined, the equality

E(g (m (f (X0, X)), f (X0, X)) [C) =

= E(g(f (X1, X)), f (Xi, X3)) [C) [P]
is valid. For this, let us define h : &5 — (R™)" by

h(z,) = (f (x1,2), -, f (xr, 2,))", where z, = (21,--- ,23) € EF. And we
can write

hX,) = (fF(X1, X)), -, f (X, X)) Consequently, it remains to be
proved the validity of the equality

E(g(m(h(Xy))[C) = E(g (h (X)) [C) [P].

But easily, we see that the left side is equal to E (g (h (7 (X})))|C) almost
sure with respect to P. Since X7, - -+, X are Hyp-exchangeable under P(:|C),
the assertion follows. O

Lemma 3.1.14. Let &, -, & : (2,4, P) — (R™,B™) be ran-
dom arrays and C C A be a sub-o-field. Let z;, = (xq,--+ ,2;) € (R™)*,
k
T = Z x;, and V (z,) = Z(mz —Z)(z; — T)*.
=1
Assume that Vi(z,) is posmve deﬁmte and let g : R™ x (R™)F — R™ be

defined by g(y7£k> - (V (&k)) (y - ZE), and i =4g (§ZJ§k>7 1= ]-7 U 7k'
If &, -+, & are Hy-exchangeable under P(-|C), and if £ and V(§,) are C-

measurable, then S° <§k,C) =&Y (ﬂk,C>.

Proof: First we see that S° <ﬂk,C> c 8 (ék,C> follows from lemma
3.1.12 because ¢ is permutation symmetric in its second variable. It remains
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to show that S° <§k,C> c s (ﬂk,C>. And for this it is sufficient to prove
that S <§k> cs° (Qk,C>. Let f: (R™)* — R be any measurable function
such that f <§k> is SY (gk)—measurable. This means f <7r <§k>) =f <§k>

for all m € II,.
To complete this proof we have to prove that f <§ k) is SO (ﬂk’ C> -measurable.

For this, let 2 = (z1,--+,2,) € (R™* a € R™, B € Myxm, and B
is positive definite and symmetric, h be defined by h(z,a, B) = (B2z +
a, -, B2z, +a). It is easy to see that h(m(2),a, B) = 7(h(z,a, B)), £, =

h(n,,&V(E,)), and f (§k> — f (h (Qk,é, V(§k))> but € and V (gk) are

SO (ﬂk,C) -measurable because C C S° (ﬂk,C>, and they are C-measurable.

But also, f (h (w (Qk) £, V(gk)» —f (h (Qk,é, V(§k)>> for all 7 € TI,,.

Thus, f <§k> =f (h (gk,f,V(gk)» is SY (ﬂk,C>—measurable. O

In the intioduction of this section we have defined the statistic

T, = \/%1 Zn Wi fn (Xm, X kn)’ we want here to make some preliminary com-
i=1

putations to prepare for the next theorem which will discuss the conditional

asymptotic normality of the sequence (73,), .. For this, let us first prove
that £ (fu (Xui, Xy,,) [8°(X4,)), and Var (fo (X, X5, ) [S° (X)), are in-
dependent of 7. One can easily see

kn
B (fy (X0 X,,) 18° (X)) = 1 D o (X X,,) [P
=1

Var (k" (Xnis X, ) 18° (X)) =
= 2 U (X)) = B (1 (. X,,) 187 (X4,))
(fo (X X)) = B (fu (X, X5, 18° (X5,)))° [P
Therefore, for notational convenience we denote E ( f, (X, X, ) 18" (X4,))
by E (falS° (X},)), ie.
E(falS* (X)) = B (fo (Xnis X3, ) 18 (X))
and Var (fn (Xm-,ikn) |S? (ikn)) by Var (fn|SO (&kn)), ie.

Var (f|S° (Xy,)) = Var (fo (Xni, X5, ) 1S (X},)) -
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Let us now give explicit expressions for F (Tn|80 (K kn)), and
Var (T,|8° (Xy,))-

(T |SO Xk anl fnlSO Xk )) [P]7

kn
Var (Tn|$0 (an)) = Var <\/%7 ;wm'fn (Xm,Kkn) |S° (Kkn)) =
_ kﬁzl nVar (fulS° (X,.)) whot
2 b (X)) = B (18" (X))

" 1<ig<kn
(0 (G 5) ~ B (118 (5,118 (55,) )y
But on the other hand when ¢ # j we have

B (5 (% X0) = £ (115" (X))

(o (X X,) = E (118 (5,))18° (Xs,) ) =

-t 2, U X0) ~ B (S (5,))
(e (Yo X))~ B (718 (52,))' 2

-t 2, (0 X0) ~ B (1 (,,))-
: (0 (G X0) B (1S (52))) -

i 5, U (Ko X) ~ B (718 (X))
(o (Xors X)) = B (falS° (X)) 1P

0 L Var (78 (X,,)) [P

Hence,

kn
Var (T,|8° (X)) = ﬁ ;meaT (falS° (X,,)) whi—

kn
S - Emear (falS° (X4,)) ﬁ leflj [P].
iz

— For the next theorem we assume first the same situation in the intro-
duction of this section.
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Theorem 3.1.15. Assume that the triangular array

1

is infinitesimal and the sequence (Var (f,|S° (X kn)))neN is stochastically
bounded. Assume further that the sequence (wy(t)),cn € £% ([0, 1], Mpnxa)
is relatively compact sequence of non-random weight functions. Then the
sequence (T},), oy is asymptotically normal under P € Hj, and conditioned
by the symmetric sub-o-field S° (X, ). More explicitly,

P (To = E(TalS° (Xy,))) ~ N (0, Var (T,|8° (X)) (8° (X))

Proof: Leté¢,,i=1,2,---, k,, n €N, be defined by

1
i = = ([ (X0i, X, ) — E (f|S° (X , 1<i <k, neN.
b= 2 ( (X X0,) = B (118 ()
From lemma 3.1.13, the random arrays &1, - -, &uw,, are Hp-exchangeable

under P (-, 8% (X, )). Let

Fu(t) =3 = (fn (X0 Xi,,) = B (£218° (X,,))) -
0<t<1, and let

o= (7)o () (5 (6) - ()

where i := [k,t] + 1.
Therefore, we can write

T, E(TIS (X,,)) = [wn(tdEi (o)

Hence, all assumption of theorem 3.1.9 are satisfied, and consequently we
have
P (T, — B (T8 (X)) ~ N (0.02) (8 (X))

where 02 := flwn(t)sz <§k )wfl(t)dt — jwn(t)dts2 (fk > }wfm(t)dt =
0 R 0 "0 .

= an(t)\/ar (falS° (X)) wfl(t)dt—oflwn(t)dﬂ/ar (falS°(X},)) {w;(t)dt.
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Also, from remark 3.1.10 we can write
kn kn kn
= & S, o - & e, )& Sk
1= 1= 1=
kn, kn kn
o2 =L > wniVar (ful8° (X)) whi— - > wnVar (falS° (X4,)) = 2 i [P
1= 1= 1=

By remarking that o2 — Var (Tn|30 (K kn)) £ 0, we conclude that the as-
sertion is valid. O

Remark 3.1.16. From theorem 1.3.4, it is easy to see that the
assertion of theorem 3.1.15 is equivalent to

P T ~ N (E (TS (X))  Var (T]S” (X4,))) (87 (X4,))

if the sequence (E (Tn|$0 (& kn))) is stochastically bounded.

neN
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3.2. The Hypothesis H; (symmetry):

Introduction: Let (©2,4) be a measurable space and let P be a
probability measure defined on A, X, Yk = (X1, Y1), (Xno, Yao), -+,

(Xok,s Yo, ))'s n € N, be a triangular array of random couples with values
in a sample space (£2,B?), where € is a separable metric space, and B is the
Borel o-algebra defined on £. Assume that the random couples of each row
(ie. (Xp1,Yn1), -+, (Xokns Yok, ), n € N) are 1.i.d. under P, and the distri-
bution of each couple is symmetric. In other words, (X,;, Vi) ~ (Yai, Xni)
fori =1, ---, k,. Let the distribution of (X,;, Y,;) under P be denoted by
P % (X, Yni) or shortly by P,. The general form of linear statistics which

are considered here is denoted by T, <X Y, ), or shortly by T, if we can

kn
avoid confusion, where T,, := \/%l;wm fn ((Xm-,Ym) , X, Ykn), and where

Wni € Muxa, @ =1,-++  k,, n € N, where the matrices w,;, t = 1,--- , ky,
n € N, are assumed to be given constants. We define here the following
concept of symmetry

w depends on Yy, in a permutation symmetric way iff

w(w (e (Mk ))) :w(Mk ),VGEEkn,WGHkn.

We mention here that this is the symmetry concept, which is used in all ar-
guments related with this section, and the symbols e, =, are introduced just
before definition 3.2.1. The functions f, : £2x (E2)™ — RY, ((x,y), z,,) —
fn((x,y), 21,,), n € N, are measurable and such that they depend on 2, in a
permutation symmetric way, and semi-symmetric one with respect to their
first variable (z,y) ie. fo((%,9),2,) = —fu((y,2),2;,), n € N, and for all
(z,y) € £2 Fixn € N, and let A € R? be a given constant, define Q C Q
by

Q) = {)\tfn <(Xn17Yn1) ’gkn> =\, ((XnQ,YnQ) ’ﬂk,) — ...

= AL ((Xnkn,Ynkn) aﬂk,) }

we assume that P(2,) > 0 is hold iff A = 0. Now, for notational conve-
nience concerning the computations, let w, € £2([0,1], M,,xq) be such that

Fr

Wni = kn [ wa(t)dt,i=1,--- k,, neN.
i—1
Fn
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We mention here that the form of the considered statistic 7,, contains the lin-

ear rank test statistic S = >~ a(R; )signX; which has been discussed deeply
i=1
in ” Theory of rank tests [1967]” which is due to J. Hajek and Z. Siddk.

To achieve the purpose here we need to build a base for our coming limit
theorems, for this we shall begin with the following interesting steps which
are needed very much to obtain the final results.

Let us here introduce a new kind of exchangeablity, we call it H;-exchange-
ablity, also we put some related symbols, which will be needed for the main
results of this section.

Let (2, A, P) be a probability space and let
§k)n - (£n17 T 7£nkn)t7 gkn = (éﬂ,la e 7énkn)t

be triangular arrays of random elements from (€2, A, P) to (€, B), where & is
a separable metric space, and B is the Borel o-algebra defined on £. let us

define &_ék = ((fnl,gm% T a(fnkn,gnkn)>, and let (C,)nen be a sequence
of sub-o-fields of A, C be a sub-o-field of A. Let further S! (5’_514; > =

N
(g i ) (81), where S! denotes here the o-field of all sets B in (B2)™
satisfying the condition

T, T, €B<:>7r<e(x,_97;k ))EB, vVr e lly,, Ve € Zx,
where here z, 7, = ((v1,31), -, (Tk,, Tn,)), and Zy, = {e e (a:,ik ) =
(e1(z1,31), -+, enl@h,, T1,)), € = id, or e;(x, &) = (#,3), Vo, &, € (E2)™,

D Vg,
kn
i=1,--- ,n}. Let sz(ék ) = > &k, For each n € N the matrix 32(§k )
is assumed to be positive definite. All these assumptions are hold in this
section.

Definition 3.2.1. The random pairs (&u1,&m), -« (Enk, Enke, ) are
Hi-exchangeable under P(:|C,), iff Vr € I, , Ve € Zj, the equality

P (gk c B|Cn) —p (7Te (gk) c B|Cn> [P]
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is valid for all B € (82)*, and then the array f,_é . is called Hj-exchangeable
under P(-|C,,).

Lemma 3.2.2.  Let [ : (&2, B)" — (R,B) be a measurable
function such that E(f(£, €, )) is well-defined. If {, ¢, is Hj-exchangeable

under P(-|C), then VA € 81(5,_ék ), C eC, melly,, ec€Zy, the following
equality is valid

B (et (7 (e(£4,)) = £ (e (£4,,))

0

Let us denote the o-field o(S? (f,_ék ) ,C) by 81(5,_§k ,C). Now, since {AN

C:AecdS! (S,_fk ) , C € C} generates the o-field 81(5,_§k ,C), we have by
lemma 3.2.2 the validity of

B (101 (e (e6,)) = £ (107 (€4,)).

VD e 8'(¢,E, ,C), melly,, e € Ey,.
Therefore, the following lemma is just a consequence of lemma 3.2.2.

Lemma 3.2.3.  Let [ : (£2,B)" — (R,B) be a measurable
function such that E(f(£, €, )) is well-defined. If {,§, is Hj-exchangeable

under P(-|C), then

BUEENS (66,.C) =gy 3 f(r(el&€, ) [P

Now, we are at the suitable position to introduce the following invariance
principle which is the base, needed for building the limit theorems of this
section.

Theorem 3.2.4. Suppose that the triangular array £, is in-
finitesimal, and the sequence (32(§ )) is stochastically bounded. If
neN

—hn

C, O St (f, —fkn), n € N, is a sequence of sub-o-fields of A, C,, := o(C x
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, : C € C,), and if the triangular array &, —¢, is Hj-exchangeable
clo,1)?:C e d if the tri 1 . 15 H h bl
under P(-|C,) then

S,~W (C).
Where
S, : Q x (C[0,1)* — (D[0,1])%,
Sn(wl,wg) =S (w),
[knt]
(Su)) () = Y uler).
And :

W :Qx (C0,1]))¢ — (C0,1])¢ c (Do, 1])4,
W(wl,wg) = < 52(§kn)> (w1)W (ws),

where W := (W})o<i<1 is a d-dimensional Brownian motion.

Proof: We first prove it in the case where sup || s2(€, ) < +oo [P].

By lemma 1.2.2 the assertion is equivalent to the validity of the limit

/ 0(Sp)dP @ pu — / e(W)dP @ — 0,

n—-auo~o

CpxC[0,1]¢ CpxC[0,1]¢

for all sequences (C,, )nen, and for all bounded uniformly continuous functions
¢ : (D[0,1])) — R, where C, € C,, and where p is the Wiener measure
defined on (C|0,1))%.

Therefore, let (C,)nen be an arbitrary sequence of the measurable sets C,, €
Cn, n € N, we want to prove the validity of the previous limit above, which
is equivalent to

/so(Sn)dP—/ / o(W)dPdy — 0

n——ao
Cn Cu (C0A])

C,|dP — 0

n—-:moo

@é/EwwmawP—/E / o(W)dp
Cn Cn (C[0,1])¢

Since the sequence (C,),en is arbitrary, the previous assertion is equivalent
to

E((S5,)|Ca) — E / o(W)du
(Clo,1])4

¢, | 250
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= B (p(S,)|C) — / (W) duL20

(clo,1]?
1 [kn ()] 3 P
= S e D e | - / e(W)dp—0,
S SR (Clo))
where 7 here ranging over all bijective functions, defined on {1,2,--- , k,}.

It is sufficient to prove that each subsequence {n'} contains another sub-
subsequence {n”} such that

[k, (-

()]
1 .
o L el Xt |- [ et —oPL
e i=1

s
1ok g, €141} (Cloap

From the hypotheses, each sub-sequence {n’} of {n} contains another sub-
subsequence {n”} such that

 Iax | &uri ||— O [P]. Therefore, without any loss of generality we can
i<k,

assume that max | &€ni ||— 0 [P]. Hence, for all w; of those fulfill the

IIXFAn

hypotheses, we want now to prove

2k+]¢n! > ¥ < > €i&nr(i) (M)) —

0 =1
£1, " ,Ekn€{71,+1}

- gp(( sz(ék )) (wl)W) dp — 0.
(Clo.1))e !
But this is valid indeed from remark 2.3.4.

Now, we turn to prove it in the general case.

Let us define CM := { | 32(§k ) I< M}, and also for each n € N, and

1 =1,--- k., we define the new random arrays ém = lom - &ni- 1t is clear
that the new random arrays satisfy the first case of the proof above.
Consequently, the limit

/ (Lo - Sp)dP @ pu — / e(lea - W)AP @ p — 0,
Cnx(C[0,1])4 Cox(C[0,1])4
is valid for all sequences (C},)nen, and for all bounded uniformly continuous

functions ¢ : (D[0,1])¢ — R, where C,, € C,,. We can rewrite the previous
limit as the following

/ 1071:4 . gD(gn)dP X u— / 10711\4 . QO(W)dP Q@u — 0.

n——aoo

Chx(C[0,1])4 Crn x(C[0,1])¢
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Also, we can enlarge M to make the following inequality valid P(CM) > 1—¢
for any given € > 0, and for all n € N.
Therefore, we obtain the validity of the limit

/ P(Sa)dP @ — / p(W)dP @ — 0,
Crx(C[0,1])4 Cr x(C[0,1])¢
for all sequences (C},)nen, and for all bounded uniformly continuous functions

¢ : (D[0,1]) — R, where C,, € C,.
Hence, the proof is complete. 0

Corollary 3.2.5. In the same situation of theorem 3.2.4, we have
the validity of

S W,
or more explicitly
[knt]
me ~ ( 52<§k )Wt>
- 0<t<1
=1 0<t<1
Sn(tr)
Remark 3.2.6. Let X, be defined by : , where tq, tg, -,
S (tx)
tr. belong to [0, 1], and let aq, as,- -+, aj be given constant matrices of order

m X d, then we have

k
P x Z Q; * Sn(tz) ~ N(/J“’rh 0721) (Cn)7 where Vn € N
=1

=0

0.121 = (ala e ,ak) . (mln(tu tj)82 (ékn>>1<ij<k
X=X ak

Proof: From Theorem 3.2.4 we conclude the following fact

Sn(tl)
P x : ~N (ﬂm 6721) (Cn) )

Sn(tk)
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where here Vn € N
fin =0,

5o = (min(ti7tj>32(§kn )1<z’j<k'

Which means by definition the validity of the following limit
Ep (f (Su(t1), Su(ta), - Su(tr)) [Cn)— [ FAN (fin,52) — 0, for all bounded
uniformly continuous functions f : (R%)* — R. Now, let g : R™ — R be
a bounded uniformly continuous function, and let ay, as, -+, ax € Mixq
be given constant matrices, then the function h : (R%)* — R, defined by
h(z) == g((a1,as, -+ ,ax) - ), Vo € (R)* is also bounded uniformly contin-
uous function. Thus, we have for this h the validity of the limit
Ep (h(Sp(t1), Sn(ta), -+, Sul(tr)) [Ca) — [ RN (fin, 52) —— 0, which can be
rewritten as

Sn (tl)

Ep g (ah g, 7ak> ’ Cn _fng (Hna O—g) i) 07 which is

S (tr)
also equivalent to

Ep (9 (Z aj - Sn(tj)> ICn> - /gd/\/ (s 02) == 0,

j=1
where here
0
ﬂ’n = (a17a27”' aa’k’) :07
0
and
ay
2 . 2 )
= y T T : tiv t; < >> .
o= (o) (mints )5 () |
ay,
Therefore, the proof is complete. 0

Corollary 3.2.7. Inremark 3.2.61if 0 < t; <ty < -+ <t < 1,
then we can rewrite o2 as the following

k J k—j
=3 (St s Ymte, i)
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Also, if t = %, a; = o — oy, and a = g, where aq, ag, -+, oy, are given

constant matrices of order m x d, and if t; = jt, for j = 1,2,--- |k, then we
have easily
iy =0, and
k
o2 = (Z s’ <f i > Oé;) t. These results are involved in the proof of theo-
=1 =

rem 3.2.9. O

Throughout the proofs of the coming limit theorems in this section we need
to represent some Partial sums as path integrals. Let &,1, &0, - &, be

[knt]
random arrays from (Q, A4, P) to (RYB?), S,(t) := > &, and let wy,,
i=1

1=1,2,--- ,k,, n € N, be constant matrices of order m x d. One can write
ko :

> wnibni = Jy wn(t)dS'(¢), where S, (¢) is defined by S,(t) = S, (i) +
i=1

ky, <t - %) <Sn (é) - S, (%)), where i := [k,t] + 1 in this formula,

2

o
and w, € L*([0,1], My,xq) is defined such that wp; = k, [ w,(t)dt, for
i—1

kn

kn
i =1,--,k,. Also, we need to see the behavior of || >  wp&n || when
i=1

|| wn ||2 tends to zero with n tends to infinity, the next lemma gives an an-
swer to that question.

Lemma 3.2.8. If the random arrays &,1, &no,- -+ ,Enk, are Hi-ex-
changeable under P(-|C,), and the sequence (32(5 )) is stochastically

—n/ neN
bounded, then
k

n
P .
|| Zwmfnz ||—> 07 if || W, ||2 — 0.
i=1 e

Proof: Since w € £2([0, 1], M,x4), and from Lemma 3.2.3, we have

kn kn t kn
E ((Zl ngm) (21 Wmfm’) Sl <§kn’ Cn)) = ﬁ ;Wni52(§kn>wfzi‘

Now, since

k 1
1 n
> o 1P [l 17 dt =] on I
=1
0
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and since the sequence (82(5 )) is stochastically bounded, we obtain
neN

kn kn tn

Therefore,
kn
E <|y > w178 (&, ,cn)) 0,
i=1
and from theorem 1.1.3 we conclude that the assertion is valid indeed. O

kn,
In the next theorem we discuss the asymptotic normality of the sum > wy,; €.
i=1

Theorem 3.2.9. Suppose that the triangular array €, is infinites-

imal and that the sequence <52 (& )) is stochastically bounded, and fur-
—n/ neN

ther that sequence (wy), .y is a relatively compact sequence in the space

L£2([0,1], M,xq). We call it a sequence of weight functions and assume that

these weights are constants. If C,, O S* (§ N

fields of A, and if the rows of the triangular array are H;-exchangeable under
P(-|C,), then we have

), n € N, is a sequence of sub-o-

kn
P x Zwmfnz ~ N(Mn’ 0-72L> (Cn)’
i=1

where
pin =0,
and

o2 = / wn(t)2(, Y (D).

Proof:  Since, (w,(t)),,y is relatively compact, so every subsequence of
(wn(t)), ey contains another convergent sub-subsequence, and consequently it
is sufficient to prove the assertion in the case when the sequence (wy(t)),cy
is convergent. And from lemma 3.2.8 we conclude that it is sufficient to
prove it in the case w,(t) = w(t), Vn € N. Moreover, remarking that
any w € L2([0,1], M,,,xq) can assumed as a limit of some sequence of step-

k
functions belong to M,,«q, where M, yq := {w cw(t) =) i+l i)(t),xi €
i=1

E 'k

109



Mpsa, 0 =1,--- k, k € N}. By applying lemma 3.2.8 we find that it is

sufficient to prove it when w € M,,«4s. Now, we note that
1

> wnibni = [w()dS, (1) = X wi (S () =9 (7)) = X @, (3), where
i=1 0 i=1 i=1

a; '=T; — Tiy1, 0 = 1,2,---  k —1, ap = xp. Since the triangular array g,

is infintesimal, and from remark 3.2.6, and corollary 3.2.7, we find that the
assertion is valid indeed. 0

Remark 3.2.10. In theorem 3.2.9, 02 can be rewritten as

kn
op = - Z:lwm:sQ(gkn)wt n € N. O
1=

ne’
We want at this position to introduce some important properties of the con-
cepts of the Hi-exchangeablity under P(+|C), where C is a given sub-o-field of

A, also we want to discuss some properties of the o-field S! (5,_{ k), k € N.

For this, we shall introduce the definition of the H;-exchangeablity under P,
also some interesting results.

Definition 3.2.11. Under the same hypotheses of definition 3.2.1,
we call the triangular array £, Hi-exchangeable under P iff this triangular
array is Hi-exchangeable under P(-|C), for C = {0, Q}.

— It is clear from lemma 3.2.3 that the Hi-exchangeablity under P(-|C),
for all C C St (5,_5 L > is equivalent to the H;-exchangeablity under P.

Lemma 3.2.12. Let X;, Xy, -+, X}, Y1, Ys, ---, Y} be random
elements from (2, A, P) to (£, B), where £ is a separable metric space, and B
is the Borel o-algebra defined on €. Let further, f : £2 x (£2)" — R™ be a
measurable function, which is permutation symmetric in its second variable,

and semi-symmetric in its first variable, and let & = f ((XZ»,Yi) , X, Yk>,
i=1,---k then S! (g, —gk) c St (X, Yk>.

Proof: It is sufficient to prove that the following implication
g <§, —5k> is St (5, —§k> -measurable =—
=g (Q —§k> is St (X, Yk> -measurable
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is valid for all measurable ¢ : ((Rm)Q)k — R. For this, let b : (£2)" —
((Rm)Q)k be defined by
o) )

nasy,) = ((f ((rm) oy, )~
<f< Thy Yi) T ?Jk) f((ﬂvk Yi) T ?/k>>>
) € (€ Tetg (&€, ) be S (&€, )-
)))—g(§ §>f0rall7r€1_[k and
all e € Z;. Let us define g : (52 — R by go (1: yk> = g(h(z,y,))

where z,y, = (1,51),+ » (74 Ui
measurable, this implies ¢ ( (

s (53,) s (1 (1,)) = (6w s - (5,)

=g (1 (7 (e (x.1)))) =9 (7 (e (626))) =9 (626) =0 (21,
Hence, gq ( <X, Yk)>) — 9 (X,Y ) but this means that g, (X Y )
is S <X, Yk>—measurable, and also g (u ) is S (_ ) _measurable.

Consequently, the assertion is valid indeed.

Lemma 3.2.13. Let f: £2x(£2)" — R™ be a measurable function
which is permutation symmetric in its second variable, and semi-symmetric
in its first variable. If the random elements (X1, Y7), - -+, (X, Yx) are Hi-ex-

changeable under P(:|C), then f ((Xl, Y1), X, Yk>, e f ((Xk, Yi), X, Yk),
are also Hy-exchangeable under P(-|C).

Proof: It is sufficient to prove that for any measurable function g :
((Rm)2 , (]B%m)Q)k — (R, B) satisfying that the quantity
Eo((r (), xy,) —r ((5n), X)) oo

(0 ) o (0w )

is well-defined, the equality
E(g (7r (e((f ((Xl,Yl),ﬁk) ,—f ((Xl,yl),ﬂk»
, (f ((Xk,Yk) , X, Yk> —f <(Xk,Yk) ﬂk)»)) |c) _

=B (g ((f (%070, X7,) . —f (1), XY, ) -

, (f <(Xk,Yk)7£k> = f ((Xk,Yk) ,ﬂk») |C) [P]
is valid. For this, let us define h : (£2)° — (R™)¥ by
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hz,y,) = ((f <(x1,y1) ,Mk> —f ((xl,yl) ’Mk>> e
(1w ) - (o 2,)'

where z,y, = ((z1,y1), -, (T, yk)) € € ()", And we can write
nxy,) = ((7 ((xl,m,x,y )= (7). x.7,))

t
(e XY, ) =F (), XY ) )
Consequently, it remains to be proved the validity of the equality

(o - (1 (22,)))) )£ (o0 () )

But easily, we see that the left side is equal to £ (g (h <7T (e <£k> > )) |C>

almost sure with respect to P. Since (X1,Y7), -+, (X, Ys) are Hi-ex-
changeable under P(-|C), the assertion follows. O]

Lemma 3.2.14. Let &, ---, & be random arrays from (Q, A, P) to
(R™,B™), and C C A be a sub-o-field. Let z;, = (zy, -+, 7z) € (R™)*, and
k

V (z,) = 3 22!, Assume that V (z) is positive definite, and let g : (R™)* x

((Rm)2)k — R™ be defined by ¢ ((y, 7) ,:U,_ik) = (V (%]))_

mom (V) T =0 (16060 6m6) 1 = Lok I (€6, o,
(&, —&) are Hp-exchangeable under P(:|C), and V (ék) is C-measurable,
then St (ﬁk,C) =St <77, nk,C>

Proof: First we see that S! <uk,C> c St (ﬁk,C) follows from
lemma 3.2.12. It remains to show that S! <ﬁk,C) c St (uk,c>.
And for this it is sufficient to prove that S* (ﬁk> Cc St (uk,C). Let

f: ((]Rm)Q)k — R be any measurable function such that f <£, —§k> is

St <uk>—measurable. This means f <7T <e (ﬁ]))) =f (ﬁl) for
all m € II, and all e € =.

To complete this proof we have to prove that f <u k) is St (uk, C>_
measurable. For this, let 2, = (21, -+, 2;) € (R™)*, B € Myyxm, and B is

N|=

(y ) and

2
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positive definite and symmetric, h be defined by

h (z, —zk,B> = ((B%zl, —B%z@)

It is easy to see that h(w(e(z,—z)), B) =

t
BQZk, BQZk>> .

m ( ) e=¢,

h(n, nk,V(g)),andf@—g)_f h( )) butv<§)

St (77, nk,C) measurable because C C S! < 10, =1, >, and it is C-measur-
)

able. But also,f( ( < (n, )) ) ( ( —n, V(E, ))) for

all m € Il, and all e € =.

Thus, f (ﬁIJ =f (h (77, —n,. V(§, ))) is St (uk,(})—measurable. O

In the intr’?duction of this section we have defined the statistic
= \/% > wnifn ((Xm-, Yoi), X, Y, ), we want here to make some prelim-

inary computations to prepare for the next theorem which will discuss the
conditional asymptotic normality of the sequence (T},),y. For this, let us

first prove that F (fn ((Xm,Ym-) XY, > |St (X, Y, )), and
Var (fn <(Xm-,Ym~) XY, ) |S1 (X, Y, )), are independent of 7. One can

easily see

B (fu (K Ya) XY, )18 (X7, )) =0 P,
Var (fn ((Xm-,Ym) ,ﬁk) £ <£kn>> =

ﬁfz"lfn (XY 2.Y, ) (Fo (X Vi) ﬂk))t [P]. Therefore,

for notational convenience we denote

E <fn ((Xm,Ym') ,ﬁk) |S1 <£kn>> by E (fn|81 (an)), ie.
B (fulS" (X)) = B (fo (Xu Vo) X,7, ) IS (2,7, ).

and Var (fn <(Xm«,Ym~) ,Hk) |S? (Hkn» by Var (fn|31 (ﬁm))’

ie.
Var (fn\Sl <X, Y, )) = Var <fn ((Xm,Ym-) XY, ) S (X, Y, )) .
Let us now give explicit expressions for F (Tn\S 1 <X Y, >), and
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Var (T08* (x.Y, )).

B (115" (5.3,)) = 7 St (148 (17,.)) =0 )

| &
kn
— ﬁ;wm\/ar (fn\SO (Kkn)) whi+
_|_kL Z me<fn <(Xmaym) 7X7 Ykn) )

" 1<i#i<kn
. (fn <(Xm-,Ym) 7£kn))t |Sl (ﬁlﬂ) )szj [P].

Hence,
kn

Var (Tn|S1 (ﬁk )) = = > weVar <fn|51 (ﬂk )) Wt [P
n = n

— For the next theorem we assume first the same situation in the introduction
of this section.

Theorem 3.2.15. Assume that the triangular array
1

Vkn

is infinitesimal and the sequence (Var ( fn|S? (X Y, ))) is stochasti-

neN
cally bounded. Assume further that the sequence (wy(t)),cy € £2([0,1],
Mxq) is relatively compact sequence of non-random weight functions. Then
the sequence (7},), .y is asymptotically normal under P € H;, and condi-

tioned by the symmetric sub-o-field S* <X Y, ) More explicitly,

fn ((anaynz)aXayk )7 1 <Z< kna TLGN,

P+T, ~ N (0.Var (TS (X.7, ) ($*(X.Y,)).

Proof: Let¢,,i=1,2,---, k,, n €N, be defined by

gm‘ = _fn <(Xni7Ym')aX7Yk >> 1 <Z< kiny HEN.
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From lemma 3.2.13, the random arrays &1, -+, &u,,, are Hi-exchangeable
under P (.,51 <X Y, )) Let

E,(t) == Z\/%—nf ((Xniayni) ;ﬁk) ;

0<t<1, and let

a5 o (=) () -2 ()

where i := [k,t] + 1.
Therefore, we can write

1
/u)n t)dFE! (t
0

Hence, all assumption of theorem 3.2.9 are satisfied, and consequently we

have
PsT, ~ N (0,02) (8" (XY, ).

where 02 := b}wn(t)SQ <§kn) wt (t)dt =

= fwn t)Var (fn|81 (X v, )) W (t)dt. Also, from remark 3.2.10 we can

erte

kn
= ﬁ Zl wni32(§kn)‘ﬂfn
1=

o2 = iikzznlwm‘/ar <fn|81 <£kn>> wt; [P].

By remarking that o2 — Var (Tn\Sl <X, Y, )) L, 0, we conclude that the
assertion is valid. O
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3.3. The Hypothesis H; (independence):

Introduction: Let (©2,4) be a measurable space and let P be a
probability measure defined on A, ﬁkn = (X1, Y1), (Xno, Yao), -+,
(Xnks Yo, ))'s n € N, be a triangular array of random couples with values
in a sample space (€2, B?), where £ is a separable metric space, and B is
the Borel o-algebra defined on £. Assume that the random couples of each
row (ie. (X1, Y1), -y (Xokns Yok,), n € N) are i.i.d. under P, and the
random elements of each couple are also independent under P. Let the dis-
tribution of (X,;, Y,;) under P be denoted by P % (X,;, Y,;) or shortly by
P,. The general form of linear statistics which are considered here is de-

noted by T, <X Y, >, or shortly by 7, if we can avoid confusion, where

kn
Tn = \/%"Z:Z:lwmfn (Xnuan) (gn (Yniyzk;n))tu and Where Wi S Mdel’

1 =1,---,k,, n € N, where the matrices w,;, © = 1,--- ,k,, n € N, are
assumed to be given constants. And we want here to introduce a new con-
cept of symmetry

w depends on Y, in a permutation symmetric way iff

w ()\ (Mkn>> =w (MkT) NVAEN,.

We mention here that this is the symmetry concept, which is used in all
arguments related with this section, and the symbols A, Ay, are introduced
just before definition 3.3.1. The functions f,, : & X & — R¥ | (2, ) —
fulw,zp,), and g : € x £ — R, (5,2,) — ga(y.2,,) n € N, are
measurable and such that they depend on z; in a permutation symmetric
way. Fix n € N, and let \; € R% be a given constant, define 2, C Q by

Q= {Atlfn (X1, Xy, ) = Nifo (X2, Xy, ) = - = N fo (Xok, X, ) }

we assume that P(Qy,) > 0 is hold iff \; = 0. Also similarly, let Ay € R% be
a given constant, and define €2y, C 2 by

i { X (V. Yi,) = X (Vi ¥e) = = N (Vs V4, |

we assume further that P(€2,,) > 0 is hold iff A, = 0. Now for notational
convenience concerning the computations, let w, € £2([0, 1], M,,xq4,) be such
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i

P
that wy; = kn [ wp(t)dt,i=1,-++ k,, n €N.
i—1
kn

We mention here that the form of the considered statistic 7,, contains the
n

linear rank test statistic S = ) a(R;)b(Q);) which has been discussed deeply
i=1

in ” Theory of rank tests [1967]” which is due to J. Hajek and Z. Siddk.

To achieve the purpose here we need to build a base for our coming limit
theorems, for this we shall begin with the following interesting steps which
are needed very much to obtain the final results.

Let us here introduce another new kind of exchangeablity, we call it Hs-
exchangeablity, also we put some related symbols, which will be needed for
the main results of this section.

Let (€2, A, P) be a probability space and let

§kn = (51117 T 7£nkn)t7 gkn = (énl; T 7§nkn)t

be triangular arrays of random elements from (€2, A, P) to (£, B), where & is
a separable metric space, and B is the Borel o-algebra defined on £. let us

define f,_ék = ((ﬁnl,fnl), . ,(fnkn,fnkn)>, and let (C,)nen be a sequence
of sub-o-fields of A, C be a sub-o-field of A. Let further S? (g“,_ék ) =

-1

(5,_5 i ) (82), where S2 denotes here the o-field of all sets B in (B2)™
satisfying the condition

% GB<:>)\<:E,9Ek ) € B, YA Ay,

k

where here l‘,ikn = (w1, 1), -+, (T, Tp, ), and Ay, = {)‘ P A (x’jkn) -
((xm(1)7j:7r2(1)) T (xﬂl(kn)7‘%ﬂ2(kn)))’ for some T, T2 of the bijective func-

tions defined on {1,2,--- ,k,}, V2,7 € (£2)F }

kn

_ o _ ki
Let 52(§kn) = ; (fm — fn) (fm- — fn) ,and &, = é z:z:lﬁm For each n € N
the matrix s2 (§ ) ) is assumed to be positive definite, also we impose the same

conditions on the matrices SQ(Qk ). All these assumptions and conditions are
hold in this section.
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Definition 3.3.1. The random pairs (&u1,&m1), -« » (Enk, Enke, ) are
Hj-exchangeable under P(:|C,), iff VA € A, the equality

P (&4, eBlc.) =P (r(&E, ) € BlC,) [P]

is valid for all B € (Bz)k”, and then the array §,_§ . 1s called Hs-exchangeable
under P(-|C,).

Lemma 3.3.2.  Let [ : &2,82) — (R,B) be a measurable
function such that E(f(£, €, )) is well-defined. If {,§, is Hs-exchangeable

under P(-|C), then VA € 82(5,_ék ), C €C, X\ €Ay, the following equality

is valid
B (tef (M (e4,,))) = 2 (teef (85,

Let us denote the o-field o(S? ({ S ) C) by S?(¢, fk ,C). Now, since {AN

C:AeS? (gk ) , C' € C} generates the o-field Sz(gl~€ ,C), we have by
lemma 3.3.2 the validity of

£(1or (Me,))) = 2 (10f (5,).

VD € 82(§,€, .C), A€ Ay,
Therefore, the following lemma is just a consequence of lemma 3.3.2.

O

Lemma 3.3.3.  Let f : &2,82) — (R,B) be a measurable
function such that E(f(£,€, )) is well-defined. If £, is Hr-exchangeable

under P(-|C), then

B(f(&.8,)15" (&€,.€)) =

Let us now introduce the following invariance principle which is needed to
build the proofs of the coming limit theorems of this section.
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Theorem 3.3.4. Suppose that the triangular arrays £ .o &, satis-
fying the following conditions:

~ kn
The sequences (‘/%SQ(QJ%N’ <\/%752(§kn>)nel\l’ (\/%7 21 fm‘) . and

1=

kn
<¢% > §m) are stochastically bounded, where
" =1

neN
kn _ _
82(§/€n) = ;(gm - gn)(gm - gn)t’
and : ) )
$(6,) = 26 = &) (& — &)

_ kn = kn
and where &, := é > &niy and &, = = > &, And we suppose further that
i=1 -

=1
the arrays ¢, , and gk are infinitesimal. If C, D S? (5’_514 ), n e€N,isa

sequence of sub-o-fields of A, Cn = 0(C x (C[0,1])1*% . ¢ € C,), and if the
triangular array &, §, is Hp-exchangeable under P(+|C,) then

1
kn

S, (C).
Where
Sn s Q0 x (C[0, 1)) — (D[0, 1)) "%,
Snlwr,ws) 1= Snlwn),
(Sn(wr)) (t) := %(gni&ii)(wl)'
And -

W2 Q x (C[0,1]))"*% — (C[0,1])"** (D0, 1]) "%,
Wiwy, ws) ::\/% < S2(§kn)) (w1)Wi(ws) < 32(§kn)> (w1)+
55 o) S5 E(0), W€ 0,1, Vien,en) € 0 x (Cl0, 1),

where W = (Wy)ow<1 = ((Wtj > ) is a d; X dyo-dimensional
0sts/ g€,
1<k<d,
Brownian motion.

Proof: We prove it first in the case where sup || a5 s
n n —hn
i o b
sup || =s%(&, ) I, sup || 7= 22 & |, and sup || 7= 3= &ui || are strictly less
n ’ " n "i=1 n "i=1
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than infinity almost everywhere with respect to P.
By lemma 1.2.2 the assertion is equivalent to the validity of the limit

n—-aoo

/ p(S8,)dP @ i — / p(W)dP @ pu — 0,
Ch x(C[0,1])%1 % d2 Cr x(C[0,1])%1 % d2

for all sequences (C),)nen, and for all bounded uniformly continuous functions
¢ : (D[0,1]))4*% — R where C, € C,, and where p is the Wiener measure
defined on (C[0,1])**%.

Therefore, let (C},)nen be an arbitrary sequence of the measurable sets C,, €
Cn, n € N, we want to prove the validity of the previous limit above, which
is equivalent to

/ P(Sp)dP — / / e(W)dPdy — 0

n—aoo

Cn Cn (C[0,1])% %42

C,|dP — 0

n——oo

= [B@s)err- [El [ e

Cn (C[0,1])d1xd2

Since the sequence (C),),en is arbitrary, the previous assertion is equivalent
to

5 P
E(p(Sn)|Cn) — E / o(W)dp|C, | =50
(C[0,1])d1%d2
x P
(C[0,1])41%d2
) ()] ) o
* Gl 2 % | 2 G0 | - / o (W)dp—0,
i = (C[0,1])d1 %42
where 71, 79 here ranging over all bijective functions, defined on {1,2,--- , k, }.

It is sufficient to prove that each subsequence {n'} contains another sub-
subsequence {n”} such that

s ()
! 3 I P
( ”'>2ng 2 Sarm@bnm) |~ / p(W)du—0 [P].
e 1,72 i=1

(Cl0,1])%1 > 2
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From the hypotheses, each subsequence {n’} of {n}, contains another sub-
subsequence {n”} such that

max || & [|[— 0 [P],

1<k,

and
max || & |— 0 [P).

1<k,

Therefore, without any loss of generality we can assume that

max H gm H—> 0 [P]’

1<i<ky

and
max || &, |— 0 [P].

1<i<kn
Hence, for all w, of those fulfill the hypotheses, we want now to prove

[nC)
T 2 90( 2 m (@018 my 1) (@ )) -

1,2

- so{f (/7€) W (/@) @)+
(Clo,1])dr %2
() b kn
H2 3 6ulon) 3 Euen) b — 0
i=1 i=1
But this is valid indeed from remark 2.3.8.
Now, we turn to prove it in the general case.

Let us define CM = { I WZ&” < M, | f ( ) < M} nd

CM .= {HrZSm I< M, || 7=5%E, ) 1< M} and also for each n € N,

and i = 1,--- , ky,, we define the new random arrays n,; := 1oy - &ui, i 1=
L + &ni- It is clear that the new random arrays satisfy the first case of the
proof above.
Consequently, the limit

90(10,1%0%'311)6”3@#— / e(Lomnen W)dPou — 0,

Crnx(C[0,1])41 %42 Crnx(C[0,1])41 % d2

is valid for all sequences (Cy,)nen, and for all bounded uniformly continuous
functions ¢ : (D[0,1])4% — R, where C, € C,. We can rewrite the previous
limit as the following

/ Loatnenr @ (Sn)dP@p— / Losrnenr-p(W)dP®p — 0.

n—-aoo

Ch x (C[0,1])%1 x d2 Cr x(C[0,1])%1 % d2
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Also, we can enlarge M to make the following inequality valid P(CMNCM) >
1 — ¢ for any given € > 0, and for all n € N.
Therefore, we obtain the validity of the limit

/ P(S,)dP @ i — / e(W)dP @ — 0,

n——auoo

Cnx(C[0,1])%1 %42 Cnx(C[0,1])%1 %42

for all sequences (C,,)nen, and for all bounded uniformly continuous functions
¢ : (D[0,1])%*% — R, where C,, € C,.
Hence, the proof is complete. O

Corollary 3.3.5. In the same situation of theorem 3.3.4, we have
the validity of

S, W,
or more explicitly
[ent]
Zsmg <¢_\/ Wiy /s Z%Z& )
0<t<1

o<t<1

In the same situation of theorem 3.3.4, we want to discuss the conditional
asymptotic normality of a given linear combination of the random arrays
Sn(t1), Sn(ta), -+, Sn(tx), where t1, to,-- -, tx belong to [0,1]. The following
remark is for this purpose.

Sn(tr)

Remark 3.3.6. Let X, be defined by : , where t1, to,-- -,
Sp(tr)

tr belong to [0, 1], and let aq, ag,- -+, a be given constant matrices of order

m X di, then we have

k
Px>a;- Su(t;) ~ N (itn,02) (Cn), where Vn € N
=1

k 1 kn kn
HUn = thaj . (k_ anzZﬁfu) 9
j=1 " =1 i=1



Proof: From Theorem 3.3.4 we conclude the following fact

Sn(t1)
P x ~N (ﬂn,éi) (Cn),
Sn(tk)

where here Vn € N
kn En
tlé > &ni D M
=1 i=1
Hn -= : )

kn kn
tk/%n > &ni D M
=1 =1

1 —
G2 = (min(ti,tj)—s2(§k )) * 32(7]k ).
fin =5 g o

Which means by definition the validity of the following limit

Ep (f (Su(t1), Su(ta), -+, Su(t)) |Ca)—= [ FAN (jin, 52) = 0, for all bounded
uniformly continuous functions f : (Mg, x4,)* — R. Now, let g : M,xq, —
R be a bounded uniformly continuous function, and let ay, as, -+, ax €
Mnxa, be given constant matrices, then the function h : (Mg, xa,)* — R,
defined by h(x) := g((a1,as, -+ ,a) - x), Vo € (Mg, xa,)" is also bounded
uniformly continuous function. Thus, we have for this A the validity of the
limit

Ep (h(Sn(t1), Su(ta), -+, Sn(tr)) 1Cn) — [ hdN (fi,, 52) .0, which can be

rewritten as
Sp(tq)

EP g (a17a27"' ,Clk)'

: Co | — [ 9dN (pin, 02) 2,0, which is
S, (tr)

also equivalent to

Ep (9 (Z a; - Sn(tj>> |Cn> - /ng (NmU?L) i 0,

=1
where here
| kn
t
b 20 Eni D
=1 =1

k kn kn
Mn = (CLl,CLZ,"' ,akz)' : :ZtJCLJ(kimeZ?ﬁu) ;
j=1 ™ oi=1 i=1

|k ok
thrs 2 Sni 2o M
=1 =1
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and

02 g (ab Ce ,ak) ;) ((min(ti,tj)kiﬁ (ékn)>
n 1

Therefore, the proof is complete. O

Corollary 3.3.7. Inremark 3.3.6if0 <t <ty < --- <t <1,
then we can rewrite o2 as the following

k J - = -
o2 =3 (;ai ° (észgkn) * SQ(Q’%)> o alt;+

Jj=1

k—j — — —
+> a4 e (isZ(ék ) * s%(n, )) o az.tj).
i=1 " "
Also, if t = %, a; = o — oy, and a = oy, where oy, ag, -+, oy, are given
constant matrices of order m x d, and if t; = jt, for j = 1,2,--- | k, then we

have easily

k kn  kn
fn =1 (Z Oéj) . (% ggm- ;nfu), and

Jj=1

k — — —
02 = Zlaj . (ﬁﬁ (ékn) * 52 <ﬂkn)> . a;) t. These results are involved
i=

in the proof of theorem 3.3.9. 0

Throughout the proofs of the coming limit theorems in this section we need to

represent some Partial sums as path integrals. Let &1, £nay -+ \&nk,, and 91,
Nn2s'** Tk, be random arrays from (Q, A, P) to (R%,B%), and (R%,B%)
[knt]

respectively, and S, (¢) :== . &unt,, and let wy;, i =1,2,--+ [ k,, n € N, be
i=1

constant matrices of order m X d;. One can write

kn 1
> bt = | wa(0)ds 1),
i=1 0

where S, (t) is defined by

= () ok (-0 (5 () - (%)

where i := [k,t] + 1 in this formula, and w, € £%([0, 1], M,xaq,) is defined

t
kn

such that w,; = k, f wp(t)dt, for i = 1,--- | k,. Also, we need to see the

i—1
kn
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kn
behavior of || Y wpi&uint; || when || w, ||2 tends to zero with n tends to
i=1
infinity, the next lemma gives an answer to that question.

Lemma 3.3.8. If the random pairs (&1, M01), (En2y Mn2), -«
(&nkrys Mk, ), are Ha-exchangeable under P(-|C,,), and the sequences

kn kn,
1 . 1 ) 1 .2 1 .2
<m;€nl)neN’ (\/E;nm)nel\]’ <\/HS (ék")>neN’ and (\/HS (ﬂkn)>neN’

=1
are stochastically bounded, then

Y

kn
P .
|| § wmfnznfu || 07 1f ” Wn HQ ? 0
— n—00

kn kn
Proof: Since the sequences (_/L 2. & ) , and (—# >on ) , are
Fn neN =

neN
stochastically bounded, it is sufficient to prove

k,‘n
I wni (§ui = &) Ons = )" == 0,3 || wn [l2 — 0,

i=1

B ko Fon
where as we know &, := ki > &niy and 7, 1= 1% > M-
n n
i=1 i=1

Since w € £%([0, 1], Mynxa, ), and from Lemma 3._3.3, we have
En _
VCL?“ ((21 Wni (énz - gn) (nnz - ﬁn)t) 82 <§’—nknjcn>) =

kn — — —
= é ;Wm‘ ° (éﬁ(ékn) * SQ(an)> ° wf”. + 0p(1).

Now, since
1 /
23 o< [ e 2 de =) o I
" oi=1 0

~ 12 12
and since the sequences (\/TTLS &, ))neN, and (\/TTLS (an))neN are stochas-

—hn

tically bounded, we obtain

Var (3 (6 ) 0 = 1))

Therefore,

S? (g_nkcn)) 0.

kn
i=1

S (g_nkcn)> P,
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and from theorem 1.1.3 we conclude that the assertion is valid indeed. O

In the next theorem we discuss the asymptotic normality of the sum

kn,
Z Wni gnznfu :
i=1

Theorem 3.3.9.  Suppose that the triangular array &, s in-

kn,
3 (V% ;T/nz> )

eN neN

<L52(€ ))nEN, and <‘/%782(ﬂkn)>nel\l are stochastically bounded, and fur-

kn
L 1
finitesimal and that the sequences (\/TTL Z=Z1 §m>

VEn© 2k,
ther that sequence (wy), .y is a relatively compact sequence in the space
L£2([0,1], M,xq,). We call it a sequence of weight functions and assume that

these weights are constants. If C, O S? (5,_771C >, n € N, is a sequence of sub-

o-fields of A, and if the rows of the triangular array are Hs-exchangeable
under P(-|C,), then we have

k?n

=1

where
1

kn kn
2 " oi=1 i=1

and

Proof: Since, (w,(t)),cy is relatively compact, so every subsequence of
(wn(t)),ey contains another convergent sub-subsequence, and consequently it
is sufficient to prove the assertion in the case when the sequence (wy(t)),,cy is
convergent. And from lemma 3.3.8 we conclude that it is sufficient to prove
it in the case w,(t) = w(t), Vn € N. Moreover, remarking that any w €
£2(]0,1], M,xa,) can assumed as a limit of some sequence of step-functions

k
belong to M,,x4,, where M,,wq, = {w Cw(t) = > ;- 1[%’%)(15),% €
i=1

Mipxay, © = 1,---k, k € Nj. By applying lemma 3.3.8 we find that it

is sufficient to prove it when w € M,,,.q4,. Now, we note that
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1

;wménmfu = [w(t)dS,(t) = ;xl (S, (1) =5, (52)) = ;aiS; (£), where

0

a; = T; — Tiy1, 1 = 1,2,--- 'k — 1, ap = xp. Since the triangular array §k
is infintesimal, and from remark 3.3.6, and corollary 3.3.7, we find that the
assertion is valid indeed. O

Remark 3.3.10. In theorem 3.3.9, 02 can be rewritten as
kn N — —
o2 = é ;wm o <ﬁ32(§kn) * S2(ﬂkn)> ew  meN. O

We want at this position to introduce some important properties of the con-
cepts of the Hy-exchangeablity under P(:|C), where C is a given sub-o-field of

A, also we want to discuss some properties of the o-field S? (5,_770, k e N.

For this, we shall introduce the definition of the Hs-exchangeablity under P,
also some interesting results.

Definition 3.3.11. Under the same hypotheses of definition 3.3.1,
we call the triangular array £, n . H s-exchangeable under P iff this triangular

array is Ha-exchangeable under P(:|C), for C = {0, Q}.

— It is clear from lemma 3.3.3 that the Hs-exchangeablity under P(:|C),
for all C C S? (g,_nk ) is equivalent to the Hy-exchangeablity under P.

Lemma 3.3.12. Let (X,,V)), (Xo,Y3), --+, (Xi, Y%) be random
pairs from (£, A, P) to (€, B), where &£ is a separable metric space, and B
is the Borel o-algebra defined on &. Let further, f,g: £ x ¥ — R% R%
respectively be measurable functions, each of them is permutation symmetric
in its second variable, and let & = f(X;, X}), i =g (Y;,Y,),i=1,--- |k,

then 8 (&,n,) € 8% (X,Y,).
Proof: It is sufficient to prove that the following implication
l (f,_nk> is S* (ﬁ,_nk> -measurable = [ (5,_77]) is S2 (X, Yk> -measurable

is valid for all measurable [ : (Rdl X Rd2)k — R.

For this, let h : (£2)" — (R% x Rd2)k be defined by
h(Mk) = <(f(l‘17£k)vg(ylagk)> » T (f(xkagk)ag(ybgk)))
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Let [ (f,_nk> be S? ({,_nk>—measurable, this implies [ ()\ (f,_nk>> =1 (éﬁ])
for all A\ € Ay. Let us define ly : (£2)° — R by (M;) = U(h(z,y,)).
Hence, I (X,V, ) =1 (h (X,Y,)) =1 (&n,), and b (A (x,7,)) =
100 (1)) =13 ) =1 ) =0 (1,)

Hence, [ ()\ <£k>> = (ﬁk), but this means that [ <£k> is

S? (X, Yk> -measurable, and also [ (é’,_nk> is S? <X, Yk)—measurable. Con-
sequently, the assertion is valid indeed. 0

Lemma 3.3.13. Let f,g : £ x &¥ — R4 R% be measurable
functions, each of them is permutation symmetric in its second variable. If
the random pairs (X1, Y1), -+, (Xg, Yx) are Hy-exchangeable under P(-|C),
then (f (Xlaik) 9 (Yhzk))v T (f (Xlﬁxk) 9 (quzk»? are also Hj-ex-
changeable under P(-|C).

Proof: It is sufficient to prove that for any measurable function [ :
(Rdl X Rd2)k — R satisfying that the quantity

is well-defined, the equality

B (l <A<(f (X0 X0) g (Vi Y0) . (f <ink>79<yk’z'f”)) 'C> B

= £ (1 (X0 X0 g (05,700 o+ (K ) 9 05,70 ) €) 17
is valid. For this, let us define A : (52)k — (Rdl X RdQ)k by
hzy,) = <<f(x1,gk),g<yl,gk)> ,(f(xk,zk),g(yk,gk)))t. And we

can write
h(X7 Yk> = ((f (Xhik) y g <Y17Xk)) y Ty (f (Xkuik) v 9 (Ylek)))t Conse-
quently, it remains to be proved the validity of the equality

(13 (0 (x2,)))1€) = £( (1 (7)) €) 7

But easily, we see that the left side is equal to F (l <h (A (£k>>> |C>

almost sure with respect to P. Since (X1,Y7), -+, (X, Yy) are Hy-ex-
changeable under P(-|C), the assertion follows. O
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Lemma 3.3.14. Let (&,m), -, (&e,me) 1 (A, P) — (RT x R%)
be random pairs, and C C A be a sub-o-field.

k k
Let x7yk = ((xlvyl)a”' 7($k7yk:)) € (Rdl X RdQ)ka T = %Zx’w Yy = %Zy’n

i=

,_.

.
Il

i

and V (z,) = i( T)(x; — )0V (gk> = i(yz —§)(y; —y)'. Assume that

=1 =1

V(z), and V (g ) are positive definite, and let h; : R4 x (R%)¥ — R% be
defined by hi(y,z,) = (V (z,)) 2 (y — 2), and let hy : R% x (R%2)F —; R
be defined by ha(y.z,) = (V (2)) 2 (y = 2), and & = hu (6.8, ), i =
hs (m,gk>,i =1,--- k. If (&,m), -+, (&, k) are Hy-exchangeable under
P(-|C), and if &, 7, V(£,), and V(n, ) are C-measurable, then S? (Mk,(f) =
82 (£1,.C).

Proof: First we see that S? <@k, C) C&? (é‘,_nk, C> follows from lemma
3.3.12 because hy, ho are permutation symmetric in their second variable. It
remains to show that S2 (ﬁ,_nk,C> C &2 <@k,6). And for this it is suffi-
cient to prove that S? (f,_nk) C&? (@k,C) Let f: (R4 x R2)* — R be
any measurable function such that f (MQ is S? <§,_77k> -measurable. This

means f ()\ ({,_nk>> =f (f,_nk) for all A\ € Ay.
To complete this proof we have to prove that f ({,_nk> is S? (@k,c>-

measurable. For this, let 2 = ((21,21), -+, (21, 2)) € (R® x R®2)k g € R%,
be R2 A€ My xa,s, B € Mayxd,, and the matrices A, B are p051tlve
definite and symmetric, i be defined by h(z,a,b, A, B) = ((A2z +a, B25 +

b),---,(A2z + a, B23;, + b))'. It is easy to see that h(\(z),a,b, A, B) =
A(h(z,a,b, A, B)), {n, = h(@k,é, n, V() V(n,)), and

f (57_771) =f (h (Qk’g’ ﬁ’v(§k)’v(ﬂk)>) but & 7, V (ék) and V <Qk>
are S? <Qk,c’)—measurable because C C S? (@HC), and they are C-
measurable. But also,

F(r((En) &avie)vm))) = £ (h(En.EmviE).vm))),

for all A € A;.

Thus, f(g_nk) _ f(h (@kf,ﬁ, v<§k),V(gk))> is &2 (@k,c>-measur-
able. OJ
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In the intr(k)duction of this section we have defined the statistic
T, = \/% > wnifn (Xm-,ikn) (gn (Ym,an))t, we want here to make some
i=1

preliminary computations to prepare for the next theorem which will dis-
cuss the conditional asymptotic normality of the sequence (7)), y. For

this, let us first prove that F (fn (Xm-,ikn) (gn (lekn))t |52 (X, Yk )),
and Var <fn (Xm-,ikn) (gn (Ym,xkn))t |S? (X, Y, )), are independent of 1.

One can easily see

T i (12,)-
_ éiznlfn (Xm',ikn)

Var (fn (Xnir X)) |82 (ﬁk,)) -

n

_ ﬁ <fn (thikn) —F (fn (Xm',an) |S? (ﬁk,))) ’

(e B () (xx,)) ) B

Var (gn (Yo, Yy, ) |S? (ﬁkn» -
o,

- ﬁ 2 (gn (Yoi Yy,) — E <g” (Yoi, Y, ) 52 (gkr))) '

i (90 (VoY1) = B (o0 (Y Yo,) 57 (ﬂk»)t) P,

Therefore, for notational convenience we denote

E (fn (X, X, ) |82 (ﬂk» by E (fn|82 (ﬂk» ie.

o

n

(g0 (Yoi Y1) [P,

—1

=

o

B(fals? (X7, ) = B (fo (X X,,) 187 (X1, ).
Also, we denote similarly

B (g0 (Vi Y3, ) 187 (X7, ) by B (9,087 (X7, ) i

B (o (23,)) = (05 ) 15 (13,)).

Also, we define Var (fn|85'2 (ﬁk)), and Var (gn|$2 (ﬁk)) We can

see similarly that Var ( fu (Xui X)) (g0 (Vo Y4,))' 82 (X, )) is inde-
pendent of 7.
But we want here to have an explicit expression for it. For this, we begin
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with
Var( <fn (Xm‘;lkn) - L (f”|82 (ﬁk))) '

(o0 0502 = £ (s (1.7,))) 1 (25, ) ).

We mention here that the computations are made only in the case where

(Var (fn|82 (ﬁk >)> , and (Var <9n|82 <£k >>> are stochas-
tically bounded. ! nen " neN

Var( (fu (o Xp,) = B (ful$? (XY, )
(o)~ B s (7, ))) 1 (1, ) ) -
Var (fo (X X,,) 182 (XY, ) ) *Var (g0 (Vi Y, ) 187 (K.Y, ) [P
_ <kikz (fn (Xoi, X, ) — (fn (X, X, ) |S? (ﬂk») ‘
(o (o X4,) = B (S (X, X,,) 182 (ﬁk)))t):
(5 (o0 050y — B (o (23, ) 187 (.77, )

: <9n (Ym',Xk;n) —F <9n (Ym,an) ‘82 (ﬁkn)))t> [P].
o (5 (1132 (1, ) ond (97 0 (1, ))

are also stochastically bounded, then we have
t
Var (fu (Xui Xi,) (0 (Ve ¥,))' 182 (K.Y, ) =

= Var (fu (X0, X,,) 182 (., ) % Var (90 (Ve Y, ) 187 (X, ) +
op(1).
Let us now give explicit expressions for F (Tn|82 (X , Yk )), and

Var (T,l8* (XY, ).

E (Tn]S2 (X Y, ))

Z%iwm (fn"s(

) (B (ois (£, )
Var <T 5 (X v, )=

_m( i (Ko Xe,) (00 (i

=L Zwm ( 7’( n|82( )) * Var (gn|52 (ﬁk))):wfﬂ—l—op(l).

neN

N—
-
._.5




— For the next theorem we assume first the same situation in the intro-
duction of this section.

Theorem 3.3.15. Assume that the triangular arrays
1 1 .
é/_k—nfn (Xm;X n) ) é/_k—ngn (Ymann> ) <1< kny n e N7

are infinitesimal and the following sequences

(Var (18 (X.7,))) o (Vor (08* (£21,,)))
(V82 (152 (XY, ), o omd (VR (s (X)),

are stochastically bounded. Assume further that the sequence (wy(t)),cy €
L2 ([0,1], M,xq, ) is relatively compact sequence of non-random weight func-
tions. Then the sequence (7},), .y is asymptotically normal under PP € Hy,

and conditioned by the symmetric sub-o-field S? (X Y, ) More explicitly,
P (T, — B (Ts* (XY, ))) ~

~ N (o, Var (Tn\s2 (X, Y, ))) <s2 (X, Y, ))
also

P+T, ~ N (B (T18* (X,7, ) Var (Ts? (x,7, ) (82 (X, ).

Proof: Let &, 0w, i=1,2, -+, k,, n € N, be defined by

1= = (1 (K X0) = B (182 (X7, ))) 1< i <y ne
and

1 .
i = 7 (90 (Voo 5,) = B (gul$? (X, ) 1<i < koo mEN.

From lemma 3.3.13, the random pairs ( &1, Mn1 ), =y ( &nkns Mk, ), are
Hs-exchangeable under P (-, S? (X, Y, )) Let
[kent]

F.(t) := Z:ZI \/11:7 <fn (Xois Xy,) — E (f”|52 (Hkn))> '

t
. (gn (Ynuzkn> - L <gn|82 <X7 Ykn>>> )
0<t<1, and let

o= () o (=) (5(5) -5 ()
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where i := [k,t] + 1.
Therefore, we can write

En 1
> et = [ naF(e)
=1

0

Hence, all assumption of theorem 3.3.9 are satisfied, and consequently we
have

P x iwménmii ~ N (0,07) <82 (X’ Ykn)) '
=1

where 02 := 6}u)n(zf) . (ﬁﬁ (élm) x 82 (ﬁkn>) o Wl (t)dt =

= b}wn(t) . <Va7“ (fn\82 (ﬁlm)) % Var (gn\SQ <£kn>)> o Wk (t)dt.

Also, from remark 3.3.10 we can write

ko _
02 = é lem Iy (éﬁ(ék ) * sQ(an)) oWt
1=

n

—

02 = ﬁjﬁ?wm:(‘/ar (fn|5'2 (Hkn)) * Var (gn]S2 <£kn>>>:wﬁn [P].

By remarking that o2 — Var (Tn|82 (X, Y, )) -, 0, we conclude that

Pa S et~ (0 var (s (x.v, ) (8 (x, ).
i=1

is valid.
Now, if the sequences

(VEE (17 (X1, ), ond (VEE (g5 (XY, )))
are stochastically bounded, then we have
P (T, B (T)s* (XY, ))) ~
~ N (0. var (Tis? (XY, ) (82 (X.Y,)).

neN

and

P<T, ~ N (B (T8 (X,v, ) Var (Ts* (XY, ) (82 (X))

O
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3.4. The Hypothesis H; (random blocks):

Introduction: Let (©2,4) be a measurable space and let P be a
probability measure defined on A, X, = (X,11, Xnio, -+ 5 Xnik; Xn21, Xnoo,
oy Xooks o Xty Xono, 00 Xnnk)t, n € N, be a triangular array of
random elements with values in a sample space (€, B), where £ is a separable
metric space, and B is the Borel o-algebra defined on £€. Assume that the

random elements of each row [ ie. X,11, Xnio2, -+, Xpik; Xno1, Xnoo, - -0,

Xook: 5 Xonty Xom2s 05 Xk, n €N ) are independent under P, and the

random elements of each block are identically distributed under P also. Let
the distribution of X,;; under P be denoted by P * X,,;; or shortly by P,;.
The general form of linear statistics which are considered here is denoted
by T,;(X,), or shortly by T,;, j = 1,---,k, if we can avoid confusion,

where T,,; := \/% > whifn (Xnijy X,,), and where wyp; € Moyyya, t =1, n,
i=1
n € N, where the matrices w,;, ¢ = 1,--- ,n, n € N, are assumed to be given

constants. We define here also a new concept of symmetry
w depends on z,, in a permutation symmetric way iff

w(f(z,)) =w(z,),V0co6,.

—n

We mention here that this is the symmetry concept, which is used in all
arguments related with this section, and the symbols 6, ©,, are introduced
just before definition 3.4.1. The functions f, : & x £ — R, (z,y ) —

fn(x,gn), n € N, are measurable and such that they depend on y in a
k

permutation symmetric way. Moreover, we assume that > f, (X, X)),
j=1

k
and > fo (X X)) (fu (Xnij, X,,))" are independent of i. Fix n € N, and
j=1

i €{l,---,n}. Let A\ € R? be a given constant, and define Q, C Q by

Q) = {)\tfn (Xmlain) = )\tfn (XmZ;Xn) == )‘tfn (kaain) }

we assume that P(2,) > 0 is hold iff A = 0. Now, for notational conve-
nience concerning the computations, let w, € £%([0, 1], M,,x4) be such that
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T

wpi =k, [ wn(t)dt, i =1,--- ,n,neN.
i—1
kn

We mention here that the form of the considered statistic 7},; contains the
n

linear rank test statistics S; = > a(Rij), 1 < j < k, which has been dis-

=1
cussed deeply in ” Theory of rank tests [1967]” which is due to J. Hajek and
7. Sidak.

To achieve the purpose here we need to build a base for our coming limit
theorems, for this we shall begin with the following interesting steps which
are needed very much to obtain the final results.

Let us here introduce another new kind of exchangeablity, we call it Hs-
exchangeablity, also we put some related symbols, which will be needed for
the main results of this section.

Let (€2, A, P) be a probability space and let

§n = (énlh'" 7§n1k;£n217"' 7§n2k;"' ;gnnla"' 7£7mk)t

be an array of blocks of random elements from (2, A, P) to (€, 5), where &£
is a separable metric space, and B is the Borel o-algebra defined on £. And
let (C,,)nen be a sequence of sub-o-fields of A, C be a sub-o-field of A. Let

-1
further S* <§n> = <§n> (S82), where 83 denotes here the o-field of all sets
B in B*" satisfying the condition

z, € B<=0(z,) € B, V0 € 0,

where here z,, 1= (3011, Tty Tk 21, s 2kt 3 Tl ,xnk)7 and
Op =20 :0(z,) = (Tim),  » Tim @)} Tom(1)s ***» T2mp(k)i ** 5 Tnmn(1)s
e xmn(k)), for some my, my, -+, m, of the bijective functions defined on

SR T 5lm}. Let $2(6 ) == 3% (€ay — &) (€ny — &,)'. and
1

j:
~ k
&n = % > &y For each n € N the matrix sz(fk ) is assumed to be positive

definite. Also, all these assumptions are hold in this section.
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Definition 3.4.1. The random arrays &,11, nizs -« Entk =+ 3 Ennts
Enn2s 5 Ennk are Hs-exchangeable under P(:|C,), iff V0 € ©,, the equality

P (gn c B|Cn) —p (e (gn) c Bycn) [P]

is valid for all B € B, and then the array §n is called Hs-exchangeable
under P(-|C,).

Lemma 3.4.2. Let f: (£,B)" — (R,B) be a measurable function
such that E(f(£ )) is well-defined. If § is Hs-exchangeable under P(:|C),
then VA € §3(€ ), C € C, 0 € ©, the following equality is valid

(et (0(6)) =B (e (1)

O

Let us denote the o-field o(S? (f > ,C) by 83(§n,C). Now, since {ANC :

=N

Ae S <§n) , C € C} generates the o-field S*(§ ,C), we have by lemma
3.4.2 the validity of

B (1o (0(,))) = £ (105 (¢,)).

VD e 83(§n,C), 0 € 0,.
Therefore, the following lemma is just a consequence of lemma 3.4.2.

Lemma 3.4.3. Let f: (£,8)" — (R, B) be a measurable function
such that E(f({ )) is well-defined. If { is Hz-exchangeable under P(:|C),
then

B8 (6,:€)) = e 2 S06E,) (P

Let us here put the following theorem which is an invariance principle, needed
to obtain the limit theorems of this section.

Theorem 3.4.4. Suppose that the triangular array ¢ satisfying
the following conditions:
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k - - k
Foreachn € N, s ( ) > (&nij—&n) (Enij—&n)t, and Y &,y are independent

]:1 ]21

B k
of the value of i, where &, := ¢ > &,.j, i.e. we can write:
.:1

k
25"1] anja

Jj=

1
gn] én fn] gn)t

k
=1

k
Z £m] gn fmy n
7=1

J

k
Moreover, the sequences (%sz(én)> o and (% me> are stochasti-
n j=1

neN

cally bounded. If C, O &3 <§n>, n € N, is a sequence of sub-o-fields of A,

Cn = o(C x (C[0,1])% : C € C,), and if the triangular array § is Hsex-
changeable under P(:|C,) then for j =1,2,--- |k we have

Where B
Snj 1) x (C[Oa 1])d - (D[07 1])d:
gnj(wbwz) = Snj(w1>7
[rt]
( nj wl me; Wl
And

W Qx (C[o, 1)) — (C[0,1)) (D0, 1)),

Wil w2) ::\/%( (&) ) (@) Wilw) +t%i§n.j<w1>,

Vi e [0,1], Y(w,w) € Q x (C[0,1])*, where W := (W)oi<1 is a d-

dimensional Brownian motion.
Proof: We prove it first in the case where sup || £5%(¢ ) [|< +o00 [P], and

k
sup || ¥ > &nj [|[< 400 [P]. By lemma 1.2.2 the assertion is equivalent to
n J=1
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the validity of the limit

/ 0(S,)dP @ ju — / o(W)dP @ u — 0,

Chn x(C[0,1])4 Cnx(C[0,1])4

for all sequences (C},)nen, and for all bounded uniformly continuous functions
¢ : (D[0,1))* — R, where C, € C,, and where p is the Wiener measure
defined on (C[0,1])".

Therefore, let (C,)nen be an arbitrary sequence of the measurable sets C,, €
Cn, n € N, we want to prove the validity of the previous limit above, which
is equivalent to

C,|dP — 0

n—-auoo

= [B@serar- [E] [ a0

Cn (C[0,1))4

Since the sequence (C,)nen is arbitrary, the previous assertion is equivalent
to

Bese) ~E | [ e, | 0
(clo,i4
~ P
S E@ESIE) - [ e
(Clo,1)*
1 o
=y X ¥ zw - [ eyt
T (Clo,A))
where 7,7, -+ ,m here ranging over all bijective functions, defined on

{1,2,--- ,k}. Actually, we shall prove more than that, and definitely, we
shall prove its validity but almost everywhere whith respect tp P. For this,
let wy € €2 be an arbitrary but temporarily fixed element of those fulfill the
hypotheses. We want to prove

[n()]
(k!l)n Z 2 ( Z:l gnim(j)(wl)) -

1,2, T

_c[of1 90<\/_(\/7) w1)W+()%Jz_:§n](w1))du_>o7
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But this is valid indeed from remark 2.3.10.
Now, we turn to prove it in the general case.

k
Let us define CM := { | %lefng 1< M, || %) II< M}, and also for
]:

eachneN, and j=1,--- ,k,and i = 1,--- ,n, we define the new random
arrays émj = lom - &nij- It is clear that the new random arrays satisfy the
first case of the proof above.

Consequently, the limit

/ 90(10% -gn)dp QX u— / gD(lC;Lw . W)dp @u — 0,

n—auoo

Chx(C[0,1])4 Cyn x(C[0,1])4

is valid for all sequences (C},),en, and for all bounded uniformly continuous
functions ¢ : (D[0,1])? — R, where C,, € C,,. We can rewrite the previous
limit as the following

/ Lo - o(S,)dP @ p — / Loy - o(W)dP @ — 0.

n—-auoo

Cnx(C[0,1])¢ Crx(C[0,1])¢

Also, we can enlarge M to make the following inequality valid P(CY) > 1—¢
for any given € > 0, and for all n € N.
Therefore, we obtain the validity of the limit

/ p(Sp)dP & i — / p(W)dP @ — 0,
Cpx(C[0,1])4 Cpx(C[0,1])4
for all sequences (C},)nen, and for all bounded uniformly continuous functions

¢ : (D[0,1])* — R, where C,, € C,.
Hence, the proof is complete. 0

Corollary 3.4.5. 1In the same situation of theorem 3.4.4, we have
for j =1,2,--- , k, the validity of
S oW,
or more explicitly

[nt] k
;Em‘j ~ <\/%< 82(§n)) W, + t% j;fn.j)

0<t<1



In the same situation of theorem 3.4.4, we want to discuss the conditional
asymptotic normality of a given linear combination of the random arrays
Sni(t1), Snj(ta), -+, Snj(ti), where ti, to,---, t; belong to [0,1], and j €
{1,2,--- ,k}. The following remark is for this purpose.

Snj(t1)
Remark 3.4.6. Let X, be defined by : , where tq, to,-- -,

Snj (1)
t; belong to [0,1], 7 € {1,2,--- ,k}, and let ay, as, -+, a; be given constant
matrices of order m X d, then we have

I
P> a;-S(t:) ~ N (un,02) (Cp), where Vn € N
i=1

! k
P = th‘ai : (% an])
i—1 j=1

t

ap

or = (ay, - ,q)- <min(ti’tﬂ')282 (5 >> ]
k ="/ ) 1<i, <l ¢

a;

Proof: From Theorem 3.4.4 we conclude the following fact

Snj(t1)
P x : ~ N (fin,2) (Cp),
Shj(tr)
where here Vn € N .
tl% Z 5n~j
j=1
ﬁn = 5
k
tl% Z gn-j
j=1

52 = (min(ti,tj)ﬁe_s?(f )) .
ko =)<

Which means by definition the validity of the following limit
Br (£ (Sus(t). Suta), -+ Sug(t)) 1C2) = [ FaN (%) >0,
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for all bounded uniformly continuous functions f : (R%)! — R. Now, let
g : R™ — R be a bounded uniformly continuous function, and let ay, as,- - -,
a; € M,xq be given constant matrices, then the function h : (RY)! — R,
defined by h(z) := g((ai, as, -+ ,a)-x), Vo € (R?)! is also bounded uniformly
continuous function. Thus, we have for this h the validity of the limit

Ep (h (Spj(t1), Snj(ta), - Snj(t)) |Ca) = [ BAN (i, 52) —— 0, which can be
rewritten as

Snj(t1)

Ep|g| (ar,a2,- ,a)- C | — J 9dN (s, 02) — 0, which

Snj.(tl)

is also equivalent to

EP (g (Z a; - Snj(ti>> |Cn> - /ng (Mmai) i) 07

=1

where here
k
tl% Z §n~j
j=1 ! .
Hn = (alaa%"' >al)' :thal (EZ&IJ) 7
2 i=1 Jj=1
tig 2 &ng
j=1
and
n i
7= ) (mints )15 (€))L
LI a/?
Therefore, the proof is complete. U

Corollary 3.4.7. Inremark 346if0 <t <ty <--- <t <1,
then we can rewrite o2 as the following

:Z(Ej:a,—s Jalt; +Zaj+z €, at)

j=1 \i=
Also, if t = , a; = o; — 11, and a; = o, where oy, as, -+, oy, are given
constant matrlces of order m x d, and if t; = it, for : = 1,2,--- ,[, then we

have easily
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() (1) o

o Rs® <§n) oz;f) t. These results are involved in the proof of theo-
rem 3.4.9. 0J

Throughout the proofs of the coming limit theorems in this section we need
to represent some Partial sums as path integrals. Let &,11, a2, ,&n1k;
§n21a€n227' o 7§n2k7 : é.nnlygnn% : 7§nnk7 be random arrays from (QaA7 P) to

(RY,BY), S,;(t) := anw,andletwm,z—12 -onneN j=1,2,--- k,

be constant matrlces of order m X d. One can write

n 1
Zzlwnzgn2]:A Wn<t)dsl(t)v

where S} ;(t) is defined by

Sl (t) = Say (Z;1> +n (t— Zzl) (snj <%> — S, (:1)) ,

where i := [nt] + 1 in this formula, and w, € L£2([0,1], M,xq) is defined such

that wm—nfnwn dt,fori=1,---,n, 7 =1,2,--- k. Also, we need to

i—

,_\

3

n
see the behavior of || ) wyi&ni; || when || w, ||2 tends to zero with n tends to
i=1

infinity, the next lemma gives an answer to that question.

Lemma 3.4.8. If the random arrays &,11, &ni2, - s Entks Enot,
En2s s Enoks 5 Eant, Cank are Hz-exchangeable under P(+|C,,), and the se-
k
quences | 7 > fn.j> , and <%52(£ )) are stochastically bounded, then
j=1 —"/ neN
neN

n
P .
H § wnifm'j H 07 if H Wn H2 0.
n—s00

i=1

n
Proof: Since the sequence <% > §n.j) is stochastically bounded, it is
i=1 neN
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sufficient to prove

[ Zwm‘ (fm] - gn) ||i> 0, if || wn ||2n:;o 0,
i=1

where as we know &, := 1 3 &,

Since w € £%([0, 1], Mynxa), and from Lemma 3.4.3, we have

b ((@é Wni (&nij — ﬁn)) (g:l Wi (&nij — 5n))t S? <§n70n>> =

n
Now, since

i PIT L RR

1 ¢ /
;Z i < / e I dt =] i |,
=1

and since the sequence | Zs*(& )) is stochastically bounded, we obtain
neN

33(5 c)) .0

((Zwm iy — )(2 (s én))

Therefore,
- - P
i=1
and from theorem 1.1.3 we conclude that the assertion is valid indeed. O

In the next theorem we discuss the asymptotic normality of the sum

n
Z wm’fmj-
i=1

Theorem 3.4.9. Suppose that the triangular array € s satisfy-

k
ing that the sequences (% > fn-j) , and (" 2(
j=1
neN
bounded, and further that sequence (w,), . is a relatively compact sequence

in £2([0,1], M,xq). We call it a sequence of weight functions and assume

& )) are stochastically
neN

2n

that these weights are constants. If C, D &3 <§n>, n € N, is a sequence of

sub-o-fields of A, and if the rows of the triangular array are Hs-exchangeable
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under P(-|C,), then we have

where

and

Proof: Since, (wn(t)),y is relatively compact, so every subsequence of
(wn(t)),ey contains another convergent sub-subsequence, and consequently it
is sufficient to prove the assertion in the case when the sequence (wy(t)),cx
is convergent. And from lemma 3.4.8 we conclude that it is sufficient to
prove it in the case wy(t) = w(t), Yn € N. Moreover, remarking that
any w € L2([0,1], M,,xq) can assumed as a limit of some sequence of step-

!
functions belong to M,, x4, where M,,.q := {w cw(t) = xy- Lz
i=1

i
T 1

Mopxa, @ =1,--- 1, | € N}. By applying lemma 3.4.8 we find that it is

sufficient to prove it when w € M,,«4s. Now, we note that
1

n l ) ) l )
;wniém'j = Ofw(t)dS;j(t) = ;xz (ST/U‘ (%) — 5y (%)) = ;Giséj (%)7 where

a; == Ty — Tig1, © = 1,2,--- 1l —1, ay = x;. Since the triangular array £,
is infintesimal, and from remark 3.4.6, and corollary 3.4.7, we find that the
assertion is valid indeed. 0J

Remark 3.4.10. In theorem 3.4.9, 02 can be rewritten as
o2 =1 ;wm%SQ(gn)wt n € N. O

ni’
We want at this position to introduce some important properties of the con-
cepts of the Hj-exchangeablity under P(:|C), where C is a given sub-o-field

of A, also we want to discuss some properties of the o-field S3 <§n>, n € N.

For this, we shall introduce the definition of the Hsz-exchangeablity under P,
also some interesting results.
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Definition 3.4.11. Under the same hypotheses of definition 3.4.1,
we call the triangular array { = Hs-exchangeable under P iff this triangular
array is Hz-exchangeable under P(-|C), for C = {0, Q2}.

— It is clear from lemma 3.4.3 that the Hj-exchangeablity under P(:|C),
for all C C &3 <§n> is equivalent to the Hs-exchangeablity under P.

Lemma 3.4.12. Let Xi1, X9, -+, Xlk; Xgl, XQQ, SN Xog; -+ :
Xn1, Xn2, -+, Xuk; be random elements from (2, A, P) to (€, B), where &
is a separable metric space, and B is the Borel o-algebra defined on £. Let
further, f : & x £ — R™ be a measurable function, which is permutation
symmetric in its second variable, and let &; = f(X;;,X,,), i = 1,---,n,

j=1,---,k, then & <§n> CS*X,).
Proof: 1t is sufficient to prove that the following implication
g <§n> is S3 <§n) -measurable = ¢ <§n> is S* (X)) -measurable

is valid for all measurable g : (R™)*" — R. For this, let & : £ — (R™)*"
be defined by

hz,) = (f (@, 2,) - f (@) 55 f (@, ) 5o f (T 25))

where x, = (211, , Tik " [ Tp1, - Tup) € EF. Let g <§n> be &3 <§n>-
measurable, this implies g (8 <§n>> =g <§n> for all § € ©,,. Let us define
Hence, g0 (X,) = g(h(X,)) = g(&,), and g0 (0(X,)) = g(h(9(X,))) =

4 ((6)) -9(5) -

Hence, go (0 (X)) = go (X,,), but this means that g, (X,,) is S (X,,)-measur-

able, and also ¢ <§n> is 8% (X, )-measurable. Consequently, the assertion is

valid indeed. O

Lemma 3.4.13. Let f: & x £ — R™ be a measurable function
which is permutation symmetric in its second variable. If the random ele-
ments Xq1, -+, X1 -+ ; Xn1, -+, Xnx are Hz-exchangeable under P(+|C),
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then f <X117Xn)7 ) f (Xllan% Ty f (anxn)a ) f (Xnkuxn) are also
Hj-exchangeable under P(-|C).

Proof: It is sufficient to prove that for any measurable function ¢ :
(R™, B™)" — (R, B) satisfying that the quantity

E(g(f(XH?&n)?”' 7f(X1k7Xn);"' ;f(anvin)v"' >f(Xnk7&n)))

is well-defined, the equality
E(g0(f (X1, X)), f (Xuw, X)) 500 5

=F (g (f (Xllain) y T 7f (Xlk‘yin) o 7f (an7in) y T 7f (Xnk'yin>) |C)
is valid almost sure with respect to P. For this, let us define h : £ —

m\kn
(R™)™ by t
2 = (T11, Tk X1, k) € EF. And we can write

h(X,) = (F (X, X)) o f (K X)) 55 F (X, X)) 5o f (X, X))
Consequently, it remains to be proved the validity of the equahty

E(g (0 (h(X,))IC) =E(g(h(X,))[C) [P].

But easily, we see that the left side is equal to E (g (h(0(X,,)))|C) almost
sure under P. Since Xy, ---, Xy -+ 5 Xo1, -+, X are Hs-exchangeable
under P(-|C), the assertion follows. O

Lemma 3.4.14. Let &4, -, &us -+ fm,--nﬁ (QAP)—>

(R™ B™) be random arrays statisfying that Z &ij, and wa are in-
=1

dependent of ¢ and j. Let further C C A be a sub-o- ﬁeld Let x =

(xlla'“ s Llky 5, Tply s 7xnk) €S g (Rm)kn’ where S := {&n : lej

k k
and Y x;;xl; are independent of i, j }, and Z, = £ > 2, and V (z,) =
=1 j=1

Y (v — Zn)(x; — Ty)'. Assume that V (z,) is positive definite, and let
j=1

g : R™ xS — R™ be defined by g(y, z,) = (V(z,) 2 (y — Z,), and
g(glj7§n)ﬂlzl7 .] k Ifé-lla"'7£1ka"'75”17"'7
&nk are Hi-exchangeable under P(-|C ), and if £, and V({,) are C-measurable,

then S3 (§n,C> =83 (QH,C).

M\»—A
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Proof: First we see that S (ﬂn,C) c s (én,C> follows from lemma
3.4.12 because g is permutation symmetric in its second variable. It remains

to show that S3 (gn,C> C &3 (ﬂn,C>. And for this it is sufficient to prove
that S? (§n> c &3 <Qn,C>. Let f : S — R be any measurable function

such that f <§n) is &3 <§n>—measurable. This means f (9 <§n)) =f <§n>
for all 8 € ©,,.
To complete this proof we have to prove that f (§n> is §3 (ﬂn’ C )—measurable.

For this, let z = (211, ,20k) € S, a € R™, B € Mxm, and B is
positive definite and symmetric, A be defined by h(z,a, B) = (B%zll +
, B2z, + a)'. It is casy to see that h(0(2),a, B) = 6(h(z,a, B)), § =

h(y & V(€ )), and f (gn) —f (h (gn,gn,vgn)» but £, and V (§n> are

S3 (ﬂn’ C) -measurable because C C S3 (Qn,C), and they are C-measurable.

But also, f (h (6 (ﬂn) n,s V(§H)>) =f (h (Qn,fm V(§H)>> for all 0 € ©,,.

Thus, f <§n> =f (h (ﬂnfn, V(§n)>> is S3 (Qn,C>—measurable. O

In the introduction of this section we have defined the statistics

T, = \/iﬁ zn:wm-fn (Xpij, X,,), for j = 1,--- |k, we want here to make some
i=1

preliminary computations to prepare for the next theorem which will dis-
cuss the conditional asymptotic normality of the sequence (T;), . For
this, assume the same situation of the introduction, and let us first prove
that E (fn (Xnij, X,,) [S? (X)), and Var (f, (Xni, X,,) |S?* (X)), are inde-

“n
pendent of ¢ and 7. One can easily see

k
B (fu (X, X,) 87 (X %Z fo (X X,) (B,

Var (];fn (Xnijyin) |83 (Xn)) =
—1 ; (fr (Xnijs X)) = B (fu (Xoijs X,,) [S? (X)) -
(o (Xniy X,) = B (fu (Xnig, X,,) 183 (X)) [P,

Therefore for notational convenience we denote FE (f, (X, X,,)|S® (X))

B (f,IS* (X,), Le.
E (falS* (X)) = E (fu (Xuij, X,,) 8% (X)) ,
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and Var (f,, (Xnij, X,,) |S® (X)) by Var (f,|S* (X)), ie.
Var (f.|S8*(X,,)) = Var (fo (X, X,) |S* (X)) -

Let us now give explicit expressions for F (T,,;/S* (X,,)), and
Var (T,48% (X))

E (T,;|S% (X Zwm (falS* (X)) [P,

Var (Ty|8" (X,)) = Var (f 5= i (o X187 (X,) ) =
=1
= 1Y wVar (£l (X,) wht
=1

Loy me(m(Xm]-,xn)—E(fn|83<xn>>>~

1Al

(o (K X)) — B (£IS? (X)) 8* (X.) )w;l )
Hence,
Var (Tl$* (X,)) = £ S cnVar (f18° (X)) P

— For the next theorem we assume first the same situation in the intro-
duction of this section.

Theorem 3.4.15. Let the triangular array € be defined by

1
Vn
and assume that the sequence (Var (f,|S* (X,,))),,ey 1S stochastically bound-
ed. Assume further that the sequence (wy,(t)), ey € £2 ([0, 1], Myyxa) is rela-
tively compact sequence of non-random weight functions. Then the sequence

(T,),en is asymptotically normal under P € Hj, and conditioned by the
symmetric sub-o-field §* (X ). More explicitly,

P« (T,; — B (T18% (X,,))) ~ N (0,Var (T,;|S8* (X)) (S*(X..))-

Proof: Let¢&,;,i=1,2,---,n,neN,j=1,2 -, k, be defined by
fm‘j ::\/— (fn( m]a_n) E (fn|83 (in))) .
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From lemma 3.4.13, the random arrays &,11, -+, &k, are Hz-exchangeable
under P (-, 8% (X,,)). Let

[nt
Z (fo (Xnijs X)) — B (fal S (X))

0<t<1, and let

e () o 5 () 7 (5):

where i := [nt] + 1.
Therefore, we can write

T, — E(T,,;|S8* (X,,)) = / w(t)dF,(t).

0

Hence, all assumption of theorem 3.4.9 are satisfied, and consequently we
have
P (T — E (TlS* (X)) ~ N (0,07) (S*(X,,))-
1
where 02 1= [ w,(t)%s? <§n> W (t)dt =
0

fwn HOVar (f,|S? (X)) Wt (t)dt [P]. Also, from remark 3.4.10 we can

erte . .

= 13 s ks = % S cnVar (187 (X)) ]
By remarking that 02 — Var (T,,,/S3 (X)) — 0, we conclude that the as-
sertion is valid. O

Remark 3.4.16. From theorem 1.3.4, it is easy to see that for any
je{1,---, k } the assertion of theorem 3.4.15 is equivalent to

P Ty ~ N (B (T,,18% (X)) , Var (T518° (X)) (S* (X)),

if the sequence (E (T,,;|S® (X,,))),,cy is stochastically bounded.
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Zusammenfassung:

In dieser Dissertation wird eine Reihe von Resultaten im Bereich der Theorie
der multivariaten Permutationstests hergeleitet und zwar im Hinblick auf die
bedingte asymptotische Normalitat verschiedener Permutationsstatistiken,
wobei unter gewissen symmetrischen o-Algebren bedingt wird. Zur Her-
leitung dieser Resultate mussten viele klassische Aussagen und Theoreme aus
der Theorie der stochastischen Prozesse verallgemeinert werden, insbeson-
dere auf den Fall multivariater Beobachtungen. Diese Dissertation hat drei
Kapitel. Das erste Kapitel gibt eine Darstellung vieler grundlegender Vorbe-
dingungen tiiber bedingte Erwartungen, die bedingte schwache asymptotische
Gleichheit, die bedingte asymptotische Normalitdt und die Austauschbarkeit.
Die Konzepte und damit in Verbindung stehende Theoreme und Beweise
wurden in Parallelitat zu ahnlichen Fallen in der Literatur entwickelt, z.B.
das Buch von Billingsley [1968]: Convergence of Probability Measures, und
auch die Arbeit von H. Strasser und C. Weber [1998]: On The Asymptotic
Theory of Multivariate Permutation Statistics. Im zweiten Kapitel werden
zentrale Grenzwertsatze fiir stochastische Prozessen bewiesen, aus denen im
dritten Kapitel bedingte Grenzwertsatze fiir Teststatistiken der bekannten
Hypothesen Hy, Hy, Hy, und Hj hergeleitet werden. Entsprechend enthalt
dieses Kapitel vier Abschnitte, in denen die vier Hypothesen einzeln behan-
delt werden. Insgesamt gibt diese Dissertation einen Anfang und Ausblick
auf eine neue Theorie der Priifung statistischer Hypothesen, in denen die
bedingten Erwartungen die Rolle der Integrale in der vertrauten klassischen
Theorie der Priifung statistischer Hypothesen spielen.





