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Preface:

This doctoral thesis is intended mainly for considering the asymptotic nor-
mality of the distributions of certain permutation test statistics conditioned
by some specific symmetric σ-fields. It is known that the classical theory
of weak convergence has been the main base of the asymptotic distribution
theorems, where these theorems have led to huge advance in statistics and
probability in the last several decades. In particularly, this advance has led
to obtain new powerful tests and to build the classical theory of statistical
hypotheses testing, where the permutation tests have been developed also
by depending on these theorems. And recently, after building the modern
computers which have the capacity of making very accurate and fast com-
putations, the permutation tests theory has become a big advantage in the
modern theory of statistical tests. Moreover, the tremendous rise of the
measure theory has led to enormous development in the theory of condi-
tional expectations. And the results of the modern theory of conditional
expectations are very promising in developing the classical theory of test-
ing statistical hypotheses, where this thesis is a small step forward to build
modern theory of statistical tests. And in fact, this thesis has been focused
on some results in the theory of multivariate permutation tests, concerning
the asymptotic normality of the conditional distributions of some linear per-
mutation test statistics conditioned by some symmetric σ-fields, where also
these σ-fields are generated by the considered random variables. Also, we
introduced and generalized many theorems related with stochastic processes,
and we put many central limit theorems and applications. This doctoral
dissertation has three chapters. The first chapter is intended to give an ex-
position of many basic prerequisites about the conditional expectations, the
conditional weak asymptotic equality, the conditional asymptotic normality,
and the exchangeability. And this chapter has the definitions of these con-
cepts in addition to many related theorems and other issues, and I mention
here that some of these theorems and their proofs were built in parallel with
similar ones in the book of Billingsley [1968], and also in the paper (On the
asymptotic theory of permutation statistics) which is due to H. Strasser and
C. Weber [1998]. In the second chapter we put several central limit the-
orems, related with stochastic processes. In the third chapter, I put some
limit theorems and their proofs for the conditional distributions of linear test
statistics under the familiar hypotheses H0, H1, H2, and H3. And this chap-
ter contains four sections, where these sections were built to be similar to
each other. And this is to give the reader a good vision about how to deal
with similar hypotheses. The first section in this chapter has similar results
to those of the mentioned paper above. Also, the second and the third chap-
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ters give a vision of a new theory of testing statistical hypotheses, where the
conditional expectations play the role of the integrals in the familiar classical
theory of testing statistical hypotheses.
Finally, I wish to express my gratitude to Prof. Dr. Georg Neuhaus for his
supervision and his help. I feel very much indebted to him for his efforts
with me to make this work come true. I thank him deeply from my heart, I
wish to him the best, and I will never forget him. I thank Prof. Dr. Arnold
Janssen for reviewing my dissertation and his help. I thank Germany, and
the staff of the University of Hamburg also the Studentenwerk in Hamburg,
and the people of this land for their great and warm hospitality. I thank also
my family very much, and all the friends who supported me. I thank the
University of Damascus, and all staff of the Faculty of Sciences in Damascus,
also the Syrian Government for funding my studies, and their great support
to me.

Hamburg, June 2005.
BASEL AL-HASSBANI
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Remarks:

Here we mention that definition 1.2.1, definition 1.3.1, definition 3.1.1, lemma 3.1.2, lemma
3.1.3, lemma 3.1.8, theorem 3.1.9, remark 3.1.10, definition 3.1.11, lemma 3.1.12, lemma
3.1.13, lemma 3.1.14, theorem 3.1.15, and remark 3.1.16 are mainly taken from the paper
”On the asymptotic theory of permutation statistics” which is due to H. Strasser and C.
Weber [1998].

Also, the ideas of definition 2.2.1, theorem 2.2.2, definition 2.2.3, theorem 2.2.4, theo-
rem 2.2.5, theorem 2.2.6, and theorem 2.3.1 are essentially taken from the book ”Conver-
gence of Probability measures” which is due to Patrick Billingsley [1968].
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List of symbols:

N = {1, 2, 3, · · · } the set of all natural numbers.
Q the set of all rational numbers.
R the set of all real numbers.
Rd = R× R× · · · × R, d times.
Bd the Borel σ-algebra defined on Rd.
iff: if and only if.
E(f |T ), E(f |T = ·) see p. 9.
E(X|C) see p. 10.
V ar(X|C) see p. 11.
→• ,
←• see p. 12.

→
? see p. 12.
arr see p. 12.
‖ · ‖ the usual norm defined on Rd.
w∼ (Cn) see p. 16.
F+ρ, G−ρ, ∂G see p. 17.
P−→ tends in probability.
D−→ tends in distribution.

[P ] almost sure with respect to P .
Pn ∗Xn ∼ N (µn, σ

2
n) (Cn) see p. 20.

C[0, 1], D[0, 1] see p. 32.
W , W o see p. 33.
w(Xn, δ) see p. 39.
ρ, σ2 see p. 42.
exp(x) = ex the exponential function.
4(h) see p. 46.
c(v) see p. 47.
σ(X1, X2, · · · , Xk) the σ-field generated by X1, X2, · · · , Xk.
s2(ξ

kn
), ξ̄n see p. 86.

S0(ξ
kn

) see p. 86.

S0(ξ
kn
, C) see p. 86.

π,Πkn see p. 86.

‖ f ‖2= (
∫ 1

0
‖ f(t) ‖2 dt)

1
2 .

e,Ξkn see p. 101.
X, Y

kn
see p. 101.

S1(ξ, ξ̃
kn

) see p. 103.
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S1(ξ, ξ̃
kn
, C) see p. 103.

λ,Λkn see p. 117.

S2(ξ, ξ̃
kn

) see p. 117.

S2(ξ, ξ̃
kn
, C) see p. 117.

θ,Θn see p. 135.
S3(ξ

n
) see p. 135.

S3(ξ
n
, C) see p. 136.
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Chapter One

Conditional Expectations

In this chapter we build the needed theoretical base of this research, where first we in-
troduce concepts of the conditional expectations and the conditional variances in various
cases and we define some binary operations to simplify the computations of the conditional
expectations in case of random matrices. Also, we introduce a concept of conditional weak
asymptotic equality and some related theorems which will play a major role in building
the proofs of the invariance principles in chapter three. Also, we introduce a concept of
conditional asymptotic normality and many needed results which form the essential argu-
ments later. The main goal of this chapter is to make the reader familiar with the kinds
of computations which are applied in the other two chapters. We mention here that many
of the resultes and their proofs in this chapter are built on their similar ones in Billingsley
[1968], and those in the paper (On the asymptotic theory of permutation statistics) which
is due to H. Strasser and C. Weber [1998].

1.1. Conditional Expectation and Probability:

Introduction:

Let P be a probability measure defined over the sample space (Ω,A), T
a statistic defined over (Ω,A) and taking values in some space (J ,B), A0

the sub-σ-field it induces. Consider a nonnegative function f which is A-
measurable and P -integrable. Then

∫
A
fdP is defined for A ∈ A, and there-

fore for all A0 ∈ A0. It follows from the Radon Nikodym theorem that there
exists a function f0 which is A0-measurable and P -integrable and such that∫

A0

fdP =

∫
A0

f0dP , for all A0 ∈ A0,

and that f0 is unique with respect to (A0, P ), and it is known that there
exists a B-measurable function g such that

f0 = g ◦ T [P ].

Let f0 be denoted by E(f |T ) which is called the conditional expectation of
f given T and g be denoted by E(f |T = t) which is called the conditional
expectation of f given T = t.

E(f |T ) = E(f |T = ·) ◦ T [P ],
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and easily we observe that:∫
T−1(B)

f(x)dP (x) =

∫
B

E(f |T = t)dP T (t).

So far, f has been assumed to be nonnegative. Without this condition, the
conditional expectation of f given T is defined by

E(f |T ) = E(f+|T )− E(f−|T ) [P ],

and the conditional expectation of f given T = t is defined by

E(f |T = t) = E(f+|T = t)− E(f−|T = t) [P T ].

Also, that when the subtract operations are well-defined.

Definition 1.1.1. Let (Ω,A, P ) be a probability space, and A0,
a sub-σ-field of A, and let f : (Ω,A) −→ (Σ,B) be a measurable func-
tion. Then E(f |A0) := E(f |id), where id : (Ω,A) −→ (Ω,A0), id(x) = x.
E(f |A0) is called the conditional expectation of f given A0.

Remark 1.1.2. The following properties of conditional expectation
are needed in the coming arguments. Let (Ω,A, P ) be a probability space,
X and Y be random variables on this space, i.e. (X, Y ∈ R), C ⊆ A be a
sub-σ-field, and As ⊆ At ⊆ A be sub-σ-fields.

1. If C = {∅,Ω}, then E(X|C) = EX [P ].

2. E(E(X|C)) = EX.

3. E(E(X|As)|At) = E(X|As) = E(E(X|At)|As) [P ].

4. If Y is C-measurable then E(XY |C) = Y E(X|C) [P ].

5. E(aX+ bY |C) = aE(X|C)+ bE(Y |C) [P ], where a and b are constants.

6. If g, f, f1, f2, · · · , fn, · · · are (A, P )-integrable, and |fn| 6 g, fn −→
f [P ], and E(g|C) is well-defined then E(fn|C) −→ E(f |C) [P ].

7. P (X ∈ B|C) := E(1(X∈B)|C) for all B ∈ B.

8. X is independent of Y =⇒ E(X|Y ) = EX [P ].
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9. |E(X|C)| 6 E

(
|X|
∣∣∣∣C) [P ].

10. E

(∣∣∣∣E (X|C)

∣∣∣∣) 6 E (|X|).

11. C ⊆ C1 =⇒ E

(∣∣∣∣E (X|C)

∣∣∣∣) 6 E

(∣∣∣∣E (X|C1)

∣∣∣∣).

Let (Ω,A, P ) be a probability space, and C a sub-σ-field of A, let further
X : Ω −→ Rd be a probability array, such that EX is well-defined. Then we
define E(X|C) by

E(X|C) :=
(
E(X1|C), · · · , E(Xd|C)

)t
,

where X = (X1, · · · , Xd)t.
Also, if EX iXj, i, j = 1, · · · , d, are well-defined, then

V ar(X|C) := E
(
(X − E(X|C)) (X − E(X|C))t |C

)
,

and we call it the conditional variance of X given C.
Let X : Ω −→ Md1×d2 be a random matrix such that EX ij, i = 1, · · · , d1,
j = 1, · · · , d2, are well-defined, then we define

E(X|C) :=
(
E(X ij|C)

)
16i6d1
16j6d2

,

where (X ij)16i6d1
16j6d2

.

And we define the random array Y := arr(X) ∈ Rd1d2 by

Y 1 := X11, Y 2 := X21, · · · , Y d1 := Xd11,

Y d1+1 := X12, Y d1+2 := X22, · · · , Y 2d1 := Xd12,

...

Y d1(d2−1)+1 := X1d2 , · · · , Y d1d2 := Xd1d2 .

We mention here that, the function arr is also known by vec. This definition
means that the column of Y is made from the columns of the matrix of X,
which are taken from left to right in order.
Now we define V ar(X|C) := V ar(Y |C) = V ar(arr(X)|C).
Suppose that A ∈ Mm×d1 is a given constant matrix, we want to give an
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easy expression for V ar(AX|C).

V ar(AX|C) := V ar(arr(AX)|C)

V ar(AX|C) = A
→• V ar(X|C)

←• At [P ],

where (X ij)16i6d1
16j6d2

, Xj := (X1j, · · · , Xd1j)t, j = 1, · · · , d2, and

A
→• V ar(X|C)

←• At :=

=
(
A E

(
(Xj1 − E(Xj1|C)) (Xj2 − E(Xj2|C))

t |C
)
At
)

16j1,j26d2
.

From this we define the operations
→• ,
←• by the following:

Let A ∈Mm×d1 , B = (Bij)16i6k1
16j6k2

, Bij ∈Md1×l, i = 1, · · · , k1, j = 1, · · · , k2,

C ∈Ml×m, then

A
→• B := (ABij)16i6k1

16j6k2
,

and
B
←• C := (BijC)16i6k1

16j6k2
.

Let ξ : Ω −→ Rd1 , and η : Ω −→ Rd2 , be random arrays such that

E(ξi1ξi2ηj1ηj2), 1 6 i1, i2 6 d1, 1 6 j1, j2 6 d2,

are well-defined and satisfying that

E(ξi1ξi2ηj1ηj2|C) = E(ξi1ξi2|C)E(ηj1ηj2|C) [P ],

for all 1 6 i1, i2 6 d1, and all 1 6 j1, j2 6 d2, then we easily see that

E
(
arr(ξηt) · (arr(ξηt))t|C

)
= E(ξξt|C)

→
? E(ηηt|C) [P ],

where

E(ξξt|C)
→
? E(ηηt|C) :=

(
E(ξξt|C)E(ηj1ηj2|C)

)
16j1,j26d2

.

From this, we define the operation
→
? by the following:

Let A ∈ Mm×n, B ∈ Ml×k, then we define A
→
? B := (A · bij) 16i6l

16j6k

, where

B = (bij) 16i6l
16j6k

.

Theorem 1.1.3. Let (Ω,A, P ) be a probability space, and (Cn)n∈N
be a sequence of sub-σ-fields of A, let further ρn : Ω −→ R be non-negative
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random variables, such that E(ρn|Cn)
P−→ 0. Then ρn

P−→ 0 also.

Proof: From the hypotheses we find that the limit
P{|E(ρn|Cn)| > γ} −→

n−→∞
0 is valid for all γ > 0.

We note from the definition of conditional expectation also that∫
{|E(ρn|Cn)|<γ}

ρndP 6 γ, ∀γ > 0.

Let ε, δ > 0 be arbitrary and fixed temporarily. For γ = εδ, we have

P
{∣∣ρn1{|E(ρn|Cn)|<γ}

∣∣ > δ
}

6
1

δ
E
(
ρn1{|E(ρn|Cn)|<γ}

)
6 ε,

P
{∣∣ρn1{|E(ρn|Cn)|>γ}

∣∣ > δ
}

6 P {|E(ρn|Cn)| > γ} .
Also, we conclude that P{|ρn| > δ} −→

n−→∞
0, ∀δ > 0. �

The next definition gives a concept of the stochastical boundedness, which
will play a big role in the rest of this research.

Definition 1.1.4. Let Xn, n ∈ N, be random elements defined on
(Ω,A, P ) and taking values in the norm space (S, ‖ · ‖). We call the sequence
(Xn)n∈N stochastically bounded iff ∀ε > 0 : ∃M > 0, P{‖ Xn ‖6 M} > 1−ε,
is valid for all n ∈ N. �

In the same situation of theorem 1.1.3, but here we assume that (E(ρn|Cn))n∈N
is stochastically bounded. Then we have that the sequence (ρn)n∈N is also
stochastically bounded.
Let ε > 0, there exists M > 0 such that

P

{∣∣ρn1{|E(ρn|Cn)|>M}
∣∣ > 2M

ε

}
6 P {|E(ρn|Cn)| > M} 6

ε

2
,

P

{∣∣ρn1{|E(ρn|Cn)|6M}
∣∣ > 2M

ε

}
6

ε

2M
E
(
ρn1{|E(ρn|Cn)|6M}

)
6
ε

2
,

P

{
|ρn| >

2M

ε

}
6 ε,

P {|ρn| 6 M ′} > 1− ε , where M ′ =
2M

ε
.

�
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Let us here introduce here a general concept of exchangeablity, also we
shall present some related arguments, which will be needed later in chapter
three.
Let (Ω,A, P ) be a probability space, and let ξ

k
= (ξ1, ξ2, · · · , ξk)t be a tri-

angular array of random elements from (Ω,A, P ) to (E ,B), where E is a
separable metric space, and B is the Borel σ-algebra defined on E . Let fur-
ther G be a finite group of measurable functions h : Ek −→ Ek, and C be a

sub-σ-field of A. Finally, let S (ξk) :=
(
ξ
k

)−1

(Sk), where Sk denotes here

the σ-field of all sets B in Bk satisfying the condition

xk ∈ B ⇐⇒ h (xk) ∈ B, ∀h ∈ G,

where here xk := (x1, · · · , xk).

Definition 1.1.5. The random arrays ξ1, ξ2, · · · , ξk are G-ex-
changeable under P (·|C), iff ∀h ∈ G the equality

P
(
ξ
k
∈ B|C

)
= P

(
h
(
ξ
k

)
∈ B|C

)
[P ]

is valid for all B ∈ Bk, and then the array ξ
k

is called G-exchangeable under
P (·|C).

Lemma 1.1.6. Let f : (E ,B)k −→ (R,B) be a measurable function
such that E(f(ξ

k
)) is well-defined. If ξ

k
is G-exchangeable under P (·|C),

then ∀A ∈ S(ξ
k
), C ∈ C, h ∈ G the following equality is valid

E
(
1A∩Cf

(
h
(
ξ
k

)))
= E

(
1A∩Cf

(
ξ
k

))
.

Proof: Let h ∈ G, A ∈ S(ξ
k
), and C ∈ C. Then there is Ã ∈ Bk satisfying

A =
(
ξ
k

)−1

(Ã) and h(Ã) = Ã. Consequently, we have 1Ã(h(ξ
k
)) = 1Ã(ξ

k
).

We shall prove the assertion only for f = 1B̃, where B̃ ∈ Bk, since the gen-
eral case is a direct result of using the monotone convergence theorem for
conditional expectations.
E
[
1A∩C1B̃(h(ξ

k
))
]

= E
[
1Ã(ξ

k
)1B̃(h(ξ

k
))1C

]
= E

[
1Ã(h(ξ

k
))1B̃(h(ξ

k
))1C

]
= E

[
1Ã∩B̃(h(ξ

k
))1C

]
14



= E
[
E
{
1Ã∩B̃(h(ξ

k
))|C

}
1C
]

= E
[
E
{
1Ã∩B̃(ξ

k
)|C
}
1C
]

= E
[
1Ã∩B̃(ξ

k
)1C
]

= E
[
1A∩C1B̃(ξ

k
)
]
. �

Let us denote the σ-field σ(S(ξ
k
), C) by S(ξ

k
, C). Now, since {A ∩ C : A ∈

S(ξ
k
), C ∈ C} generates the σ-field S(ξ

k
, C), we have by lemma 1.1.6 the

validity of

E
(
1Df

(
h
(
ξ
k

)))
= E

(
1Df

(
ξ
k

))
,

∀D ∈ S(ξ
k
, C), h ∈ G.

Therefore, the following lemma is just a consequence of lemma 1.1.6.

Lemma 1.1.7. Let f : (E ,B)k −→ (R,B) be a measurable function
such that E(f(ξ

k
)) is well-defined. If ξ

k
is G-exchangeable under P (·|C),

then

E(f(ξ
k
)|S(ξ

k
, C)) =

1

|G|
∑
h∈G

f(h(ξ
k
)) [P ],

where |G| is the size of the finite group G.
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1.2. Conditional Weak Asymptotic Equality:

In this section, we introduce a concept of weakly asymptotically equal dis-
tributions conditioned by given sub-σ-fields. The following definition deter-
mines this concept.

Definition 1.2.1. Assume that S is a metric space, S is the
Borel σ-field, F is the set of all bounded uniformly continuous functions
f : S −→ R. Let further (Xn)n∈N, (Yn)n∈N be sequences of random elements
from (Ω,A, P ) to S, and let (Cn)n∈N, Cn ⊆ A, be a sequence of sub-σ-fields.
We say that the sequences (Xn)n∈N, and (Yn)n∈N are weakly asymptotically

equal conditioned by (Cn)n∈N, and write that by symbols Xn
w∼ Yn(Cn), iff

E(f(Xn)|Cn)− E(f(Yn)|Cn)
P−→ 0, is valid for all f ∈ F.

The following lemma provides a useful criterion for weak asymptotic equality.

Lemma 1.2.2. The sequences (Xn)n∈N and (Yn)n∈N are weakly
asymptotic equal iff the following limit∫

Cn

f(Xn)dP −
∫
Cn

f(Yn)dP −→
n−→∞

0,

is valid for all (Cn)n∈N, where Cn ∈ Cn, n ∈ N, and for all f ∈ F.

Proof: Since f is bounded, the validity of the limit follows from the dom-
inated convergence theorem. Now, let us prove the sufficiency. Suppose
temporarily the contrary, then there is f ∈ F, a sub-sequence {n′} of {n},
ε > 0, and δ > 0, such that for Cn′ ∈ Cn′ , defined by

Cn′ := {ω : ω ∈ S, |(E(f(Xn′)|Cn′)− E(f(Yn′)|Cn′)) (ω)| > ε}, ∀n ∈ N,

we have P (Cn′) > δ, n = 1, 2, · · · , and consequently there exists a sub-
subsequence {n′′} of {n′} such that either

Cn′′ = {ω : ω ∈ S, (E(f(Xn′′)|Cn′′)− E(f(Yn′′)|Cn′′)) (ω) > ε},
or

Cn′′ = {ω : ω ∈ S, (E(f(Yn′′)|Cn′′)− E(f(Xn′′)|Cn′′)) (ω) > ε},
is valid for all n′′ ∈ N.
But in the first case we find∫

Cn′′

f(Xn′′)dP −
∫
Cn′′

f(Yn′′)dP =

∫
Cn′′

E (f(Xn′′)− f(Yn′′)|Cn′′) dP,
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=⇒ ∫
Cn′′

f(Xn′′)dP −
∫
Cn′′

f(Yn′′)dP > εδ > 0, ∀n′′ ∈ N,

and in the second case similarly also∫
Cn′′

f(Yn′′)dP −
∫
Cn′′

f(Xn′′)dP > εδ > 0, ∀n′′ ∈ N.

And this is a contradiction clearly. Hence, the sufficiency holds. �

The next theorem provides equivalent conditions to weak asymptotic equal-
ity, any one of these conditions could serve as a definition.

Therem 1.2.3. Assume the same situation of definition 1.2.1, then
the following conditions are equivalent.

(i) Xn
w∼ Yn (Cn).

(ii) E(f(Xn)|Cn) − E(f(Yn)|Cn)
P−→ 0, is valid for all bounded Lipschitz-

continuous functions f : S −→ R.

(iii) P (E (1F (Xn)|Cn)− E (1F+ρ(Yn)|Cn) > ε) −→
n−→∞

0, ∀ρ > 0, ∀ε > 0,

where F is an arbitrary closed set in S, F+ρ := {x : x ∈ S, d(x, F ) 6
ρ}, and 1F , 1F+ρ are indicator functions.

(iv) P (E (1G(Xn)|Cn)− E (1G−ρ(Yn)|Cn) 6 −ε) −→
n−→∞

0, ∀ρ > 0, ∀ε > 0,

where G is an arbitrary open set in S, G−ρ := {x : x ∈ G, d(x, ∂G) >
ρ}, and 1G, 1G−ρ are indicator functions.

Proof: We shall prove this theorem as the following diagram
(i)=⇒(ii)=⇒(iii)=⇒(iv)=⇒(iii)=⇒ (i).

Of course, (i)=⇒(ii) is trivial because of the simple fact that any Lipschitz-
continuous function is uniformly continuous.
Proof of (ii)=⇒(iii).
Suppose that (ii) holds and that F is closed. Suppose further that ρ > 0.

Let f : S −→ R be defined by f(x) := ϕ
(

1
ρ
d(x, F )

)
, where ϕ(t) is defined

by ϕ(t) :=


1 : t 6 0

1− t : 0 6 t 6 1
0 : 1 6 t

. Then f is a Lipschitz-continuous function,
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and also (ii) holds for this f . It is easy to see that 1F 6 f 6 1F+ρ . Hence,
for all n ∈ N, we have E (1F (Xn)|Cn) − E (1F+ρ(Yn)|Cn) 6 E (f(Xn)|Cn) −
E (f(Yn)|Cn) [P ]. Also, the assertion follows.
The equivalence (iii) ⇐⇒ (iv) follows by complementation.
Proof of (iii)=⇒(i).
Suppose that (iii) holds and that f : S −→ R is bounded uniformly contin-

uous. we shall show that E(f(Xn)|Cn)− E(f(Yn)|Cn)
P−→ 0. First, we shall

prove that P (E(f(Xn)|Cn) − E(f(Yn)|Cn) > ε) −→
n−→∞

0, ∀ε > 0. Without

any loss of generality, we can assume that 0 6 f(x) 6 q < 1, ∀x ∈ S, where
q is fixed. In general, we may reduce the problem to this case by trans-
forming f linearly. For an integral k, temporarily fixed, let Fi be the closed
set Fi :=

{
x : x ∈ S, i

k
6 f(x)

}
, i = 1, 2, · · · , k. Since 0 6 f(x) 6 q < 1,

∀x ∈ S, we have for all ε > 0 which satisfying q < 1− ε
k∑
i=1

(
i−1
k
− ε
)
· 1{t: i−1

k
−ε6f(t)< i

k
−ε} 6

k∑
i=1

i
k
· 1{t: i−1

k
6f(t)< i

k
}.

This can be rewritten as the following(
1
k

k∑
i=1

1{t∈S: i
k
−ε6f(t)}

)
− ε1S 6 f < 1

k
1S + 1

k

k∑
i=1

1Fi
.

Since f is uniformly continuous, for ε > 0 there is ρ > 0 such that
F+ρ
i ⊆ {x : x ∈ S, i

k
− ε 6 f(x)}, i = 1, 2, · · · , k.

Hence,

(
1
k

k∑
i=1

1F+ρ
i

)
− ε1S 6 f < 1

k
1S + 1

k

k∑
i=1

1Fi
.

Also, E(f(Xn)|Cn) < 1
k
1S + 1

k

k∑
i=1

E(1Fi
(Xn)|Cn) [P ], and

−E(f(Yn)|Cn) 6 ε1S − 1
k

k∑
i=1

E(1F+ρ
i

(Yn)|Cn) [P ].

Hence,
E(f(Xn)|Cn)− E(f(Yn)|Cn) 6

6
(

1
k

+ ε
)
1S + 1

k

k∑
i=1

(
E(1Fi

(Xn)|Cn)− E(1F+ρ
i

(Yn)|Cn)
)

[P ].

Thus, P (E(f(Xn)|Cn)− E(f(Yn)|Cn) > ε) −→
n−→∞

0, ∀ε > 0, indeed. Putting

−f in place of f , we obtain P (E(f(Xn)|Cn)− E(f(Yn)|Cn) 6 −ε) −→
n−→∞

0.

Therefore, E(f(Xn)|Cn)− E(f(Yn)|Cn)
P−→ 0. �

For the next lemma suppose that Xn, Yn, Zn, n ∈ N, are random elements
from (Ω,A, P ) to the separable metric space (S, d).

Lemma 1.2.4. If Xn
w∼ Zn (Cn) and d(Xn, Yn)

P−→ 0, then Yn
w∼ Zn
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(Cn).

Proof: We shall show that the following implication

E(f(Xn)|Cn) − E(f(Zn)|Cn)
P−→ 0, d(Xn, Yn)

P−→ 0 =⇒ E(f(Yn)|Cn) −
E(f(Zn)|Cn)

P−→ 0, is valid for all f ∈ F. It is clear that f(Xn)−f(Yn)
P−→ 0,

and E(f(Xn)|Cn)−E(f(Yn)|Cn)
P−→ 0, also E(f(Yn)|Cn)−E(f(Zn)|Cn)

P−→
0.
Hence, the assertion holds. �
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1.3. Conditional Asymptotic Normality:

This section contains a concept of conditional asymptotic normality of se-
quence of random arrays. This concept is created to discuss a certain behavior
of the conditional distributions of a given sequence of random elements.

Definition 1.3.1. Let (Xn)n∈N be a sequence of random arrays
defined on a measurable space (Ω,A) and taking values in Rk, and let (Pn)n∈N
be a sequence of probability measures on that space. Let further (Cn)n∈N,
Cn ⊆ A, be a sequence of sub-σ-fields, and consider the sequences (µn)n∈N,
(σ2

n)n∈N where for each n ∈ N, µn and σ2
n are a random array and a random

matrix respectively, and they are defined on (Ω, Cn) and taking values in Rk

and Mk respectively. We say that the sequence (Xn)n∈N is asymptotically
normal under (Pn)n∈N and conditioned by (Cn)n∈N if the limit

EPn(f(Xn)|Cn)−
∫
fdN (µn, σ

2
n)

Pn−→ 0,

is valid for all bounded uniformly continuous functions f : Rk −→ R, and we
denote that by

Pn ∗Xn ∼ N (µn, σ
2
n) (Cn).

The next theorem provides equivalent conditions to the concept of the asymp-
totic normality, any one of these conditions could serve as a definition.

Theorem 1.3.2. Assume the same situation of definition 1.3.1 then
the following conditions are equivalent.

(i) Pn ∗Xn ∼ N (µn, σ
2
n) (Cn).

(ii) EPn(f(Xn)|Cn)−
∫
fdN (µn, σ

2
n)

Pn−→ 0, is valid for all bounded Lipschitz
continuous functions f : Rk −→ R.

(iii) Pn
(
EPn(1F (Xn)|Cn)−

∫
1F+ρdN (µn, σ

2
n) > ε

)
−→
n−→∞

0, ∀ρ > 0, ∀ε > 0,

where F is an arbitrary closed set in Rk, and 1F , 1F+ρ are defined as
in theorem 1.2.3.

(iv) Pn
(
EPn(1G(Xn)|Cn)−

∫
1G−ρdN (µn, σ

2
n) 6 −ε

)
−→
n−→∞

0, ∀ρ > 0, ∀ε >
0, where G is an arbitrary open set in Rk, and 1G, 1G−ρ are defined as
in theorem 1.2.3.
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Proof: It is easy to see that this theorem is similar to theorem 1.2.3, also
the proof here can be built similarly. �

For the next lemma suppose that Xn, Yn, Zn, n ∈ N, are random arrays
from (Ω,A, P ) to (Rk, ‖ · ‖), where ‖ · ‖ is the usual norm on Rk, and F is
the set of all bounded uniformly continuous functions f : Rk −→ R.

Lemma 1.3.3. If Pn∗Xn ∼ N (µn, σ
2
n) (Cn), and if ‖ Xn−Yn ‖

Pn−→ 0,
then we have Pn ∗ Yn ∼ N (µn, σ

2
n) (Cn).

Proof: Since ‖ Xn − Yn ‖
Pn−→ 0, we obtain that f(Xn) − f(Yn)

Pn−→ 0 is

valid for all f ∈ F. This implies E(f(Xn)|Cn) − E(f(Yn)|Cn)
Pn−→ 0 is valid

for all f ∈ F, and also EPn(f(Yn)|Cn) −
∫
fdN (µn, σ

2
n)

Pn−→ 0 is valid for all
f ∈ F. �

Theorem 1.3.4. Let Xn, n ∈ N, be a random array from (Ω,A, P )
to Rm, assume that P ∗ Xn ∼ N (µn, σ

2
n) (Cn), and assume further that for

each n ∈ N, Yn is a Cn-measurable and stochastically bounded m-dimensional
array, then

P ∗ (Xn + Yn) ∼ N (µn + Yn, σ
2
n) (Cn).

Proof: It is sufficient to prove it for the case when there exists M > 0
such that P (‖ Yn ‖< M) = 1 ∀n ∈ N.
Since one can reduce the general case to this one by using Yn1{‖Yn‖<M} instead
of Yn. And then we get the validity of

P ∗
(
Xn + Yn1{‖Yn‖<M}

)
∼ N

(
µn + Yn1{‖Yn‖<M}, σ

2
n

)
(Cn).

Which implies

P

{∣∣∣∣E (f (Xn + Yn) |Cn)−
∫
fdN (µn + Yn, σ

2
n)

∣∣∣∣ > γ, ‖ Yn ‖6 M

}
−→
n→∞

0,

for all γ > 0. and we note from the hypotheses P {‖ Yn ‖> M} < ε,
and this will complete the proof. Now, we prove the assertion in the case
P (‖ Yn ‖< M) = 1 ∀n ∈ N. Let F be the set of all bounded uniformly
continuous functions f : Rm −→ R. We want to prove the validity of the
following implication
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E (f(Xn)|Cn) −
∫
fdN (µn, σ

2
n)

P−→ 0, ∀f ∈ F =⇒ E (f(Xn + Yn)|Cn) −∫
fdN (µn + Yn, σ

2
n)

P−→ 0, ∀f ∈ F.
Let a ∈ Rm be a given constant and let g be defined as g(·) := f(·+a). Then
g ∈ F, and we have

E (g(Xn)|Cn)−
∫
gdN (µn, σ

2
n)

P−→ 0, which implies

E (f(Xn + a)|Cn)−
∫
f(·+ a)dN (µn, σ

2
n)

P−→ 0, ∀a ∈ Rm. But this means

P

(∣∣∣∣E (f(Xn + a)|Cn)−
∫
f(·+ a)dN (µn, σ

2
n)

∣∣∣∣ > ε

)
−→
n−→∞

0, ∀ε > 0, ∀a ∈

Rm. Let us define the Cn-measurable functions hk,n :=
(
h1
k,n, · · · , hmk,n

)t
:

Ω −→ Rm by hjk,n :=
k−1∑
i=0

(
−M + 2M

k
i
)
1{−M+ 2M

k
i6πj(Yn)<−M+ 2M

k
(i+1)}, j =

1, · · · ,m, where π1, π2, · · · , πm are the usual projection functions. It is easy
to see that ‖ Yn − hk,n ‖6 2M

k

√
m, and

hk,n(ω) ∈
{(

−M + 2M
k
i1, · · · ,−M + 2M

k
im
)t

:

: (i1, · · · , im) ∈ {0, · · · , k − 1}m
}

,

∀ω ∈ Ω. Let us prove the validity of the limit

P

(∣∣∣∣E (f(Xn + hk,n)|Cn)−
∫
f(·+ hk,n)dN (µn, σ

2
n)

∣∣∣∣ > ε

)
−→
n−→∞

0, ∀ε > 0,

∀k ∈ N.
For this let us define the constants

ci1,··· ,im :=

(
−M +

2M

k
i1, · · · ,−M +

2M

k
im

)t
.

Now, P

(∣∣∣∣E (f(Xn + hk,n)|Cn)−
∫
f(·+ hk,n)dN (µn, σ

2
n)

∣∣∣∣ > ε

)
=∑

(i1,··· ,im)∈{0,··· ,k−1}m
P

(
hk,n = ci1,··· ,im ,

∣∣∣∣E (f(Xn + ci1,··· ,im)|Cn)−

−
∫
f(·+ ci1,··· ,im)dN (µn, σ

2
n)

∣∣∣∣ > ε

)
−→
n−→∞

0,

∀ε > 0, ∀k ∈ N.
Since f is uniformly continuous, for a given ε > 0 there exists k ∈ N such

that P

(∣∣∣∣E (f(Xn + Yn)|Cn)−
∫
f(·+ Yn)dN (µn, σ

2
n)

∣∣∣∣ > ε

)
6

6 P

(∣∣∣∣E (f(Xn + hk,n)|Cn)−
∫
f(·+ hk,n)dN (µn, σ

2
n)

∣∣∣∣ > ε/2

)
, ∀n ∈ N.

Thus,

P

(∣∣∣∣E (f(Xn + Yn)|Cn)−
∫
f(·+ Yn)dN (µn, σ

2
n)

∣∣∣∣ > ε

)
−→
n−→∞

0. But this is
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equivalent to

P

(∣∣∣∣E (f(Xn + Yn)|Cn)−
∫
fdN (µn + Yn, σ

2
n)

∣∣∣∣ > ε

)
−→
n−→∞

0. Since ε > 0 is

arbitrary, the assertion follows. �

Theorem 1.3.5. Assume the same situation of definition 1.3.1, but
here Pn = P , ∀n ∈ N. Assume further that there exist M > 0, γ > 0 such
that for each n ∈ N we have P{‖ µn ‖6 M} = 1, P{‖ σ2

n ‖6 M} = 1,
P{| det(σ2

n)| > γ} = 1. Then the following conditions are equivalent:

(i) E(f(Xn)|Cn)−
∫
fdN (µn, σ

2
n)

P−→ 0, for all bounded continuous functions
f : Rk −→ R.

(ii) P ∗Xn ∼ N (µn, σ
2
n) (Cn).

(iii) Let F be a closed set in Rk, G be an open set in Rk, and let {n(1)} be
any subsequence of {n}, then there exists a sub-subsequence {n(2)} of
{n(1)} and a set N ⊂ Ω, such that P (N) = 0, and for any subsequence
{n(3)} of {n(2)}, and for each ω ∈ Ω−N there exists a sub-subsequence
{n(4)} of {n(3)} such that the following inequalities are well-defined and
valid

lim sup
n(4)

E(1F (Xn(4))|Cn(4))(ω) 6 lim
n(4)

∫
1FdN (µn(4)(ω), σ2

n(4)(ω)),

and

lim inf
n(4)

E(1G(Xn(4))|Cn(4))(ω) > lim
n(4)

∫
1GdN (µn(4)(ω), σ2

n(4)(ω)).

(iv) E(1A(Xn)|Cn) −
∫

1AdN (µn, σ
2
n)

P−→ 0, for all N (0, Ik)-continuity sets
A ⊆ Rk.

Proof: Before we start with the steps of this proof, we mention here that
in the condtion (iii) the sequence {n(4)} depends on the element ω ∈ Ω also
the set N depends on the sequence {n(1)} also F and/or G.
Now, similarly to theorem 1.2.3, and by computations which are familiar
from the portmanteau theorem in Billingsley [1968].
The implication (i) =⇒ (ii) is clear.
Proof of (ii) =⇒ (iii).
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Suppose that (ii) is valid and that F is a closed set in Rk, and let {n(1)}
be any subsequence of {n}. Then there exists a sub-subsequence {n(2)} of
{n(1)} and a set N ⊂ Ω, P (N) = 0, such that the limit
E(fρ(Xn(2))|Cn(2))(ω)−

∫
fρdN (µn(2)(ω), σ2

n(2)(ω)) −→
n(2)−→∞

0,

is valid ∀ω ∈ Ω−N , ∀ρ ∈ N, where fρ : Rk −→ R, fρ(x) := ϕ(ρd(x, F )), and

where ϕ(t) :=


1 : t 6 0

1− t : 0 6 t 6 1
0 : 1 6 t

.

And also ‖ µn(2)(ω) ‖6 M , ‖ σ2
n(2)(ω) ‖6 M , and | det(σ2

n(2)(ω))| > γ are

valid for all n ∈ N, ω ∈ Ω − N . Consequently, for any subsequence {n(3)}

of {n(2)} and for any fixed ω ∈ Ω − N there exists a sub-sequence {n(4)} of
{n(3)} such that the sequences {µn(4)(ω)}, {σ2

n(4)(ω)} are convergent. And we
have in the same time the validity of the limit
E(fρ(Xn(4))|Cn(4))(ω)−

∫
fρdN (µn(4)(ω), σ2

n(4)(ω)) −→
n(4)−→∞

0, ∀ρ ∈ N. And we

see that
E(1F (Xn(4))|Cn(4))(ω) 6 E(fρ(Xn(4))|Cn(4))(ω)
lim sup
n(4)

E(1F (Xn(4))|Cn(4))(ω) 6 lim
n(4)

∫
fρdN (µn(4)(ω), σ2

n(4)(ω)), ∀ρ ∈ N.

Thus,
lim sup
n(4)

E(1F (Xn(4))|Cn(4))(ω) 6 lim
n(4)

∫
1FdN (µn(4)(ω), σ2

n(4)(ω)).

And by complementary, we conclude also for G = F c the following inequal-
ity.
lim inf
n(4)

E(1G(Xn(4))|Cn(4))(ω) > lim
n(4)

∫
1GdN (µn(4)(ω), σ2

n(4)(ω)).

Moreover, we can easily conclude that the condition (iii) in this theorem is
equivalent to the following one
Let {F1, F2, · · · } be a countable family of closed sets in Rk, {G1, G2, · · · } be
a countable family of open sets in Rk, and let {n(1)} be any subsequence of
{n}, then there exists a sub-subsequence {n(2)} of {n(1)} and a set N ⊂ Ω,
such that P (N) = 0, and for any subsequence {n(3)} of {n(2)}, and for each
ω ∈ Ω−N there exists a sub-subsequence {n(4)} of {n(3)} such that

lim sup
n(4)

E(1F (Xn(4))|Cn(4))(ω) 6 lim
n(4)

∫
1FdN (µn(4)(ω), σ2

n(4)(ω)),

and

lim inf
n(4)

E(1G(Xn(4))|Cn(4))(ω) > lim
n(4)

∫
1GdN (µn(4)(ω), σ2

n(4)(ω)),

for all F ∈ {F1, F2, · · · } and also for all G ∈ {G1, G2, · · · }.
Let us now prove the implication (iii) =⇒ (iv).
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Let Ao denote the interior of A ⊆ Rk, and let A− denote its closure. If (iii)
is valid, and let {n(1)} be any subsequence of {n}, then there exists a sub-
subsequence {n(2)} of {n(1)} and a set N ⊂ Ω, such that P (N) = 0, and for
any subsequence {n(3)} of {n(2)}, and for each ω ∈ Ω−N there exists a sub-
subsequence {n(4)} of {n(3)} such that the sequences {µn(4)(ω)}, {σ2

n(4)(ω)}
are convergent, and we have
lim
n(4)

∫
1A−dN (µn(4)(ω), σ2

n(4)(ω)) > lim sup
n(4)

E(1A−(Xn(4))|Cn(4))(ω)

> lim sup
n(4)

E(1A(Xn(4))|Cn(4))(ω)

> lim inf
n(4)

E(1A(Xn(4))|Cn(4))(ω)

> lim inf
n(4)

E(1Ao(Xn(4))|Cn(4))(ω)

> lim
n(4)

∫
1AodN (µn(4)(ω), σ2

n(4)(ω)).

If A is N (0, Ik)- continuity set, then lim
n(4)

∫
1∂AdN (µn(4)(ω), σ2

n(4)(ω)) = 0.

Consequently,

E(1A(Xn(4))|Cn(4))(ω)−
∫

1AdN (µn(4)(ω), σ2
n(4)(ω)) −→

n(4)−→∞
0.

And therefore, ∀ω ∈ Ω−N we have

E(1A(Xn(2))|Cn(2))(ω)−
∫

1AdN (µn(2)(ω), σ2
n(2)(ω)) −→

n(2)−→∞
0,

which implies that

E(1A(Xn)|Cn)−
∫

1AdN (µn, σ
2
n)

P−→ 0.

Moreover, we can easily see that the condition (iv) in this theorem is equiv-
alent to the following one.
Let {A1, A2, · · · } be a countable family of N (0, Ik)-continuity sets in Rk, and
let {n(1)} be any subsequence of {n}, then there exists a sub-subsequence
{n(2)} of {n(1)} and a set N ⊂ Ω, such that P (N) = 0, and for any subse-
quence {n(3)} of {n(2)}, and for each ω ∈ Ω−N there exists a sub-subsequence
{n(4)} of {n(3)} such that

E(1A(Xn(4))|Cn(4))(ω)−
∫

1AdN (µn(4)(ω), σ2
n(4)(ω)) −→

n(4)−→∞
0,

∀A ∈ {A1, A2, · · · }.
Proof of (iv) =⇒ (iii).
Since ∂{x : d(x, F ) 6 δ} is contained in {x : d(x, F ) = δ}, we find that these
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boundaries are disjoint for distinct δ’s, and then there exists a sequence {δj},
such that δj −→

j−→∞
0, and the sets Fj = {x, d(x, F ) 6 δj}, j ∈ N. If (iv) is

valid then for {F1, F2, · · · }. And let {n(1)} be any subsequence of {n}, then
there exists a sub-subsequence {n(2)} of {n(1)} and a set N ⊂ Ω, such that
P (N) = 0, and for any subsequence {n(3)} of {n(2)}, and for each ω ∈ Ω−N
there exists a sub-subsequence {n(4)} of {n(3)} such that
E(1Fj

(Xn(4))|Cn(4))(ω)−
∫

1Fj
dN (µn(4)(ω), σ2

n(4)(ω)) −→
n(4)−→∞

0, ∀j ∈ N.

Consequently, by routine and easy computations, as in page 14 in Billingsley
[1968], we have the validity of (iii) for F , and by complementation, we have
also the validity of (iii) for G.
Proof of (iii) =⇒ (i).
It is sufficient to prove this implication in the case where 0 6 f < 1, and f
is continuous. Let us define Fji := {x : i/j 6 f(x)}, i = 1, 2, · · · , j.
And consequently,
{Fji, i = 1, 2, · · · ; j = 1, 2, · · · } is a countable family of closed sets in Rk.
Let P be a probability measure defined on Rk, then we have
j∑
i=1

i−1
j

P{x : i−1
j

6 f(x) < i
j
} 6

∫
fdP <

j∑
i=1

i
j
P{x : i−1

j
6 f(x) < i

j
}.

And consequently, we have

1
j

j∑
i=1

P(Fji) 6
∫
fdP < 1

j
+ 1

j

j∑
i=1

P(Fji),

If (iii) is valid, and let {n(1)} be any subsequence of {n}, then there exists
a sub-subsequence {n(2)} of {n(1)} and a set N ⊂ Ω, such that P (N) = 0,
and for any subsequence {n(3)} of {n(2)}, and for each ω ∈ Ω − N there
exists a sub-subsequence {n(4)} of {n(3)} such that the sequences {µn(4)(ω)},
{σ2

n(4)(ω)} are convergent and

lim sup
n(4)

E(1F (Xn(4))|Cn(4))(ω) 6 lim
n(4)

∫
1FdN (µn(4)(ω), σ2

n(4)(ω)),

for all F ∈ {Fji, i = 1, 2, · · · ; j = 1, 2, · · · }.
Moreover, we have

lim sup
n(4)

E(f(Xn(4))|Cn(4))(ω) < 1
j

+ 1
j

j∑
i=1

lim
n(4)

∫
1Fji

dN (µn(4)(ω), σ2
n(4)(ω)) 6

6 1
j

+ lim
n(4)

∫
fdN (µn(4)(ω), σ2

n(4)(ω)).

By letting j −→∞, we obtain
lim sup
n(4)

E(f(Xn(4))|Cn(4))(ω) 6 lim
n(4)

∫
fdN (µn(4)(ω), σ2

n(4)(ω)),

we replace now f by −f , and then we obtain
lim inf
n(4)

E(f(Xn(4))|Cn(4))(ω) > lim
n(4)

∫
fdN (µn(4)(ω), σ2

n(4)(ω)).
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Therefore, we have
E(f(Xn(4))|Cn(4))(ω)−

∫
fdN (µn(4)(ω), σ2

n(4)(ω)) −→
n(4)−→∞

0.

The proof is complete. �

Corollary 1.3.6. Similarly as we did at the beginning of the proof
of theorem 1.3.4, here also in theorem 1.3.5 we can release the conditions
imposed on the sequences (µn)n∈N, (σ2

n)n∈N where we assume here that these
sequences are stochastically bounded, and for each n ∈ N, µn, σ

2
n are Cn-

measurable. We assume further that ∀ε > 0 : ∃γ > 0, ∃n0 ∈ N, such that

P{| det(σ2
n)| > γ} > 1− ε, ∀n > n0.

Then the conditions (i), (ii), (iv) in theorem 1.3.5 are equivalent.

Theorem 1.3.7. Assume the same situation of corollary 1.3.6.
If P ∗ Xn ∼ N (µn, σ

2
n) (Cn), and let h : Rk −→ R be measurable and

the set of discontinuities of h is negligible with respect to N (0, Ik), then
P ∗ h(Xn) ∼ N (µn, σ

2
n)h
−1 (Cn) or more explicitly

E(f(h(Xn))|Cn)−
∫
f(h(·))dN (µn, σ

2
n)

P−→ 0,

for all bounded uniformly continuous functions f : Rk −→ R.

Proof: In a similar way as theorem 5.1 in Billingsley [1968], theorem
1.3.5, and corollary 1.3.6, it is sufficient here to prove the assertion in the case
where for suitable M > 0, γ > 0, and ∀n ∈ N, we have P{‖ µn ‖6 M} = 1,
P{‖ σ2

n ‖6 M} = 1, P{| det(σ2
n)| > γ} = 1.

We want to prove that for a given closed set F in Rk, and a subsequence
{n(1)} of {n}, there exists a sub-subsequence {n(2)} of {n(1)} and a setN ⊂ Ω,
such that P (N) = 0, and for any subsequence {n(3)} of {n(2)}, and for each
ω ∈ Ω − N there exists a sub-subsequence {n(4)} of {n(3)} such that the
following inequality is well-defined and valid

lim sup
n(4)

E (1F (h(Xn(4)))|Cn(4)) (ω) 6 lim
n(4)

∫
1F (h(·))dN (µn(4)(ω), σ2

n(4)(ω)).

For this, let (h−1(F ))
−

be the closure set of h−1(F ). And let us denote the
set of discontinuities of h by Dh. From the hypotheses Dh is negligible with
respect to N (0, Ik) and (h−1(F ))

− ⊆ Dh ∪ h−1(F ).
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Let {n(1)} be a subsequence of {n}, then there exists a sub-subsequence {n(2)}
of {n(1)} and a set N ⊂ Ω, such that P (N) = 0, and for any subsequence
{n(3)} of {n(2)}, and for each ω ∈ Ω−N there exists a sub-subsequence {n(4)}
of {n(3)} such that the following computations are valid
lim sup
n(4)

E (1F (h(Xn(4)))|Cn(4)) (ω) =

= lim sup
n(4)

E
(
1h−1(F )(Xn(4))|Cn(4)

)
(ω)

6 lim sup
n(4)

E
(
1(h−1(F ))−(Xn(4))|Cn(4)

)
(ω)

6 lim
n(4)

∫
1(h−1(F ))−dN (µn(4)(ω), σ2

n(4)(ω))

= lim
n(4)

∫
1h−1(F )dN (µn(4)(ω), σ2

n(4)(ω))

= lim
n(4)

∫
1F (h(·))dN (µn(4)(ω), σ2

n(4)(ω)). �

Let hn, n ∈ N, and h be measurable functions from Rk to R, and let D
be the set of all x ∈ Rk, such that there exists a sequence (xn)n∈N, where
xn ∈ Rk, ∀n ∈ N and xn −→ x, but hn(xn) −→ h(x) fails to hold.
Then it is known that this D is N (0, Ik)-measurable.

Theorem 1.3.8. In the same situation of corollary 1.3.6, and
if P ∗ Xn ∼ N (µn, σ

2
n) (Cn), and N (0, Ik)(D) = 0, then P ∗ hn(Xn) ∼

N (µn, σ
2
n)h
−1
n (Cn), or more explicitly

E(f(hn(Xn))|Cn)−
∫
f(hn(·))dN (µn, σ

2
n)

P−→ 0,

for all bounded uniformly continuous functions f : Rk −→ R.

Proof: It is sufficient here to prove the assertion in the case where
for suitable M > 0, γ > 0, and ∀n ∈ N, we have P{‖ µn ‖6 M} = 1,
P{‖ σ2

n ‖6 M} = 1, P{| det(σ2
n)| > γ} = 1. By applying theorem 1.3.5,

and computations which are similar from theorem 5.5 in Billingsley [1968]
we conclude the validity of this theorem.
And for this, we want to prove that for a given open set G in Rk, and a sub-
sequence {n(1)} of {n}, there exists a sub-subsequence {n(2)} of {n(1)} and a
set N ⊂ Ω, such that P (N) = 0, and for any subsequence {n(3)} of {n(2)},
and for each ω ∈ Ω−N there exists a sub-subsequence {n(4)} of {n(3)} such
that the following inequality is well-defined and valid

lim inf
n(4)

E (1G(hn(4)(Xn(4)))|Cn(4)) (ω) > lim
n(4)

∫
1G(hn(4)(·))dN (µn(4)(ω), σ2

n(4)(ω)).
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Since D is negligible with respect to N (0, Ik),
we find that G is a lim

n(4)
N (µn(4)(ω), σ2

n(4)(ω))h−1
n(4)-continuity set, and it is

sufficient to prove

lim inf
n(4)

E (1G(hn(4)(Xn(4)))|Cn(4)) (ω) > lim
n(4)

∫
1G(h(·))dN (µn(4)(ω), σ2

n(4)(ω)).

For this, let Tl := ∩i>lh−1
i (G), and for each l ∈ N let T ol be the interior set

of Tl.
We note that h−1(G) ⊆ D ∪∞l=1 T

o
l . Let {n(1)} be a subsequence of {n}, then

there exists a sub-subsequence {n(2)} of {n(1)} and a set N ⊂ Ω, such that
P (N) = 0, and for any subsequence {n(3)} of {n(2)}, and for each ω ∈ Ω−N
there exists a sub-subsequence {n(4)} of {n(3)} such that the following com-
putations are valid
lim
n(4)

∫
1DdN (µn(4)(ω), σ2

n(4)(ω)) = 0

lim
n(4)

∫
1G(h(·))dN (µn(4)(ω), σ2

n(4)(ω)) =

= lim
n(4)

∫
1h−1(G)dN (µn(4)(ω), σ2

n(4)(ω))

= lim
n(4)

∫
1∪∞l=1T

o
l
dN (µn(4)(ω), σ2

n(4)(ω)).

Let ε > 0. Since T ol ⊆ T ol+1, for l = 1, 2, · · · , we have
lim
n(4)

∫
1G(h(·))dN (µn(4)(ω), σ2

n(4)(ω)) 6

6 lim
n(4)

∫
1T o

l
dN (µn(4)(ω), σ2

n(4)(ω)) + ε, for sufficiently large l.

6 lim inf
n(4)

E
(
1T o

l
(Xn(4))|Cn(4)

)
(ω) + ε

6 lim inf
n(4)

E
(
1h−1

n(4)
(G)(Xn(4))|Cn(4)

)
(ω) + ε

6 lim inf
n(4)

E (1G (hn(4)(Xn(4))) |Cn(4)) (ω) + ε.

We conclude finally the validity of the inequality
lim
n(4)

∫
1G(h(·))dN (µn(4)(ω), σ2

n(4)(ω)) 6 lim inf
n(4)

E (1G (hn(4)(Xn(4))) |Cn(4)) (ω).

The proof is complete �
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Chapter Two

Stochastic Processes

In this chapter we shall discuss some stochastic processes which satisfy cer-
tain characteristics. Where we focus here on the d-dimensional Brownian
motions and also the d-dimensional Brownian bridges. We introduce some
central limit theorems and we put some applications. All these issues will
be used later in chapter three in building the results related with multivari-
ate permutation test statistics. And we mention here that, the conditional
distribution limit theorems which are introduced in chapter three can be
considered as direct consequences of the applications of this chapter. In the
same way, one can derive many limit theorems in the field of permutation
test statistics. And actually, one can build a comprehensive theory where
the conditional expectations play the role of the ordinary expectations in the
classical theory of testing hypotheses. And we have just opened a way for
that in this dissertation.

2.1. Gaussian Processes and Some Essential Concepts:

We begin with the well-known concept of a general process. Let (Ω,A, P )
be a probability space, (S,B) an arbitrary measurable space, and T an arbi-
trary set. The family of measurable functions (Xτ )τ∈T is called a stochastic
process, defined on (Ω,A, P ), with state space (S,B), and index set T .
Also, one can see that, if T is the set all positive integer numbers { 1, 2, 3,
· · · }, and S = R, the set of all real numbers, and B = B the Borel σ-field
on R, then (Xτ )τ∈T is the sequence of random variables X1, X2, · · · . And if
T = { 1, 2, · · · , d }, then we obtain a d-dimensional random array. Also a
general process can be considered as a single random mapping X from Ω to
ST , the set of all functions from T to S, see R. Ash [1975].
X(ω) := {Xτ (ω) : τ ∈ T }, and ST is provided with the σ-field AT , where

AT := σ

({
$ ∈ ST : $(τ1) ∈ B1, · · · , $(τm) ∈ Bm

}
:

: τ1, · · · , τm ∈ T ; and B1, · · · , Bm ∈ B, for m ∈ N
)

.

Now, we shall introduce the concept of the d-dimensional Gaussian pro-
cesses.
If S = Rd, B = Bd, and T = R, then we call X a d-dimensional Gaussian
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process iff for each t1, t2, · · · , tn ∈ T , and for n = 1, 2, · · · , the random
array (X(t1), · · · , X(tn))

t has normal distribution.
Before we introduce the d-dimensional Brownian processes, we begin with
the definitions of the spaces (C[0, 1])d, (D[0, 1])d, and we focus on some of
their features.
(C[0, 1])d is the space of all continuous functions from [0, 1] to Rd, provided
with the metric

D(x, y) := sup
06t61

‖x(t)− y(t)‖, ∀x, y ∈ (C[0, 1])d

where
‖γ‖ := max

16l6d
|γl|, ∀γ := (γ1, · · · , γd)t ∈ Rd.

The topology generated by this metric is called the uniform topology, and it is
known that, the space (C[0, 1])d is complete and separable under this metric.

(D[0, 1])d is the space of all functions x defined on [0, 1] and taking values
in Rd, such that x is right-continuous and has left-hand limit at any point
t ∈ [0, 1].

lim
t↓t0

x(t) = x(t0), ∀t0 ∈ [0, 1),

and
lim
t↑t0

x(t), is exist, ∀t0 ∈ (0, 1].

And it is known that, there can be at most finitely many points t at which
||x(t)− lim

t↑t0
x(t)|| > ε, for a given ε > 0. Moreover, x has at most countably

many discontinuities, and it is bounded.

sup
06t61

||x(t)|| <∞.

Let Λ be the set of all strictly increasing, continuous functions λ : [0, 1] −→
[0, 1]. If λ ∈ Λ, then λ(0) = 0 and λ(1) = 1.
We define the metric here D as the following

D(x, y) = inf

{
ε : sup

06t61
|λ(t)− t| 6 ε, sup

06t61
||x(t)− y(λ(t))|| 6 ε

}
,

, ∀x, y ∈ (C[0, 1])d.
It is known that the topology generated by this metric is called the Skorohod
topology. And the space (D[0, 1])d is separable but not complete under this
D. It exists another metric D0 which generates the same topology but the
space (D[0, 1])d is separable and complete under D0.
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D0(x, y) = inf

{
ε : sup

06s<t61

∣∣∣log λ(t)−λ(s)
t−s

∣∣∣ 6 ε, sup
06t61

‖x(t)− y(λ(t))‖ 6 ε

}
,

, ∀x, y ∈ (D[0, 1])d.
For more details see Billingsley [1968].

We are now at the suitable position to introduce the concept of the d-
dimensional Brownian processes.

We define a d-dimensional Brownian motion W as an array

(
W 1, W 2, · · · ,

W d

)t
where W 1, W 2, · · · , W d are independent one-dimensional Brownian

motions. Let µ be the Wiener measure, defined on the space (C[0, 1])d, then
the identity function W defined as the following

W : (C[0, 1])d −→ (C[0, 1])d

W (ω) = ω, ∀ω ∈ (C[0, 1])d

is called the standard d-dimensional Brownian motion. And we shall use
the symbols W , and µ when we want to deal with d-dimensional Brownian
motion and Wiener measure, defined on (C[0, 1])d.
Also similarly to case when d = 1, here we define the standard d-dimensional
Brownian bridge W o as the following

W o : (C[0, 1])d −→ (C[0, 1])d

W o(ω) = ω̃, ∀ω ∈ (C[0, 1])d ,

and where
ω̃(t) := ω(t)− tω(1).

And consequently,

(W o
t )06t61 ∼ (Wt − tW1)06t61 .

Where Wt(ω) := ω(t), W o
t (ω) := ω̃(t), ∀ω ∈ (C[0, 1])d, and ∀t ∈ [0, 1].

And in words we say that, the processes (W o
t )06t61 and (Wt − tW1)06t61 are

equivalent.
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2.2. Central Limit Theorems:

In this section, we generalize some of the theorems in chapter four in Billings-
ley [1968]. Where we prove these theorems in the case of d dimensions. One of
these theorems characterizing d-dimensional Brownian motions, and another
one characterizing more general d-dimensional Gaussian processes. Also, we
introduce asymptotic forms of these two theorems. We mention here that
one can use these theorems to build many applications as we shall see in the
next section.

Definition 2.2.1. Let X be a random element defined on (Ω,A, P )
and taking values in (D[0, 1])d. We say that X has independent increments
iff for all partitions of [0, 1]

0 6 t0 6 t1 6 · · · 6 tk 6 1, k ∈ N.

Then the increments

X(t1)−X(t0), X(t2)−X(t1), · · · , X(tk)−X(tk−1)

are independent under P .

Theorem 2.2.2. Let X be a random element defined on (Ω,A, P )
and taking values in (D[0, 1])d such that it has independent increments and
satisfies

P{X ∈ (C[0, 1])d} = 1, E(X(t)) = 0,

and
E
(
X(t)(X(t))t

)
= tId, ∀t ∈ [0, 1].

Then X is distributed as W , where W here is a d-dimensional Brownian
motion. In symbols X ∼ W .

Proof: Since X has independent increments, we have for s 6 t, and
l1, l2 ∈ {1, 2, · · · , d}, X l2(s), and

(
X l1(t)−X l1(s)

)
are independent under

P , and from the assumptions imposed on X, we find also
E
(
X l1(t)X l2(s)

)
= E

(
X l2(s)

(
X l1(t)−X l1(s)

))
+ E

(
X l1(s)X l2(s)

)
= 0 + E

(
X l1(s)X l2(s)

)
=

{
0 : l1 6= l2
s : l1 = l2

Consequently, for general s, t, taken from [0, 1], we have

E
(
X l1(t)X l2(s)

)
=

{
0 : l1 6= l2

min(t, s) : l1 = l2
.
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And this will lead to

E
(
X(t) (X(s))t

)
= min(t, s)Id, ∀t, s ∈ [0, 1],

E
(
X(t̃) (X(s̃))t

)
= min∗(t̃, s̃), ∀t̃, s̃ ∈ ([0, 1])d,

where
t̃ := (t1, t2, · · · , td)t ,

s̃ := (s1, s2, · · · , sd)t ,

X(t̃) :=
(
X1(t1), X

2(t2), · · · , Xd(td)
)t
,

X(s̃) :=
(
X1(s1), X

2(s2), · · · , Xd(sd)
)t
,

min∗(t̃, s̃) :=


min(t1, s1) 0 · · · 0

0 min(t2, s2) · · · 0
...

...
. . .

...
0 0 · · · min(td, sd)

 ,

E
(
(X(t)−X(s)) ((X(t)−X(s))t

)
= |t− s|Id, ∀t, s ∈ [0, 1],

and from the assumptions we conclude also that P{X(0) = 0} = 1.
Now, we shall show that to prove the validity of the assertion of this the-
orem, it is sufficient to prove that X(t) − X(s) has normal distribution
N (0, (t− s)Id) for s 6 t. Since X has independent increments, this will
imply that the random array (X(t1), X(t2), · · · , X(tk))

t for t1, t2, · · · , tk
∈ [0, 1], has normal distribution N (0,Γ), where

Γ :=


t1Id min(t1, t2)Id · · · min(t1, tk)Id

min(t2, t1)Id t2Id · · · min(t2, tk)Id
...

...
. . .

...
min(tk, t1)Id min(tk, t2)Id · · · tkId

 .

So far, we found that if we prove that X(t) − X(s), for s 6 t, has normal
distribution, then this will lead to the fact that all finite-dimensional distri-
butions of X and W are identical, and consequently X ∼ W indeed.
And actually, if X(t), for t ∈ [0, 1], has normal distribution N (0, tId), then
X(t) − X(s), for s 6 t, has normal distribution N (0, (t − s)Id). And this
comes from the fact that X(s), X(t) − X(s) are independent and from the
following equalities

E
(
eiũ

tX(t)
)

= E
(
eiũ

t(X(t)−X(s))
)
E
(
eiũ

tX(s)
)
, ∀ũ ∈ Rd,

35



E
(
eiũ

tX(t)
)

= exp(−1

2
ũttIdũ), ∀ũ ∈ Rd,

E
(
eiũ

tX(s)
)

= exp(−1

2
ũtsIdũ), ∀ũ ∈ Rd,

and consequently

E
(
eiũ

t(X(t)−X(s))
)

= exp(−1

2
ũt(t− s)Idũ), ∀ũ ∈ Rd.

Now, since X ∈ (C[0, 1])d with probability one, we find eiũ
tX(t) −→

t−→1
eiũ

tX(1)

almost sure for all ω ∈ Ω. And since
∣∣eiũtX(t)

∣∣ = 1, ∀t ∈ [0, 1], we conclude
that

E
(
eiũ

tX(t)
)
−→
t−→1

E
(
eiũ

tX(1)
)
.

Therefore, to achieve our goal here it is truly sufficient to prove that X(t),
for t < 1, has normal distribution N (0, tId).
So, let us now prove that the random array X(t), for t < 1, has normal
distribution N (0, tId).
For this let ϕ(t, ·) be the characteristic funtion of X(t), where

ϕ(t, ũ) = ϕ(t;u1, u2, · · · , ud), ũ = (u1, u2, · · · , ud)t ∈ Rd,

and
ϕ(t, ũ) := E

(
eiũ

tX(t)
)
.

We are to show that ϕ(t, ũ) satisfies the differential equation

∂ϕ

∂t
(t, ũ) = −1

2

d∑
l=1

u2
lϕ(t, ũ), 0 6 t < 1, ũ ∈ Rd.

And since the system

ϕ(t, ũ) = E
(
eiũ

tX(t)
)

∂ϕ
∂t

(t, ũ) = −1
2

d∑
l=1

u2
lϕ(t, ũ)

, 0 6 t < 1, ũ ∈ Rd

has the unique solution (as we shall see below in the note, see also p. 155 in
Billingsley [1968])

ϕ(t, ũ) = e
− 1

2

d∑
l=1

u2
l t

⇐⇒

ϕ(t, ũ) = e−
1
2
ũttIdũ,
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this will lead to the normality of the distribution of X(t), for t < 1.

If f satisfies f ′(t) = A(t)f(t) with A continuous, then its ratio with the nonvanishing
function f0 = exp

∫ t

0
A(τ)dτ has derivative 0, so that f(t)/f0(t) = f(0)/f0(0) = f(0).

So, it remains to prove that ϕ(t, ũ) satisfies the mentioned differential equa-
tion.
We want now to show that

lim
h↓0

ϕ(t+ h, ũ)− ϕ(t, ũ)

h
= −1

2

d∑
l=1

u2
lϕ(t, ũ), 0 6 t < 1, ũ ∈ Rd.

Where the left side of this equality is equal to ∂ϕ
∂t

(t, ũ) for 0 6 t < 1, ũ ∈ Rd,
since the right side is continuous in t.
Fix t < 1 temporarily. For notational convenience let us put for h > 0

4(h) :=
(
41(h), · · · ,4d(h)

)t
,

and
4l(h) := X l(t+ h)−X l(t), l = 1, 2, · · · , d.

From the assumptions we have

E(4(h)) = 0, and E
(
4(h)(4(h))t

)
= O(h),

where

O(h) :=


h 0 · · · 0
0 h · · · 0
...

...
. . .

...
0 0 · · · h


d×d

.

ϕ(t+ h, ũ)− ϕ(t, ũ) =
= E

(
eiũ

tX(t)
(
eiũ

t4(h) − 1
))

= E
(
eiũ

tX(t)
(
iũt4 (h)− 1

2
(ũt4 (h))

2
+ c(ũt4 (h))

))
.

Where the function c(·) is satisfying that

eiv = 1 + iv − 1

2
v2 + c(v), ∀v ∈ R,

and |c(v)| 6 min(|v|3, v2) ∀v ∈ R.
For this, we see
|c′′′(v)| = |−ieiv| = 1, ∀v ∈ R
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=⇒
∣∣∣∣ v∫
0

|c′′′(τ)| dτ
∣∣∣∣ = |v|

=⇒
∣∣∣∣ v∫
0

c′′′(τ)dτ

∣∣∣∣ 6 |v|

=⇒ |c′′(v)| 6 |v|
=⇒ |c′(v)| 6 1

2
v2

=⇒ |c(v)| 6 1
6
|v|3 6 |v|3, ∀v ∈ R,

and also similarly,
|c′′(v)| = | − eiv + 1| 6 2
=⇒ |c(v)| 6 v2, ∀v ∈ R.
So, we conclude the validity of the inequality |c(v)| 6 min(|v|3, v2), ∀v ∈ R.
Now, since X(t) and 4(h) are independent, we have
ϕ(t+ h, ũ)− ϕ(t, ũ) =

= ϕ(t, ũ)

(
−1

2

d∑
l=1

u2
l h+ E (c (ũt4 (h)))

)
.

But since |ϕ(t, ũ)| 6 1 we conclude∣∣∣∣∣ϕ(t+ h, ũ)− ϕ(t, ũ)

h
+

1

2

d∑
l=1

u2
lϕ(t, ũ)

∣∣∣∣∣ 6 1

h
E
(∣∣c (ũt4 (h)

)∣∣) ,
and ∣∣c (ũt4 (h)

)∣∣ 6 ∣∣ũt4 (h)
∣∣3 .

Hence, it is sufficient to prove

lim
h↓0

1

h
E
(∣∣ũt4 (h)

∣∣3) = 0.

But also we can assure that (by applying Hölder-inequality)

∣∣ũt4 (h)
∣∣3 6 K

d∑
l=1

∣∣ul4l(h)
∣∣3

is valid for some universal constant K, where the value of this constant
depends only on d.
Therefore, it is sufficient to prove

lim
h↓0

1

h
E
(∣∣4l(h)

∣∣3) = 0, for l = 1, 2, · · · , d.

Since X l, for each l = 1, 2, · · · , d satisfies all assumptions of theorem 19.1 in
Billingsley [1968], and from the computations in p. 156 in the same book,
we find that the wanted limit is valid for each l = 1, 2, · · · , d.
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Hence, the proof is complete and the assertion holds. �

Definition 2.2.3. Let Xn, n = 1, 2, · · · , be random elements
defined on (Ω,A, P ) and taking values (D[0, 1])d. We say that the sequence
(Xn)n∈N has asymptotically independent increments iff for all partitions of
[0, 1]

0 6 s1 6 t1 < s2 6 t2 < · · · < sk 6 tk 6 1, k ∈ N.

Then the quantity

P {Xn(tj)−Xn(sj) ∈ Hj, j = 1, 2, · · · , k} −
k∏
j=1

P {Xn(tj)−Xn(sj) ∈ Hj}

converges to zero as n tends to infinity, for all Borel sets H1, H2, · · · , Hk ∈
Bd, k ∈ N.

Theorem 2.2.4. Let Xn, n = 1, 2, · · · , be random elements
defined on (Ω,A, P ) and taking values (D[0, 1])d. Suppose that the se-
quence (Xn)n∈N has asymptotically independent increments, and the se-

quences
((
X l
n(t)

)2)
n∈N

, for l = 1, 2, · · · , d, t ∈ [0, 1] are uniformly integrable.

Suppose further that
E (Xn(t)) −→

n−→∞
0,

and
E
(
Xn(t) (Xn(t))

t) −→
n−→∞

tId, ∀t ∈ [0, 1].

Suppose finally that, for each positive ε, and η, there exists a positive δ such
that

P {w(Xn, δ) > ε} 6 η, ∀n > n0

is valid for some n0 ∈ N large enough. Where

w(x, δ) := sup
|s−t|<δ

|x(s)− x(t)|, x = (x1, · · · , xd)t ∈ (D[0, 1])d ,

0 < δ 6 1, s, t ∈ [0, 1], and |x(s)− x(t)| := max
16l6d

|xl(s)− xl(t)|.

Then Xn
D−→ W .

Proof: Similarly to the proof of theorem 19.2 in Billingsley [1968], we
can write here the following arguments:
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Since E
((
X l
n(0)

)2) −→
n−→∞

0, for each l = 1, 2, · · · , d, we conclude that the

sequences
(
X l
n(0)

)
n∈N, l = 1, 2, · · · , d, are tight. And from theorem 15.5 in

Billingsley [1968], we find that the sequences
(
X l
n

)
n∈N, l = 1, 2, · · · , d, are

tight, also the sequence (Xn)n∈N is tight. This means (by Prohorov’s the-
orem) that each subsequence of (Xn)n∈N, contains further sub-subsequence
that is convergent in distribution. Let X be the limit in distribution of a such
sub-subsequence, then also from the same mentioned theorem 15.5 we find
that P

{
X l ∈ C[0, 1]

}
= 1, l = 1, · · · , d. This implies P

{
X ∈ (C[0, 1])d

}
=

1. We are to show that any such X must be distributed as W .
First, without any loss of generality we can assume that

Xn
D−→ X.

From the assumptions, and from theorem 5.4 in Billingsley, we find that

E
(
X l(t)

)
= 0, l = 1, · · · , d, ∀t ∈ [0, 1],

and

E
(
X l1(t)X l2(t)

)
=

{
0 : l1 6= l2
t : l1 = l2

, l1, l2 = 1, · · · , d, ∀t ∈ [0, 1].

These equalities imply that

E (X(t)) = 0, E
(
X(t) (X(t))t

)
= tId, ∀t ∈ [0, 1].

Now, since (Xn)n∈N has asymptotically independent increments, we have for
all partitions of [0, 1]

0 6 s1 6 t1 < s2 6 t2 < · · · < sk 6 tk 6 1, k ∈ N,

the quantity

P {Xn(tj)−Xn(sj) ∈ Hj, j = 1, 2, · · · , k} −
k∏
j=1

P {Xn(tj)−Xn(sj) ∈ Hj}

converges to zero as n tends to infinity, for all Borel sets H1, H2, · · · , Hk ∈
Bd, k ∈ N.

Since Xn
D−→ X we haveXn(t1)−Xn(s1)

...
Xn(tk)−Xn(sk)

 D−→

X(t1)−X(s1)
...

X(tk)−X(sk)

 .
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And consequently, we find

P {X(tj)−X(sj) ∈ Hj, j = 1, 2, · · · , k} −
k∏
j=1

P {X(tj)−X(sj) ∈ Hj} = 0,

for all Borel sets H1, H2, · · · , Hk ∈ Bd, k ∈ N, satisfying that

P {X(tj)−X(sj) ∈ ∂Hj} = 0, j = 1, 2, · · · , k.

Where for each j, the set ∂Hj stands for the boundary of the set Hj. This
will lead to the validity of the equality

P {X(tj)−X(sj) ∈ Hj, j = 1, 2, · · · , k} =
k∏
j=1

P {X(tj)−X(sj) ∈ Hj} ,

for all Borel sets H1, H2, · · · , Hk ∈ Bd, k ∈ N.
This means that the increments X(tj)−X(sj), for j = 1, 2, · · · , k, are inde-
pendent under P.
Let sj+1 tends to tj, for j = 1, · · · , k − 1. Then

X(tj+1)−X(sj+1) −→
sj+1−→tj

X(tj+1)−X(tj) [P ], for j = 1, · · · , k − 1.

Hence, 
X(t1)−X(s1)
X(t2)−X(s2)
X(t3)−X(s3)

...
X(tk)−X(sk)

 D−→


X(t1)−X(s1)
X(t2)−X(t1)
X(t3)−X(t2)

...
X(tk)−X(tk−1)

 .

Put t0 := s1 we conclude easily

P {X(tj)−X(tj−1) ∈ Hj, j = 1, 2, · · · , k} =
k∏
j=1

P {X(tj)−X(tj−1) ∈ Hj} ,

for all partitions of [0, 1], 0 6 t0 6 t1 6 · · · 6 tk 6 1, and for all Borel sets
H1, H2, · · · , Hk ∈ Bd, k ∈ N, satisfying that

P {X(tj)−X(sj) ∈ ∂Hj} = 0, j = 1, 2, · · · , k.

And also this will imply that

P {X(tj)−X(tj−1) ∈ Hj, j = 1, 2, · · · , k} =
k∏
j=1

P {X(tj)−X(tj−1) ∈ Hj} ,
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for all partitions of [0, 1], 0 6 t0 6 t1 6 · · · 6 tk 6 1, and for all Borel sets
H1, H2, · · · , Hk ∈ Bd, k ∈ N.
This means that X has independent increments by definition indeed.
And therefore, the assertion X ∼ W is valid by theorem 2.2.2. �

Theorem 2.2.5. Let X be a random element defined on (Ω,A, P )
and taking values in (D[0, 1])d, such that

P{X ∈ (C[0, 1])d} = 1, P{X(0) = 0} = 1.

Suppose that the functions ρ, σ2 are defined and continuous on [0, 1) and
taking values in Rd.

ρ := (ρ1, · · · , ρd)t, σ2 :=
(
σ2

1, · · · , σ2
d

)t
,

and for each l, the function σ2
l is nonnegative. Let us put for t ∈ [0, 1)

gl(t) := exp

 t∫
0

ρl(τ)dτ

 , l = 1, 2, · · · , d,

Gl(t) :=

t∫
0

σ2
l (r)g

−2
l (r)dr, l = 1, 2, · · · , d.

Suppose that the limits lim
t−→1

gl(t)Gl(t) exist and are finite.

Suppose finally that X satisfies the conditions [1] (or [1a]), [2] (or [2a]), and
[3] (or [3a]), where

[1 ] If 0 6 t1 6 t2 6 · · · 6 tk < 1, then

[I ] lim
h↓0

1
h
E

{∣∣∣∣E {X l(tk + h)−X l(tk)
∣∣X(t1), X(t2), · · · , X(tk)

}
−

−hρl(tk)X l(tk)

∣∣∣∣} = 0, for l = 1, · · · , d,

[II ] lim
h↓0

1
h
E

{∣∣∣∣E {(X l(tk + h)−X l(tk)
)2 ∣∣X(t1), X(t2), · · · , X(tk)

}
−

−hσ2
l (tk)

∣∣∣∣} = 0, for l = 1, · · · , d,

and
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[III ] lim
h↓0

1
h
E

{∣∣∣∣E{(X l1(tk + h)−X l1(tk)
) (
X l2(tk + h)−X l2(tk)

) ∣∣
∣∣X(t1), X(t2), · · · , X(tk)

}∣∣∣∣} = 0, for l1 6= l2.

[1a ] If 0 6 t1 6 t2 6 · · · 6 tk < 1, then for all ũ1, ũ2, · · · , ũk ∈ Rd

[I ] lim
h↓0

1
h
E

{(
exp i

k∑
j=1

ũtjX(tj)

)(
X l(tk + h)−X l(tk)−

−hρl(tk)X l(tk)

)}
= 0, for l = 1, · · · , d,

[II ] lim
h↓0

1
h
E

{(
exp i

k∑
j=1

ũtjX(tj)

)((
X l(tk + h)−X l(tk)

)2−
−hσ2

l (tk)

)}
= 0, for l = 1, · · · , d,

and

[III ] lim
h↓0

1
h
E

{(
exp i

k∑
j=1

ũtjX(tj)

)(
X l1(tk + h)−X l1(tk)

)
(
X l2(tk + h)−X l2(tk)

)}
= 0, for l1 6= l2.

[2 ] sup
t∈[0,1]

E
((
X l(t)

)2)
<∞, for l = 1, 2, · · · , d.

[2a ] lim
α−→∞

sup
t∈[0,1]

∫
{|Xl(t)|>α}

∣∣X l(t)
∣∣ dP = 0, for l = 1, 2, · · · , d.

[3 ] There is a constant K such that for each l = 1, · · · , d

E
{(
X l(t)−X l(t1)

)2 (
X l(t2)−X l(t)

)2}
< K (t2 − t1)

2 ,

for all t1, t, t2 satisfying 0 6 t1 6 t 6 t2 6 1.

[3a ] lim
α−→∞

lim sup
h↓0

∫
{
(Xl(t+h)−Xl(t))

2
>αh

}
(
X l(t+ h)−X l(t)

)2
dP = 0,

for each l = 1, · · · , d, and for all 0 6 t < 1.
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Then X is the continuous Gaussian function specified by

E(X(t)) = 0, ∀t ∈ [0, 1],

and for 0 6 s 6 t 6 1

E
(
X l1(s)X l2(t)

)
=


s∫
0

σ2
l (r) exp

(
s∫
r

ρl(τ)dτ +
t∫
r

ρl(τ)dτ

)
dr , for l1 = l2

0 , for l1 6= l2

.

More specifically,

(X(t))06t61 ∼


g1(t) (1 +G1(t))W

o1(
G1(t)

1+G1(t)

)
...

gd(t) (1 +Gd(t))W
od(

Gd(t)

1+Gd(t)

)


06t61

,

where here, the random variables W o1, W o2, · · · , W od, are independent one-
dimensional Brownian Bridges, and also we put

Gl(1)

1 +Gl(1)
:= lim

t−→1

Gl(t)

1 +Gl(t)
, l = 1, 2, · · · , d,

and
gl(1) (1 +Gl(1)) := lim

t−→1
gl(t) (1 +Gl(t)) , l = 1, 2, · · · , d.

Proof: In the proof we assume that the conditions (1a), (2a), and (3a)
are satisfied. Where similarly to theorem 19.3 in Billingsley [1968], we can
assure that (1)=⇒(1a), (2)=⇒(2a), and (3)=⇒(3a).
We shall show first that all finite-dimensional distributions of X are normal.
Secondly, we show that X satisfies the mentioned assumptions, related with
the expectations E(X(t)), for 0 6 t 6 1, and also E

(
X l1(s)X l2(t)

)
, for

0 6 s 6 t 6 1, 1 6 l1, l2 6 d. Finally, we clarify the mentioned form of the
distribution of X.

For k ∈ N, let us fix points tj, j = 1, · · · , k, such that 0 6 t1 6 t2 6
· · · 6 tk < 1, also we fix ũ1, ũ2, · · · , ũk ∈ Rd. Let t, ũ vary over strip
tk 6 t < 1, ũ ∈ Rd.
Put

ψ (t, ũ) := E
{
exp

(
i
[
ũt1X(t1) + · · ·+ ũtkX(tk) + ũtX(t)

])}
,
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and
Z := ũt1X(t1) + · · ·+ ũtkX(tk).

So, we can write

ψ (t, ũ) = E
(
eiZeiũ

tX(t)
)
.

For notational convenience, let us put also

ũj := (u1j, · · · , udj)t , for j = 1, · · · , k, and ũ := (u1, · · · , ud)t .

We are to show that ψ (t, ũ) satisfies the differential equation

∂ψ

∂t
(t, ũ) =

d∑
l=1

(
ulρl(t)

∂ψ

∂ul
(t, ũ)− 1

2
u2
l σ

2
l (t)ψ (t, ũ)

)
,

and next we shall solve this equation.
To do this, we prove the validity of the limit

lim
h↓0

∣∣∣∣ 1h [ψ (t+ h, ũ)− ψ (t, ũ)] −
d∑
l=1

(
ulρl(t)

∂ψ
∂ul

(t, ũ)− 1
2
u2
l σ

2
l (t)ψ (t, ũ)

) ∣∣∣∣ = 0.

And we prove also that the function

d∑
l=1

(
ulρl(t)

∂ψ

∂ul
(t, ũ)− 1

2
u2
l σ

2
l (t)ψ (t, ũ)

)
is continuous in t, where this will lead to the validity of the equality

∂ψ

∂t
(t, ũ) = lim

h↓0

1

h
[ψ (t+ h, ũ)− ψ (t, ũ)] .

For this, we deal with the functions ψ, ∂ψ
∂ul

, l = 1, · · · , d.
We begin with ψ (t, ũ) = E

(
eiZeiũ

tX(t)
)

It is clear that the function ψ is continuous in t, ũ jointly in the strip

tk 6 t < 1, ũ ∈ Rd,

since ∣∣∣eiZeiũtX(t)
∣∣∣ = 1, P

{
X ∈ (C[0, 1])d

}
= 1,

and if (tn, ũn) −→
n−→∞

(t, ũ), then(
eiZeiũ

t
nX(tn)

)
−→
n−→∞

(
eiZeiũ

tX(t)
)

[P ].

And consequently, by the bounded convergence theorem we have

E
(
eiZeiũ

t
nX(tn)

)
−→
n−→∞

E
(
eiZeiũ

tX(t)
)
.

45



Also, for each l = 1, · · · , d the equality

∂ψ

∂ul
(t, ũ) = E

(
iX l(t)eiZeiũ

tX(t)
)

is valid, since ∣∣∣iX l(t)eiZeiũ
tX(t)

∣∣∣ =
∣∣X l(t)

∣∣ ,
and from the condition (2a) (also see the arguments in p. 32 in Billingsley
[1968]).
Moreover, the condition (2a) implies also that the function ∂ψ

∂ul
is continuous

in t, ũ jointly in the strip

tk 6 t < 1, ũ ∈ Rd.

To explain this we put

Λ (t, ũ) := iX l(t)eiZeiũ
tX(t).

So, we can write
∂ψ

∂ul
(t, ũ) = E (Λ (t, ũ)) .

If (tn, ũn) −→
n−→∞

(t, ũ), then E (Λ (tn, ũn)) −→
n−→∞

E (Λ (t, ũ)),

since the sequence (Λ (tn, ũn))n∈N is uniformly integrable, and also

Λ (tn, ũn) −→
n−→∞

Λ (t, ũ) [P ],

(see theorem 5.4 in Billingsley [1968]).
So far, we have proved that the functions ψ, ∂ψ

∂ul
, for l = 1, · · · , d, are contin-

uous in the strip
tk 6 t < 1, ũ ∈ Rd.

We turn now to prove the validity of the limit

lim
h↓0

∣∣∣∣ 1h [ψ (t+ h, ũ)− ψ (t, ũ)] −
d∑
l=1

(
ulρl(t)

∂ψ
∂ul

(t, ũ)− 1
2
u2
l σ

2
l (t)ψ (t, ũ)

) ∣∣∣∣ = 0.

in the same strip.
To simplify the computations we put for h > 0

4(h) :=
(
41(h), · · · ,4d(h)

)t
,

and
4l(h) := X l(t+ h)−X l(t), l = 1, 2, · · · , d.

ψ(t+ h, ũ)− ψ(t, ũ) =
= E

(
eiZeiũ

tX(t)
(
eiũ

t4(h) − 1
))
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= E
(
eiZeiũ

tX(t)
(
iũt4 (h)− 1

2
(ũt4 (h))

2
+ c(ũt4 (h))

))
.

Where the function c(·) is satisfying that

eiv = 1 + iv − 1

2
v2 + c(v), ∀v ∈ R,

and |c(v)| 6 min(|v|3, |v|2) ∀v ∈ R.∣∣∣∣ 1h [ψ (t+ h, ũ)− ψ (t, ũ)]−
d∑
l=1

(
ulρl(t)

∂ψ
∂ul

(t, ũ)− 1
2
u2
l σ

2
l (t)ψ (t, ũ)

) ∣∣∣∣ 6
6

∣∣∣∣ 1hE (eiZeiũtX(t) (iũt4 (h))
)
−

d∑
l=1

ulρl(t)
∂ψ
∂ul

(t, ũ)

∣∣∣∣+
+

∣∣∣∣ 1hE (eiZeiũtX(t)
(
−1

2
(ũt4 (h))

2
))

+ 1
2

d∑
l=1

u2
l σ

2
l (t)ψ (t, ũ)

∣∣∣∣+
+
∣∣ 1
h
E
(
eiZeiũ

tX(t) (c(ũt4 (h)))
)∣∣

6
d∑
l=1

|ul|
h

∣∣E (eiZeiũtX(t)
[
4l(h)− hρl(t)X

l(t)
])∣∣+

+
d∑
l=1

u2
l

2h

∣∣∣E (eiZeiũtX(t)
[(
4l(h)

)2 − hσ2
l (t)
])∣∣∣+

+
∑
l1 6=l2

|ul1
ul2|

2h

∣∣E (eiZeiũtX(t)
[
4l1(h)4l2 (h)

])∣∣+
+ 1
h
E (|c(ũt4 (h))|) .

But from condition (1a) we conclude that the quantity
d∑
l=1

|ul|
h

∣∣E (eiZeiũtX(t)
[
4l(h)− hρl(t)X

l(t)
])∣∣+

+
d∑
l=1

u2
l

2h

∣∣∣E (eiZeiũtX(t)
[(
4l(h)

)2 − hσ2
l (t)
])∣∣∣+

+
∑
l1 6=l2

|ul1
ul2 |

2h

∣∣E (eiZeiũtX(t)
[
4l1(h)4l2 (h)

])∣∣
tends to zero as h ↓ 0. It remains to show

1

h
E
(∣∣c(ũt4 (h))

∣∣) −→
h↓0

0.

Since |c(v)| 6 min(|v|3, |v|2) ∀v ∈ R, we can assure that

1
h
E (|c(ũt4 (h))|) 6 K

max
16l6d

(u2
l )

1
h

d∑
l=1

∫
(4l(h))

2
>αh

(
4l(h)

)2
dP+

+ max
16l6d

(
|ul|3

)
1
h

d∑
l=1

∫
(4l(h))

2
<αh

∣∣4l(h)
∣∣3 dP


is valid for some universal constant K, where the value of this constant de-
pends only on d.
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For example take d = 2, then
E (|c(ũt 4 (h))|) = E

(∣∣c (u1 41 (h) + u2 42 (h)
)∣∣)

=
∫(

41(h)
)2

> αh(
42(h)

)2
> αh

+
∫(

41(h)
)2

> αh(
42(h)

)2
< αh

+
∫(

41(h)
)2

< αh(
42(h)

)2
> αh

+
∫(

41(h)
)2

< αh(
42(h)

)2
< αh

.

Now, for the first, second and the third integral we use the inequality |c(v)| 6 (|v|2),
but for the fourth one we use |c(v)| 6 (|v|3). Also we use (v1 + v2)2 6 K(v2

1 + v2
2),

|v1 + v2|3 6 K(|v1|3 + |v2|3). Finally, inside the second and the third integrals, we replace(
41(h)

)2, and
(
42(h)

)2 by their maximum, and we use the linear property for all inte-
grals.

1
h
E (|c(ũt4 (h))|) 6 K

max
16l6d

(u2
l )

1
h

d∑
l=1

∫
(4l(h))

2
>αh

(
4l(h)

)2
dP

+

+K max
16l6d

(
|ul|3

)
α

3
2h

1
2d

Hence, by using the condition (3a) we find

lim
h↓0

1

h
E
(∣∣c(ũt4 (h))

∣∣) = 0.

So far, we have proved that the function ψ (t, ũ) = E
(
eiZeiũ

tX(t)
)

satisfies
the differential equation

∂ψ

∂t
(t, ũ) =

d∑
l=1

(
ulρl(t)

∂ψ

∂ul
(t, ũ)− 1

2
u2
l σ

2
l (t)ψ (t, ũ)

)
in the strip

tk 6 t < 1, ũ ∈ Rd.

Now, we shall solve this equation and find the general form ψ (t, ũ) that
satisfies this equation together with

ψ (t, ũ) = E
(
eiZeiũ

tX(t)
)
.

For this, let us put for arbitrary ṽ = (v1, · · · , vd)t ∈ Rd

λvl
(s) := vl exp

− s∫
tk

ρl(τ)dτ

 , l = 1, 2, · · · , d, and tk 6 s < 1,

λṽ := (λv1 , · · · , λvd
)t ,
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and
gṽ(s) := ψ (s, λṽ(s)) , tk 6 s < 1.

Let us compute the derivative d
ds
gṽ(s). By the chain rule we have

g′ṽ(s) = ψ1 (s, λṽ(s)) +
d∑
l=1

ψ2l (s, λṽ(s))λ
′
vl(s),

g′ṽ(s) = ψ1 (s, λṽ(s)) +
d∑
l=1

ψ2l (s, λṽ(s)) [−ρl(s)λvl(s)] ,

where

ψ1 (t, ũ) :=
∂ψ

∂t
(t, ũ) ,

and

ψ2l (t, ũ) :=
∂ψ

∂ul
(t, ũ) , l = 1, · · · , d.

But also we have have

ψ1 (t, ũ) =
d∑
l=1

(
ulρl(t)ψ2l (t, ũ)−

1

2
u2
l σ

2
l (t)ψ (t, ũ)

)
,

ψ1 (s, λṽ(s)) =
d∑
l=1

(
λvl

(s)ρl(s)ψ2l (s, λṽ(s))−
1

2
λ2
vl
(s)σ2

l (s)ψ (s, λṽ(s))

)
,

and

ψ1 (s, λṽ(s)) =
d∑
l=1

(
λvl

(s)ρl(s)ψ2l (s, λṽ(s))−
1

2
λ2
vl
(s)σ2

l (s)gṽ(s)

)
.

Hence,

g′ṽ(s) =

(
−1

2

d∑
l=1

λ2
vl
(s)σ2

l (s)

)
gṽ(s).

Consequently, we can write

g′ṽ(s)

gṽ(s)
= −1

2

d∑
l=1

λ2
vl
(s)σ2

l (s)

s∫
tk

g′ṽ(r)

gṽ(r)
dr = −1

2

d∑
l=1

s∫
tk

λ2
vl
(r)σ2

l (r)dr
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gṽ(s) = gṽ (tk) exp

−1

2

d∑
l=1

s∫
tk

λ2
vl
(r)σ2

l (r)dr


ψ (s, λṽ(s)) = ψ (tk, λṽ(tk)) exp

−1

2

d∑
l=1

s∫
tk

λ2
vl
(r)σ2

l (r)dr


ψ (s, λṽ(s)) = ψ (tk, ṽ) exp

−1

2

d∑
l=1

s∫
tk

λ2
vl
(r)σ2

l (r)dr

 .

Let (t, ũ) be an arbitrary point in the strip

tk 6 t < 1, ũ ∈ Rd,

and let us take

vl = ul exp

 t∫
tk

ρl(τ)dτ

 , for l = 1, · · · , d.

Then we obtain
λṽ(t) = ũ,

λ2
vl
(r) = u2

l exp

2

t∫
r

ρl(τ)dτ

 , for l = 1, · · · , d.

Therefore, we find that the equality

ψ (t, ũ) = ψ (tk, ũ ∗ a) exp

(
−1

2

d∑
l=1

u2
l b

2
l

)
,

is valid in the strip
tk 6 t < 1, ũ ∈ Rd.

Where
ũ := (u1, · · · , ud)t ,

a := (a1, · · · , ad)t ,

ũ ∗ a := (u1a1, · · · , udad)t ,

al := exp

 t∫
tk

ρl(τ)dτ

 , l = 1, · · · , d,
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and

b2l :=

t∫
tk

σ2
l (r) exp

2

t∫
r

ρl(τ)dτ

 dr, l = 1, · · · , d.

Now, let us put

b2 :=


b21 0 · · · 0
0 b22 · · · 0
...

...
. . .

...
0 0 · · · b2d

 .

Consequently,

ψ (t, ũ) = ψ (tk, ũ ∗ a) exp

(
−1

2
ũtb2ũ

)
,

and also by using

ψ (t, ũ) = E
(
eiZeiũ

tX(t)
)

we get

E

{
exp

(
i [ũt1X(t1) + · · ·+ ũtkX(tk) + ũtX(t)]

)}
=

= E

{
exp

(
i
[
ũt1X(t1) + · · ·+ ũtkX(tk) + (ũ ∗ a)tX(tk)

])}
exp

(
−1

2
ũtb2ũ

)
,

for
0 6 t1 6 t2 6 · · · 6 tk 6 t < 1.

And because of continuity, it is valid also for all partitions of [0, 1]

0 6 t1 6 t2 6 · · · 6 tk 6 t 6 1.

Let ṽ ∈ Rd be arbitrary, then

E

{
exp

(
i [ũt1X(t1) + · · ·+ ũtkX(tk) + ṽt (X(t)− a ∗X(tk))]

)}
=

= E

{
exp

(
i
[
ũt1X(t1) + · · ·+ (ũk − ṽ ∗ a)tX(tk) + ṽtX(t)

])}
= E

{
exp

(
i [ũt1X(t1) + · · ·+ ũtkX(tk)]

)}
exp

(
−1

2
ṽtb2ṽ

)
.

Hence, we conclude that

E

{
exp

(
i [ũt1X(t1) + · · ·+ ũtkX(tk)] + iṽt (X(t)− a ∗X(tk))

)}
=

= E

{
exp

(
i [ũt1X(t1) + · · ·+ ũtkX(tk)]

)}
exp

(
−1

2
ṽtb2ṽ

)
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= E

{
exp

(
i [ũt1X(t1) + · · ·+ ũtkX(tk)]

)}
·

·E
{

exp

(
iṽt [X(t)− a ∗X(tk)]

)}
.

This means that the random arrays

[X(t)− a ∗X(tk)] and

(
X(t1), · · · , X(tk)

)
are independent under P , also

[X(t)− a ∗X(tk)] is distributed as N (0, b2).
And since P{X(0) = 0} = 1, we conclude easily that the random arrays
[X(tk)− a (tk−1, tk) ∗X(tk−1)] , [X(tk−1)− a (tk−2, tk−1) ∗X(tk−2)] , · · ·

· · · , [X(t2)− a (t1, t2) ∗X(t1)] , [X(t1)− a (t0, t1) ∗X(t0)] , X(t0)
are independent and distributed normaly under P , for all partitions

0 6 t0 6 t1 6 · · · 6 tk 6 1.

Where explicitly we can write

al (α, β) = exp

 β∫
α

ρl(τ)dτ

 , l = 1, · · · , d, and α, β ∈ [0, 1].

Moreover,
Let us put

a∗ :=


a1 0 · · · 0
0 a2 · · · 0
...

...
. . .

...
0 0 · · · ad

 ,

and for fixed points 0 6 t0 6 t1 6 · · · 6 tk 6 1, we put

A :=



Id 0 0 0 · · ·
1∏
j=1

a∗(tj−1, tj) Id 0 0 · · ·
2∏
j=1

a∗(tj−1, tj)
2∏
j=2

a∗(tj−1, tj) Id 0 · · ·
...

...
...

...
. . .

k−1∏
j=1

a∗(tj−1, tj)
k−1∏
j=2

a∗(tj−1, tj)
k−1∏
j=3

a∗(tj−1, tj)
k−1∏
j=4

a∗(tj−1, tj) · · ·
k∏
j=1

a∗(tj−1, tj)
k∏
j=2

a∗(tj−1, tj)
k∏
j=3

a∗(tj−1, tj)
k∏
j=4

a∗(tj−1, tj) · · ·
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· · · 0 0 0
· · · 0 0 0
· · · 0 0 0
. . .

...
...

...

· · ·
k−1∏
j=k−1

a∗(tj−1, tj) Id 0

· · ·
k∏

j=k−1

a∗(tj−1, tj)
k∏
j=k

a∗(tj−1, tj) Id


.

And we find

A ·


X(t0)

X(t1)− a (t0, t1) ∗X(t0)
X(t2)− a (t1, t2) ∗X(t1)

...
X(tk)− a (tk−1, tk) ∗X(tk−1)

 =


X(t0)
X(t1)
X(t2)

...
X(tk)

 .

We conclude that all finite-dimensional distributions of X are normal, and
moreover, X satisfies all the mentioned assumptions in this theorem indeed.
(See also p. 158, and p. 159 in Billingsley [1968]).
Let us compute E

(
X l(s)X l(t)

)
, for 0 6 s 6 t 6 1, and l = 1, · · · , d.

For this, we deal with the random array
(
X l(s), X l(t)

)t
.(

X l(s)
X l(t)− al(s, t)X

l(s)

)
∼ N

(
0,

(
b2l (0, s) 0

0 b2l (s, t)

))
,

where we can write

b2l (α, β) :=

β∫
α

σ2
l (r) exp

2

β∫
r

ρl(τ)dτ

 dr, l = 1, · · · , d, and α, β ∈ [0, 1].

This will lead to(
X l(s)
X l(t)

)
∼ N

(
0, B

(
b2l (0, s) 0

0 b2l (s, t)

)
Bt

)
,

where

B :=

(
1 0

al(s, t) 1

)
,

and(
1 0

al(s, t) 1

)(
b2l (0, s) 0

0 b2l (s, t)

)(
1 0

al(s, t) 1

)t
=
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=

(
b2l (0, s) al(s, t)b

2
l (0, s)

al(s, t)b
2
l (0, s) a2

l (s, t)b
2
l (0, s) + b2l (s, t)

)
.

But from the forms of al(α, β), b2l (α, β), we find

a2
l (s, t)b

2
l (0, s) + b2l (s, t) = b2l (0, t),

al(s, t)b
2
l (0, s) =

s∫
0

σ2
l (r) exp

 s∫
r

ρl(τ)dτ +

t∫
r

ρl(τ)dτ

 dr.

Therefore, the proof is complete. �

Let us here explain how to compute ρl, and σ2
l , for l = 1, 2, · · · , d. For

this we put:

fl(s, t) := E
(
X l(s)X l(t)

)
, for all 0 6 s 6 t 6 1, and l = 1, 2, · · · , d.

And consequently, if there exist ρ, and σ2 suitable for X, then they satisfy
the equalities:

ρl(t) =
1

fl(s, t)

∂fl
∂t

(s, t),

for all 0 6 s 6 t 6 1, and l = 1, 2, · · · , d, and also

σ2
l (s) =

(
∂fl
∂s

(s, t)− ρl(s)fl(s, t)

)
/ exp

 t∫
s

ρl(τ)dτ

 ,

for all 0 6 s 6 t 6 1, and l = 1, 2, · · · , d.

Theorem 2.2.6. Let (Xn)n∈N be a sequence of random elements
defined on (Ω,A, P ) and taking values in (D[0, 1])d. Suppose that the se-

quences
((
X l
n(t)

)2)
n∈N

, for l = 1, 2, · · · , d, t ∈ [0, 1] are uniformly integrable,

and Xn(0)
P−→ 0. Suppose further that the functions ρ, σ2 are defined and

continuous on [0, 1) and taking values in Rd.

ρ := (ρ1, · · · , ρd)t, σ2 :=
(
σ2

1, · · · , σ2
d

)t
,

and for each l, the function σ2
l is nonnegative. Let us put for t ∈ [0, 1)

gl(t) := exp

 t∫
0

ρl(τ)dτ

 , l = 1, 2, · · · , d,
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Gl(t) :=

t∫
0

σ2
l (r)g

−2
l (r)dr, l = 1, 2, · · · , d.

Suppose that the limits lim
t−→1

gl(t)Gl(t) exist and are finite.

Suppose also that, for each positive ε, and η, there exists a positive δ such
that

P {w(Xn, δ) > ε} 6 η, ∀n > n0

is valid for some n0 ∈ N large enough. Where

w(x, δ) := sup
|s−t|<δ

|x(s)− x(t)|, x = (x1, · · · , xd)t ∈ (D[0, 1])d ,

0 < δ 6 1, s, t ∈ [0, 1], and |x(s)− x(t)| := max
16l6d

|xl(s)− xl(t)|.
Suppose finally that (Xn)n∈N satisfies the conditions [1o] (or [1oa]), [2o] (or
[2oa]), and [3o] (or [3oa]), where
[1o] If 0 6 t1 6 t2 6 · · · 6 tk < 1, then

[I] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E {X l
n(tk + h)−X l

n(tk)
∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}
−

−hρl(tk)X l
n(tk)

∣∣∣∣} = 0, for l = 1, · · · , d,

[II] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E {(X l
n(tk + h)−X l

n(tk)
)2 ∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}
−hσ2

l (tk)

∣∣∣∣} = 0, for l = 1, · · · , d,

and

[III] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E{(X l1
n (tk + h)−X l1

n (tk)
) (
X l2
n (tk + h)−X l2

n (tk)
) ∣∣

∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}∣∣∣∣} = 0, for l1 6= l2.

[1oa] If 0 6 t1 6 t2 6 · · · 6 tk < 1, then
for all ũ1, ũ2, · · · , ũk ∈ Rd

[I] lim
h↓0

lim sup
n−→∞

1
h
E

{(
exp i

k∑
j=1

ũtjXn(tj)

)(
X l
n(tk + h)−X l

n(tk)−

−hρl(tk)X l
n(tk)

)}
= 0, for l = 1, · · · , d,

[II] lim
h↓0

lim sup
n−→∞

1
h
E

{(
exp i

k∑
j=1

ũtjXn(tj)

)((
X l
n(tk + h)−X l

n(tk)
)2−

−hσ2
l (tk)

)}
= 0, for l = 1, · · · , d,

and
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[III] lim
h↓0

lim sup
n−→∞

1
h
E

{(
exp i

k∑
j=1

ũtjXn(tj)

)(
X l1
n (tk + h)−X l1

n (tk)
)

(
X l2
n (tk + h)−X l2

n (tk)
)}

= 0, for l1 6= l2.

[2o] sup
t∈[0,1]

lim sup
n−→∞

E
((
X l
n(t)

)2)
<∞, for l = 1, 2, · · · , d.

[2oa] lim
α−→∞

sup
t∈[0,1]

lim sup
n−→∞

∫
{|Xl

n(t)|>α}

∣∣X l
n(t)

∣∣ dP = 0, for l = 1, 2, · · · , d.

[3o] There is a constant K such that for each l = 1, · · · , d

lim sup
n−→∞

E
{(
X l
n(t)−X l

n(t1)
)2 (

X l
n(t2)−X l

n(t)
)2}

< K (t2 − t1)
2 ,

for all t1, t, t2 satisfying 0 6 t1 6 t 6 t2 6 1.

[3oa] lim
α−→∞

lim sup
h↓0

lim sup
n−→∞

∫
{
(Xl

n(t+h)−Xl
n(t))

2
>αh

}
(
X l
n(t+ h)−X l

n(t)
)2
dP = 0,

for each l = 1, · · · , d, and for all 0 6 t < 1.

Then Xn
D−→ X, where X is the continuous Gaussian function specified by

E(X(t)) = 0, ∀t ∈ [0, 1],

and for 0 6 s 6 t 6 1

E
(
X l1(s)X l2(t)

)
=


s∫
0

σ2
l (r) exp

(
s∫
r

ρl(τ)dτ +
t∫
r

ρl(τ)dτ

)
dr , for l1 = l2

0 , for l1 6= l2

.

More specifically,

(X(t))06t61 ∼


g1(t) (1 +G1(t))W

o1(
G1(t)

1+G1(t)

)
...

gd(t) (1 +Gd(t))W
od(

Gd(t)

1+Gd(t)

)


06t61

,

where here, the random variables W o1, W o2, · · · , W od, are independent one-
dimensional Brownian bridges, and also we put

Gl(1)

1 +Gl(1)
:= lim

t−→1

Gl(t)

1 +Gl(t)
, l = 1, 2, · · · , d,

and
gl(1) (1 +Gl(1)) := lim

t−→1
gl(t) (1 +Gl(t)) , l = 1, 2, · · · , d.
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Proof: Similarly to the proof of theorem 19.4 in Billingsley [1968], we can
write here the following arguments:
(1o) =⇒ (1oa), and (2o) =⇒ (2oa), but the condition (3o) does not imply the
condition (3oa) in general, since from the assumption we have

P
{
Xn 6∈ (C[0, 1])d

}
> 0, probably for infinitly many n.

(See also p. 156, p. 160, and p. 164 in Billingsley [1968]).
By theorem 15.5 in the same mentioned reference above and from the as-
sumptions, we conclude that each subsequence of (Xn)n∈N contains a further
sub-subsequence, such that, it is convergent in distribution to some random
element X of (D[0, 1])d, with P

{
X ∈ (C[0, 1])d

}
= 1, and X(0) = 0 almost

sure under P . Also similarly, we find

(1oa) =⇒ (1a), (2oa) =⇒ (2a), (3o) =⇒ (3) =⇒ (3a), (3oa) =⇒ (3a).

In other words, the random element X satisfies the conditions (1a), (2a), and
(3a).
And this completes the proof.
As a consequence of the remark and the computations in p. 165
in Billingsley [1968], we see that the following conditions are also
sufficient to come to the same conclusion of the previous theorem
(1o) (or (1oa)), (3o), P {Xn(0) = 0} = 1, ∀n ∈ N, and

lim
n−→∞

max
0<t61

∥∥∥∥Xn(t)− lim
h↓0
Xn(t− h)

∥∥∥∥ = 0 [P ].

Where ‖ · ‖ is the usual norm defined on Rd. �
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2.3. Applications:

In this section we present some examples to show the reader how one can
apply the limit theorems, which are discussed in this chapter. And the pur-
pose of thses examples is mainly to establish the needed base for building the
proofs of another limit theorems related with the conditional distributions of
specific linear permutation statistics similar to those in chapter three. And
the following theorem is intended to be used later when we shall deal with
permutation statistics for the hypothesis of randomness H0.

Theorem 2.3.1. For each n ∈ N, let xn1, xn2, · · · , xnkn be a se-
quence of d-dimensional arrays of real numbers which are not distinct nec-
essarily, let further (ξn1, ξn2, · · · , ξnkn) be an array of random arrays, and
taking values in the set of all the permutations of (xn1, xn2, · · · , xnkn) which
is {π(xn1, xn2, · · · , xnkn) : π ∈ Πkn} , where Πkn is the symmetric group of
the permutation functions of order kn, and we suppose further that each one
of the kn! permutations having probability 1/kn! . And let us define Xn by

Xn(t) :=
∑[knt]

i=1 ξni, Xn(t) := 0 whenever 0 6 t < 1/kn, where [·] stands for
the integral value function. Then we assert that:
If
∑kn

i=1 xnix
t
ni = Id,

∑kn

i=1 xni = 0, and max16i6kn ‖ xni ‖ −→
n−→∞

0, then we

have also Xn
D−→W o, where W o here is a d-dimensional Brownian bridge.

Proof: In fact, it is enough to verify the conditions (1o) and (3o) in
theorem 2.2.6, for ρl(t) = −1/(1− t), σ2

l (t) = 1, l = 1, · · · , d, t ∈ [0, 1), that
characterize the d-Brownian Bridge W o, and to verify the remark following
the proof of that theorem. By doing that, we achieve the assertion of this
theorem. We shall verify the condition (1o) , then the mentioned remark,
and next we turn to the condition (3o).
Let us now begin with the folloing preliminary computations:
Easily, one can see that E (ξn1) = E (ξn2) = · · · = E (ξnkn) = 0. and

E
(
ξn1 (ξn1)

t) = E
(
ξn2 (ξn2)

t) = · · · = E
(
ξnkn (ξnkn)t

)
=

1

kn
Id,

E
(
ξni (ξnj)

t) = E
(
ξn1 (ξn2)

t) =
−1

kn(kn − 1)
Id,
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whenever 1 6 i 6= j 6 kn. Also,

E

[knt]∑
i=1

ξni

 = [knt]E (ξn1) = 0,

and

E

{(∑[knt]
i=1 ξni

)(∑[knt]
i=1 ξni

)t}
= [knt]E

(
ξn1 (ξn1)

t)+

+[knt]([knt]− 1)E
(
ξn1 (ξn2)

t)
=
(

[knt]
kn

− [knt]([knt]−1)
kn(kn−1)

)
Id −→ t(1− t)Id for n −→∞.

Also, we need (as we shall see in the proof) to consider the limit

lim
n−→∞

kn∑
i=1

(
xlni
)4

6 lim
n−→∞

kn∑
i=1

(
xlni
)2(

max
16i6kn

∣∣xlni∣∣)2

= 0, for l = 1, · · · , d.

So far, we have achieved
E (Xn(t)) = 0, E

(
Xn(t) (Xn(t))

t) = [knt](kn−[knt])
kn(kn−1)

−→ t(1 − t)Id for n −→
∞.
By noticing these computations, one can guess the form of ρ(t) and σ2(t)
which could serve in proving the assertion of this theorem. Now, we begin
verifying the mentioned condition (1o) which states:
[1o] If 0 6 t1 6 t2 6 · · · 6 tk < 1, then

[I] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E {X l
n(tk + h)−X l

n(tk)
∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}
−

−hρl(tk)X l
n(tk)

∣∣∣∣} = 0, for l = 1, · · · , d,

[II] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E {(X l
n(tk + h)−X l

n(tk)
)2 ∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}
−hσ2

l (tk)

∣∣∣∣} = 0, for l = 1, · · · , d,

and

[III] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E{(X l1
n (tk + h)−X l1

n (tk)
) (
X l2
n (tk + h)−X l2

n (tk)
) ∣∣

∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}∣∣∣∣} = 0, for l1 6= l2.

Let us verify (I): Since Xn(0) = 0 is valid and tk 6 t < 1 must be hold,
the case t = 0 is trivial. Fix 0 < t < 1, for reasons of convenience, we put
m1 := [knt], and m2 := [kn(t+h)]− [knt], where 0 < h 6 1− t. Consequently,
for large n we have 1 6 m1 < m1 +m2 6 kn.
Suppose that we know the values of ξn1, · · · , ξnm1 , then ξn,m1+1, · · · , ξn,m1+m2

are conditionally distributed as a sample of points of size m2 taken from the
population xn1, xn2, · · · , xnkn after removing the points corresponding to the

59



sample ξn1, · · · , ξnm1 . And we have similarly to the beginning of the proof:

E

{
m1+m2∑
i=m1+1

ξni
∣∣ξn1, · · · , ξnm1

}
= − m2

kn−m1

m1∑
i=1

ξni, which implies

E
{
Xn(t+ h)−Xn(t)

∣∣ξn1, · · · , ξn[knt]

}
= − [kn(t+h)]−[knt]

kn−[knt]

[knt]∑
i=1

ξni.

And we can rewrite it as
E
{
Xn(t+ h)−Xn(t)

∣∣ξn1, · · · , ξn[knt]

}
= − [kn(t+h)]−[knt]

kn−[knt]
Xn(t).

Now, for t = tk, and since

σ(Xn(t1), · · · , Xn(tk)) ⊆ σ(ξn1, · · · , ξn[kntk]),

we have,
E
{
Xn (tk + h)−Xn (tk)

∣∣Xn (t1) , · · · , Xn (tk)
}

= − [kn(tk+h)]−[kntk]
kn−[kntk]

Xn(tk).
And for l = 1, · · · , d we find
1
h
E
{∣∣∣E {X l

n(tk + h)−X l
n(tk)

∣∣Xn(t1), · · · , Xn(tk)
}
− h · −1

1−tk
·X l

n(tk)
∣∣∣} =

= 1
h

∣∣∣∣∣∣∣∣∣∣
[kn(tk + h)]− [kntk]

kn − [kntk]︸ ︷︷ ︸
−→

n−→∞
h

1−tk

− h
1−tk

∣∣∣∣∣∣∣∣∣∣
· E
{∣∣X l

n(tk)
∣∣}.

But from the computations at the beginning of this proof, we conclude that

E
{∣∣X l

n(tk)
∣∣} 6

(
E
{(
X l
n(tk)

)2}) 1
2
< Constant,

∀n ∈ N, and for l = 1, · · · , d.
Hence, (I) is verified clearly.
Also, for l = 1, · · · , d, we have

E

{(
m1+m2∑
i=m1+1

ξlni

)2 ∣∣ξn1, · · · , ξnm1

}
=

= m2E
{(
ξln,m1+1

)2 ∣∣ξn1, · · · , ξnm1

}
+

+m2(m2 − 1)E
{
ξln,m1+1ξ

l
n,m1+2

∣∣ξn1, · · · , ξnm1

}
= m2(kn−m1−m2)

(kn−m1)(kn−m1−1)

(
1−

m1∑
i=1

(ξlni)
2

)
+ m2(m2−1)

(kn−m1)(kn−m1−1)

(
m1∑
i=1

ξlni

)2

.

Therefore, for t = tk we find

E
{(
X l
n(tk + h)−X l

n(tk)
)2 ∣∣ξn1, · · · , ξn[kntk]

}
=

= Bn(h)

(
1−

[kntk]∑
i=1

(ξlni)
2

)
+ Cn(h)

(
[kntk]∑
i=1

ξlni

)2

,
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where

Bn(h) :=
([kn(tk + h)]− [kntk]) (kn − [kn(tk + h)])

(kn − [kntk]) (kn − [kntk]− 1)
,

and

Cn(h) :=
([kn(tk + h)]− [kntk]) (([kn(tk + h)]− [kntk])− 1)

(kn − [kntk]) (kn − [kntk]− 1)
.

Since
σ(Xn(t1), · · · , Xn(tk)) ⊆ σ(ξn1, · · · , ξn[kntk]),

and from chapter one in this dissertation we have

C1 ⊆ C2 =⇒ E {|E(f |C1)|} 6 E {|E(f |C2)|} .

So, we can write here
1
h
E
{∣∣∣E {(X l

n(tk + h)−X l
n(tk)

)2 ∣∣Xn(t1), · · · , Xn(tk)
}
− h · 1

∣∣∣} 6

6 1
h
E
{∣∣∣E {(X l

n(tk + h)−X l
n(tk)

)2 ∣∣ξn1, · · · , ξn[kntk]

}
− h · 1

∣∣∣} 6

6 |Bn(h)|
h

E

{∣∣∣∣∣[kntk]∑
i=1

(ξlni)
2 − [kntk]

kn

∣∣∣∣∣
}

+
∣∣∣Bn(h)

h

(
1− [kntk]

kn

)
− 1
∣∣∣+

+ |Cn(h)|
h

E
{(
X l
n(tk)

)2}
.

But also we see that

Bn(h) −→
n−→∞

h(1− tk − h)

(1− tk)2
,

Cn(h) −→
n−→∞

h2

(1− tk)2
,∣∣∣∣Bn(h)

h

(
1− [kntk]

kn

)
− 1

∣∣∣∣ −→n−→∞

h

(1− tk)
,

and
E
{(
X l
n(tk)

)2}
< constant, ∀n ∈ N.

So, to verify (II) it remains to prove the validity of the limit

E


∣∣∣∣∣∣
[kntk]∑
i=1

(ξlni)
2 − [kntk]

kn

∣∣∣∣∣∣
 −→

n−→∞
0.

For this, and from the beginning of the proof we can write that

E

[kntk]∑
i=1

(
ξlni
)2 =

[kntk]

kn
−→
n−→∞

tk,
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and let us here compute the second moment of
[kntk]∑
i=1

(
ξlni
)2

.

E

(
[kntk]∑
i=1

(
ξlni
)2)2

= [kntk](kn−[kntk])
kn(kn−1)

kn∑
i=1

(xlni)
4

︸ ︷︷ ︸
−→

n−→∞
0

+ [kntk]([kntk]−1)
kn(kn−1)

−→
n−→∞

t2k.

But this implies V ar

(
[kntk]∑
i=1

(
ξlni
)2) −→

n−→∞
0.

And consequently, the limit

E


∣∣∣∣∣∣
[kntk]∑
i=1

(ξlni)
2 − [kntk]

kn

∣∣∣∣∣∣
 −→

n−→∞
0

is valid indeed.
Therefore, also the condition (II) is verified.
Now, let us verify the condition (III).
For 1 6 l1 6= l2 6 d, we have

E

{(
m1+m2∑
i=m1+1

ξl1ni

)(
m1+m2∑
i=m1+1

ξl2ni

) ∣∣ξn1, · · · , ξnm1

}
=

= m2E
{
ξl1n,m1+1ξ

l2
n,m1+1

∣∣ξn1, · · · , ξnm1

}
+

+m2(m2 − 1)E
{
ξl1n,m1+1ξ

l2
n,m1+2

∣∣ξn1, · · · , ξnm1

}
= − m2(kn−m1−m2)

(kn−m1)(kn−m1−1)

(
m1∑
i=1

ξl1niξ
l2
ni

)
+ m2(m2−1)

(kn−m1)(kn−m1−1)

(
m1∑
i=1

ξl1ni

)(
m1∑
i=1

ξl2ni

)
.

Therefore, for t = tk we find
E
{(
X l1
n (tk + h)−X l1

n (tk)
) (
X l2
n (tk + h)−X l2

n (tk)
) ∣∣ξn1, · · · , ξn[kntk]

}
=

= −Bn(h)

(
[kntk]∑
i=1

ξl1niξ
l2
ni

)
+ Cn(h)

(
[kntk]∑
i=1

ξl1ni

)(
[kntk]∑
i=1

ξl2ni

)
,

1
h
E
{∣∣E {(X l1

n (tk + h)−X l1
n (tk)

) (
X l2
n (tk + h)−X l2

n (tk)
) ∣∣ξn1, · · · , ξn[kntk]

}∣∣}
6 |Bn(h)|

h
E

(∣∣∣∣∣[kntk]∑
i=1

ξl1niξ
l2
ni

∣∣∣∣∣
)

+ |Cn(h)|
h

E

(∣∣∣∣∣[kntk]∑
i=1

ξl1ni

∣∣∣∣∣
∣∣∣∣∣[kntk]∑
i=1

ξl2ni

∣∣∣∣∣
)

So, to verify (III) it remains to prove the validity of the limit

E

∣∣∣∣∣∣
[kntk]∑
i=1

ξl1niξ
l2
ni

∣∣∣∣∣∣
 −→

n−→∞
0.

For this, let us compute the moment of
[kntk]∑
i=1

ξl1niξ
l2
ni
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E

(
[kntk]∑
i=1

ξl1niξ
l2
ni

)2

= [kntk](kn−[kntk])
kn(kn−1)

kn∑
i=1

(xl1ni)
2(xl2ni)

2

︸ ︷︷ ︸
−→

n−→∞
0

+

+ [kntk]([kntk]−1)
kn(kn−1)

(
kn∑
i=1

xl1nix
l2
ni

)2

︸ ︷︷ ︸
=0

.

And hence, we have verified the condition (1o).
Now, we turn to the second part of the proof. So, let us verifiy the remark,
mentioned at the beginning of the proof:
Since the maximum jump max16i6kn ‖ xni ‖ in Xn tends to zero and Xn(0) =
0,∀n ∈ N, the mentioned remark is verified obviously.
Now, we turn to condition(3o) which states:
There is a constant K such that, for all l = 1, · · · , d, and for all t1, t, t2 ∈ [0, 1]
satisfying t1 6 t 6 t2, then

lim sup
n−→∞

E
{(
X l
n(t)−X l

n(t1)
)2 (

X l
n(t2)−X l

n(t)
)2}

6 K(t2 − t1)
2.

First, if t2 − t1 6 1
kn

, then E
{(
X l
n(t)−X l

n(t1)
)2 (

X l
n(t2)−X l

n(t)
)2}

= 0,

and the condition holds.
Now, if t2 − t1 >

1
kn

, then we find easily that:

E
{(
X l
n(t)−X l

n(t1)
)2 (

X l
n(t2)−X l

n(t)
)2}

=
∑

{ξlniξlnjξlnkξlnl},

where [knt1] < i, j 6 [knt], and [knt] < k, l 6 [knt2]. Let us put here
m1 := [knt] − [knt1] and m2 := [knt2] − [knt]. We can write for n large
enough
Ql
n :=

∑
{ξlniξlnjξlnkξlnl} =

= m1m2E{
(
ξln1

)2 (
ξln2

)2}+m1m2(m1 +m2 − 2)E{
(
ξln1

)2
ξln2ξ

l
n3}+

+m1(m1 − 1)m2(m2 − 1)E{ξln1ξ
l
n2ξ

l
n3ξ

l
n4}.

= m1m2
1−τ l

n

kn(kn−1)
+m1m2(m1 +m2 − 2) 2τ l

n−1
kn(kn−1)(kn−2)

+

+m1(m1 − 1)m2(m2 − 1) 3(1−2τ l
n)

kn(kn−1)(kn−2)(kn−3)
,

where τ ln :=
kn∑
i=1

(xlni)
4 6 1.

lim sup
n−→∞

Ql
n 6 11

16
(t2 − t1)

2, and this is since we have m1m2 6 1
4
(m1 +m2)

2,

and m1+m2

kn
−→
n−→∞

t2 − t1.

This will lead to the validity of the limit

lim sup
n−→∞

E
{(
X l
n(t)−X l

n(t1)
)2 (

X l
n(t2)−X l

n(t)
)2}

6
11

16
(t2 − t1)

2.
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Therefore, also the condition (3o) is verified for K > 11
16

, and consequently
the proof is complete. �

Remark 2.3.2. Under the same hypotheses of theorem 2.3.1, but

here the sequences
(∑kn

i=1(xni − x̄n)(xni − x̄n)
t
)
n∈N

, and
(∑kn

i=1 xni

)
n∈N

are

bounded, where x̄n = 1
kn

∑kn

i=1 xni, also we assume that the matrices s2
(
xkn

)
are positive definite. Where s2

(
xkn

)
:=
∑kn

i=1(xni − x̄n)(xni − x̄n)
t. And we

assume further that the triangular array xkn
is infinitesimal, where xkn

:=
(xn1, · · · , xnkn), then we have

(Xn(t))06t61

w∼

(√
s2
(
xkn

)
W o
t + t

kn∑
i=1

xni

)
06t61

(Cn).

Where the assertion means by definition

E(ϕ(Xn))− E

(
ϕ

(√
s2
(
xkn

)
W o + (·)

kn∑
i=1

xni

))
−→ 0,

or more explicitly

1

kn!

∑
π

ϕ

[kn(·)]∑
i=1

xnπ(i)

−
∫

(C[0,1])d

ϕ

(√
s2
(
xkn

)
W o + (·)

kn∑
i=1

xni

)
dµ −→ 0.

For all bounded uniformly continuous functions ϕ : (D[0, 1])d −→ R, where
µ is the Wiener measure, defined (C[0, 1])d, and where π here ranging over
all bijective functions, defined on {1, 2, · · · , kn}.

Proof: It is sufficient to prove it in the case, where there exists ε > 0,
such that ‖ s2(xkn

) ‖> ε, is valid ∀n ∈ N.

Under the same hypotheses and by using computations similarly to those in the proof

of theorem 2.3.1, one can conclude that V ar

(
Xn(t)− t

kn∑
i=1

xni

)
will tend to zero if and

only if s2
(
xkn

)
tends to zero, and the assertion then is valid. See also lemma 1.2.4.

Now, to reduce the case of this remark to the case of theorem 2.3.1, we

put yni :=
(
s2(xkn

)
)− 1

2 (xni − x̄n), i = 1, · · · , kn, n ∈ N, then we have
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((
s2(xkn

)
)− 1

2

[knt]∑
i=1

(ξni − x̄n)

)
06t61

D−→W o. Since the sequences
(
s2(xkn

)
)
n∈N,

and

(
kn∑
i=1

xni

)
n∈N

are bounded, the assertion is valid. �

The following theorem is intended to be used later when we shall deal with
permutation statistics for the hypothesis of symmetry H1.

Theorem 2.3.3. For each n ∈ N, let xn1, xn2, · · · , xnkn be a se-
quence of d-dimensional arrays of real numbers which are not distinct nec-
essarily, let further (ξn1, ξn2, · · · , ξnkn) be an array of random arrays, and
taking values in the set of all the permutations of (xn1, xn2, · · · , xnkn) which
is {π(xn1, xn2, · · · , xnkn) : π ∈ Πkn} , where Πkn is the symmetric group of
the permutation functions of order kn, and we suppose further that each one
of the kn! permutations having probability 1/kn! . Also, let εn1, εn2, · · · , εnkn

be i.i.d. variables, and taking values in {+1,−1} such that each of +1 and
−1 having probability 1/2, and these variables are independent of ξn1, ξn2,
· · · , ξnkn too. Finally, let us define the random arrays ζn1, ζn2, · · · , ζnkn by

ζni := εniξni, i = 1, · · · , kn. And let us define Xn by Xn(t) :=
∑[knt]

i=1 ζni,
Xn(t) := 0 whenever 0 6 t < 1/kn, where [·] stands for the integral value
function. Then we assert that:
If
∑kn

i=1 xnix
t
ni = Id and max16i6kn ‖ xni ‖ −→

n−→∞
0, then we have also

Xn
D−→W , where W here is a d-dimensional Brownian motion.

Proof: In fact, it is enough to verify the conditions (1o) and (3o) in
theorem 2.2.6, for ρl(t) = 0, σ2

l (t) = 1, l = 1, · · · , d, t ∈ [0, 1), that char-
acterize the d-Brownian motion W , and to verify the remark following the
proof of that theorem. By doing that, we achieve the assertion of this the-
orem. We shall verify the condition (1o) , then the mentioned remark, and
next we turn to the condition (3o).
Let us now begin with the folloing preliminary computations:
Easily, one can see that E (ζn1) = E (ζn2) = · · · = E (ζnkn) = 0. and

E
(
ζn1 (ζn1)

t) = E
(
ζn2 (ζn2)

t) = · · · = E
(
ζnkn (ζnkn)t

)
=

1

kn
Id,

E
(
ζni (ζnj)

t) = E
(
ζn1 (ζn2)

t) = 0,

whenever 1 6 i 6= j 6 kn. Also,

E

[knt]∑
i=1

ζni

 = [knt]E (ζn1) = 0,

65



and

E

{(∑[knt]
i=1 ζni

)(∑[knt]
i=1 ζni

)t}
= [knt]E

(
ζn1 (ζn1)

t)+

+[knt]([knt]− 1)E
(
ζn1 (ζn2)

t)
=
(

[knt]
kn

+ 0
)
Id −→ tId for n −→∞.

Also, we need (as we shall see in the proof) to consider the limit

lim
n−→∞

kn∑
i=1

(
xlni
)4

6 lim
n−→∞

kn∑
i=1

(
xlni
)2(

max
16i6kn

∣∣xlni∣∣)2

= 0, for l = 1, · · · , d.

So far, we have achieved
E (Xn(t)) = 0, E

(
Xn(t) (Xn(t))

t) = [knt]
kn

−→ tId for n −→∞.

By noticing these computations, one can guess the form of ρ(t) and σ2(t)
which could serve in proving the assertion of this theorem. Now, we begin
verifying the mentioned condition (1o) which states:
[1o] If 0 6 t1 6 t2 6 · · · 6 tk < 1, then

[I] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E {X l
n(tk + h)−X l

n(tk)
∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}
−

−hρl(tk)X l
n(tk)

∣∣∣∣} = 0, for l = 1, · · · , d,

[II] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E {(X l
n(tk + h)−X l

n(tk)
)2 ∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}
−hσ2

l (tk)

∣∣∣∣} = 0, for l = 1, · · · , d,

and

[III] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E{(X l1
n (tk + h)−X l1

n (tk)
) (
X l2
n (tk + h)−X l2

n (tk)
) ∣∣

∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}∣∣∣∣} = 0, for l1 6= l2.

Let us verify (I): Fix 0 < t < 1, for reasons of convenience, we putm1 := [knt],
and m2 := [kn(t + h)] − [knt], where 0 < h 6 1 − t. Consequently, for large
n we have 1 6 m1 < m1 +m2 6 kn.
Suppose that we know the values of ξn1, · · · , ξnm1 , then ξn,m1+1, · · · , ξn,m1+m2

are conditionally distributed as a sample of points of size m2 taken from
the population xn1, xn2, · · · , xnkn after removing the points corresponding
to the sample ξn1, · · · , ξnm1 . Also, the values of εn,m1+1, · · · , εn,m1+m2 are
taken independently of each other, and also independently of the values of
εn1, · · · , εnm1 . And consequently, we have similarly to the beginning of the
proof:

E

{
m1+m2∑
i=m1+1

ζni
∣∣ζn1, · · · , ζnm1

}
= 0, which implies
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E
{
Xn(t+ h)−Xn(t)

∣∣ζn1, · · · , ζn[knt]

}
= 0.

Now, for t = tk, and since

σ(Xn(t1), · · · , Xn(tk)) ⊆ σ(ζn1, · · · , ζn[kntk]),

we have,
E
{
Xn (tk + h)−Xn (tk)

∣∣Xn (t1) , · · · , Xn (tk)
}

= 0.
And for l = 1, · · · , d we find
1
h
E
{∣∣E {X l

n(tk + h)−X l
n(tk)

∣∣Xn(t1), · · · , Xn(tk)
}
− h · 0 ·X l

n(tk)
∣∣} = 0.

Hence, (I) is verified clearly.
Also, for l = 1, · · · , d, we have

E

{(
m1+m2∑
i=m1+1

ζ lni

)2 ∣∣ζn1, · · · , ζnm1

}
=

= m2E
{(
ζ ln,m1+1

)2 ∣∣ζn1, · · · , ζnm1

}
+

+m2(m2 − 1)E
{
ζ ln,m1+1ζ

l
n,m1+2

∣∣ζn1, · · · , ζnm1

}
= m2

(kn−m1)

(
1−

m1∑
i=1

(ζ lni)
2

)
+ 0.

Therefore, for t = tk we find

E
{(
X l
n(tk + h)−X l

n(tk)
)2 ∣∣ζn1, · · · , ζn[kntk]

}
= Bn(h)

(
1−

[kntk]∑
i=1

(ζ lni)
2

)
,

where

Bn(h) :=
[kn(tk + h)]− [kntk]

kn − [kntk]
.

Since
σ(Xn(t1), · · · , Xn(tk)) ⊆ σ(ζn1, · · · , ζn[kntk]),

and from chapter one in this dissertation we have

C1 ⊆ C2 =⇒ E {|E(f |C1)|} 6 E {|E(f |C2)|} .

So, we can write here
1
h
E
{∣∣∣E {(X l

n(tk + h)−X l
n(tk)

)2 ∣∣Xn(t1), · · · , Xn(tk)
}
− h · 1

∣∣∣} 6

6 1
h
E
{∣∣∣E {(X l

n(tk + h)−X l
n(tk)

)2 ∣∣ζn1, · · · , ζn[kntk]

}
− h · 1

∣∣∣} 6

6 |Bn(h)|
h

E

{∣∣∣∣∣[kntk]∑
i=1

(ζ lni)
2 − [kntk]

kn

∣∣∣∣∣
}

+
∣∣∣Bn(h)

h

(
1− [kntk]

kn

)
− 1
∣∣∣

But also we see that

Bn(h) −→
n−→∞

h

1− tk
,
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and ∣∣∣∣Bn(h)

h

(
1− [kntk]

kn

)
− 1

∣∣∣∣ −→n−→∞
0.

So, to verify (II) it remains to prove the validity of the limit

E


∣∣∣∣∣∣
[kntk]∑
i=1

(ζ lni)
2 − [kntk]

kn

∣∣∣∣∣∣
 −→

n−→∞
0.

For this, and from the beginning of the proof we can write that

E

[kntk]∑
i=1

(
ζ lni
)2 =

[kntk]

kn
−→
n−→∞

tk,

and let us here compute the second moment of
[kntk]∑
i=1

(
ζ lni
)2

.

E

(
[kntk]∑
i=1

(
ζ lni
)2)2

= [kntk](kn−[kntk])
kn(kn−1)

kn∑
i=1

(xlni)
4

︸ ︷︷ ︸
−→

n−→∞
0

+ [kntk]([kntk]−1)
kn(kn−1)

−→
n−→∞

t2k.

But this implies V ar

(
[kntk]∑
i=1

(
ζ lni
)2) −→

n−→∞
0.

And consequently, the limit

E


∣∣∣∣∣∣
[kntk]∑
i=1

(ζ lni)
2 − [kntk]

kn

∣∣∣∣∣∣
 −→

n−→∞
0

is valid indeed.
Therefore, also the condition (II) is verified.
Now, let us verify the condition (III).
For 1 6 l1 6= l2 6 d, we have

E

{(
m1+m2∑
i=m1+1

ζ l1ni

)(
m1+m2∑
i=m1+1

ζ l2ni

) ∣∣ζn1, · · · , ζnm1

}
=

= m2E
{
ζ l1n,m1+1ζ

l2
n,m1+1

∣∣ζn1, · · · , ζnm1

}
+

+m2(m2 − 1)E
{
ζ l1n,m1+1ζ

l2
n,m1+2

∣∣ζn1, · · · , ζnm1

}
= − m2

kn−m1

(
m1∑
i=1

ξl1niξ
l2
ni

)
+ 0.

Therefore, for t = tk we find
E
{(
X l1
n (tk + h)−X l1

n (tk)
) (
X l2
n (tk + h)−X l2

n (tk)
) ∣∣ζn1, · · · , ζn[kntk]

}
=
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= −Bn(h)

(
[kntk]∑
i=1

ζ l1niζ
l2
ni

)
,

1
h
E
{∣∣E {(X l1

n (tk + h)−X l1
n (tk)

) (
X l2
n (tk + h)−X l2

n (tk)
) ∣∣ζn1, · · · , ζn[kntk]

}∣∣}
6 |Bn(h)|

h
E

(∣∣∣∣∣[kntk]∑
i=1

ζ l1niζ
l2
ni

∣∣∣∣∣
)

So, to verify (III) it remains to prove the validity of the limit

E

∣∣∣∣∣∣
[kntk]∑
i=1

ζ l1niζ
l2
ni

∣∣∣∣∣∣
 −→

n−→∞
0.

For this, let us compute the moment of
[kntk]∑
i=1

ζ l1niζ
l2
ni

E

(
[kntk]∑
i=1

ζ l1niζ
l2
ni

)2

= [kntk]
kn

kn∑
i=1

(xl1ni)
2(xl2ni)

2

︸ ︷︷ ︸
−→

n−→∞
0

.

And hence, we have verified the condition (1o).
Now, we turn to the second part of the proof. So, let us verifiy the remark,
mentioned at the beginning of the proof:
Since the maximum jump max16i6kn ‖ xni ‖ in Xn tends to zero and Xn(0) =
0,∀n ∈ N, the mentioned remark is verified obviously.
Now, we turn to condition(3o) which states:
There is a constant K such that, for all l = 1, · · · , d, and for all t1, t, t2 ∈ [0, 1]
satisfying t1 6 t 6 t2, then

lim sup
n−→∞

E
{(
X l
n(t)−X l

n(t1)
)2 (

X l
n(t2)−X l

n(t)
)2}

6 K(t2 − t1)
2.

First, if t2 − t1 6 1
kn

, then E
{(
X l
n(t)−X l

n(t1)
)2 (

X l
n(t2)−X l

n(t)
)2}

= 0,

and the condition holds.
Now, if t2 − t1 >

1
kn

, then we find easily that:

E
{(
X l
n(t)−X l

n(t1)
)2 (

X l
n(t2)−X l

n(t)
)2}

=
∑

{ζ lniζ lnjζ lnkζ lnl},

where [knt1] < i, j 6 [knt], and [knt] < k, l 6 [knt2]. Let us put here
m1 := [knt] − [knt1] and m2 := [knt2] − [knt]. We can write for n large
enough
Ql
n :=

∑
{ζ lniζ lnjζ lnkζ lnl} =

= m1m2E{
(
ζ ln1

)2 (
ζ ln2

)2}+m1m2(m1 +m2 − 2)E{
(
ζ ln1

)2
ζ ln2ζ

l
n3}+

+m1(m1 − 1)m2(m2 − 1)E{ζ ln1ζ
l
n2ζ

l
n3ζ

l
n4}.
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= m1m2
1−τ l

n

kn(kn−1)
+ 0, where τ ln :=

kn∑
i=1

(xlni)
4 6 1.

lim sup
n−→∞

Ql
n 6 1

4
(t2 − t1)

2.

This will lead to the validity of the limit

lim sup
n−→∞

E
{(
X l
n(t)−X l

n(t1)
)2 (

X l
n(t2)−X l

n(t)
)2}

6
1

4
(t2 − t1)

2 .

Therefore, also the condition (3o) is verified at least for K > 1
4
, and conse-

quently the proof is complete. �

Remark 2.3.4. Under the same hypotheses of theorem 2.3.3, but

here the sequence
(∑kn

i=1 xnix
t
ni

)
n∈N

is bounded, and the array xkn
is in-

finitesimal, also the matrices s2
(
xkn

)
are assumed to be positive definite,

then we have Xn
w∼
√∑kn

i=1 xnix
t
niW (Cn). Or more shortly,

Xn
w∼
√
s2
(
xkn

)
W (Cn). Where s2

(
xkn

)
:=
∑kn

i=1 xnix
t
ni. And where the

assertion means by definition

E(ϕ(Xn))− E

(
ϕ

(√
s2
(
xkn

)
W

))
−→ 0,

or more explicitly

1

2knkn!

∑
π

ε1,··· ,εkn
∈{−1,+1}

ϕ

[kn(·)]∑
i=1

εixnπ(i)

− ∫
(C[0,1])d

ϕ
((√

s2(xkn
)
)
W
)
dµ −→ 0.

For all bounded uniformly continuous functions ϕ : (D[0, 1])d −→ R, where
µ is the the Wiener measure, defined (C[0, 1])d, and where π here ranging
over all bijective functions, defined on {1, 2, · · · , kn}.

Proof: It is sufficient to prove it in the case where there exists ε > 0, such
that ‖ s2(xkn

) ‖> ε is valid for all n ∈ N. We can reduce the case of this re-
mark to the case of theorem 2.3.3. For this and since that for each n ∈ N the

matrix
∑kn

i=1 xnix
t
ni is positive definite, we put yni :=

(∑kn

i=1 xnix
t
ni

)− 1
2
xni,

i = 1, · · · , kn, n ∈ N, then we have(∑kn

i=1 xnix
t
ni

)− 1
2
Xn

D−→W . Since the sequence
(∑kn

i=1 xnix
t
ni

)
n∈N

is bounded,

the assertion is valid. �
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The following theorem is intended to be used later when we shall deal with
permutation statistics for the hypothesis of independence H2.

Theorem 2.3.5. For each n ∈ N, let xn1, xn2, · · · , xnkn , be a
sequence of d1-dimensional arrays of real numbers which are not distinct
necessarily, and let yn1, yn2, · · · , ynkn , be a sequence of d2-dimensional arrays
of real numbers which are not distinct necessarily also. let further (ξn1, ξn2,
· · · , ξnkn), and (ηn1, ηn2, · · · , ηnkn) be independent arrays of random arrays,
and taking values in the set of all the permutations of (xn1, xn2, · · · , xnkn),
and the set of all the permutations of (yn1, yn2, · · · , ynkn) respectively, which
are {π(xn1, xn2, · · · , xnkn) : π ∈ Πkn}, and {π(yn1, yn2, · · · , ynkn) : π ∈ Πkn}
respectively, where Πkn is the symmetric group of the permutation func-
tions of order kn, and we suppose further that each one of these permu-
tations having probability 1/kn! . Finally, let us define the random arrays
ζn1, ζn2, · · · , ζnkn by ζni := ξniη

t
ni, i = 1, · · · , kn. And let us define Xn by

Xn(t) :=
∑[knt]

i=1 ζni, Xn(t) := 0, whenever 0 6 t < 1/kn, where [·] stands for
the integral value function. Then we assert that:

If 1√
kn

kn∑
i=1

xnix
t
ni = Id1 ,

1√
kn

kn∑
i=1

yniy
t
ni = Id2 ,

kn∑
i=1

xni = 0,
kn∑
i=1

yni = 0, and

max16i6kn ‖ xni ‖ −→
n−→∞

0, max16i6kn ‖ yni ‖ −→
n−→∞

0, then we have

Xn
D−→W,

where W here is a d1 × d2-dimensional Brownian motion.

Proof: We shall begin with some preliminary computations:

∀j = 1, · · · , d1,
1√
kn

kn∑
i=1

(xjni)
4 6

1√
kn

kn∑
i=1

(xjni)
2

(
max

16i6kn

|xjni|
)2

−→
n−→∞

0,

∀j = 1, · · · , d2,
1√
kn

kn∑
i=1

(yjni)
4 6

1√
kn

kn∑
i=1

(yjni)
2

(
max

16i6kn

|yjni|
)2

−→
n−→∞

0.

kn∑
i=1

xj1nix
j2
ni =

kn∑
i=1

yj1niy
j2
ni =

{√
kn : j1 = j2
0 : j1 6= j2

,

∑
16i1 6=i26kn

xj1ni1x
j2
ni2

=
∑

16i1 6=i26kn

yj1ni1y
j2
ni2

=

{
−
√
kn : j1 = j2

0 : j1 6= j2
,
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and therefore,

E(ξj1ni1ξ
j2
ni2

) = E(ηj1ni1η
j2
ni2

) =


√
kn

kn
: j1 = j2, i1 = i2

0 : j1 6= j2, i1 = i2
−

√
kn

kn(kn−1)
: j1 = j2, i1 6= i2

0 : j1 6= j2, i1 6= i2

.

E (Xj1j2
n (t)) = E

(
[knt]∑
i=1

ξj1niη
j2
ni

)
=

[knt]∑
i=1

E
(
ξj1ni
)
E
(
ηj2ni
)

= 0,

and if j1 6= j3, or j2 6= j4, then

E (Xj1j2
n (t)Xj3j4

n (t)) = E

(
[knt]∑
i1=1

[knt]∑
i2=1

ξj1ni1ξ
j3
ni2
ηj2ni1η

j4
ni2

)
= 0.

Also, if j1 = j3, and j2 = j4, then

E (Xj1j2
n (t))

2
= E

(
[knt]∑
i1=1

[knt]∑
i2=1

ξj1ni1ξ
j1
ni2
ηj2ni1η

j2
ni2

)
=

= E

(
[knt]∑
i=1

ξj1niξ
j1
niη

j2
niη

j2
ni

)
+ E

( ∑
i1 6=i2

ξj1ni1ξ
j1
ni2
ηj2ni1η

j2
ni2

)
=
∑
i

E
(
(ξj1ni)

2
)
E
(
(ηj2ni)

2
)

︸ ︷︷ ︸
=

[knt]
kn

−→
n−→∞

t

+
∑
i1 6=i2

E
(
ξj1ni1ξ

j1
ni2
ηj2ni1η

j2
ni2

)
︸ ︷︷ ︸

=
[knt]([knt]−1)

kn(kn−1)2
−→

n−→∞
0

.

So far, we have found
E
(
Xj1j2
n (t)

)
= 0,

E
(
Xj1j2
n (t)

)2 −→
n−→∞

t,

and
E
(
Xj1j2
n (t)Xj3j4

n (t)
)

= 0, if j1 6= j3 or j2 6= j4.

We shall take here similar steps to those of the proof of theorem 2.3.3. Now,
for j1 = 1, · · · d1, j2 = 1, · · · d2, we put ρj1j2(t) = 0, and σ2

j1j2
(t) = 1, we begin

with verifying the condition (1o), which states here:
[1o] If 0 6 t1 6 t2 6 · · · 6 tk < 1, then

[I] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E {Xj1j2
n (tk + h)−Xj1j2

n (tk)
∣∣Xn(t1), Xn(t2), · · ·

· · · , Xn(tk)} − hρj1j2(tk)X
j1j2
n (tk)

∣∣∣∣} = 0,

for j1 = 1, · · · , d1, and j2 = 1, · · · , d2,

[II] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E {(Xj1j2
n (tk + h)−Xj1j2

n (tk))
2 ∣∣Xn(t1), Xn(t2), · · ·
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· · · , Xn(tk)} − hσ2
j1j2

(tk)

∣∣∣∣} = 0,

for j1 = 1, · · · , d1, and j2 = 1, · · · , d2, and

[III] lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E{ (Xj1j2
n (tk + h)−Xj1j2

n (tk))

(Xj3j4
n (tk + h)−Xj3j4

n (tk))
∣∣Xn(t1), Xn(t2), · · · , Xn(tk)

}∣∣∣∣} = 0,

for j1, j3 = 1, · · · , d1, and for j2, j4 = 1, · · · , d2, and only if either j1 6= j3 or
j2 6= j4 is valid.
Let us start with verifying the part (I): Fix 0 < t < 1, let us here put
m1 := [knt], m2 := [kn(t+h)]− [knt], where 0 < h 6 1− t. Consequently, for
large n we have 1 6 m1 < m1 +m2 6 kn.
Suppose that we know the values of ξn1, · · · , ξnm1 , then ξn,m1+1, · · · , ξn,m1+m2

are conditionally distributed as a sample of points of size m2 taken from the
population xn1, xn2, · · · , xnkn after removing the points corresponding to the
sample ξn1, · · · , ξnm1 . Suppose similarly, that we know the values of ηn1, · · · ,
ηnm1 , then ηn,m1+1, · · · , ηn,m1+m2 are conditionally distributed as a sample of
points of size m2 taken from the population yn1, yn2, · · · , ynkn after removing
the points corresponding to the sample ηn1, · · · , ηnm1 .
And we have similarly to the preliminary computations at the beginning of
this proof:

E

{
m1+m2∑
i=m1+1

ξj1niη
j2
ni

∣∣∣∣ξn1, · · · , ξnm1 ; ηn1, · · · , ηnm1

}
=

=
m1+m2∑
i=m1+1

E

{
ξj1niη

j2
ni

∣∣∣∣ξn1, · · · , ξnm1 ; ηn1, · · · , ηnm1

}
=

m1+m2∑
i=m1+1

(m1∑
l=1

ξ
j1
nl

)(m1∑
l=1

η
j2
nl

)
(kn−m1)2

= [kn(t+h)]−[knt]
(kn−[knt])2

(
[knt]∑
l=1

ξj1nl

)(
[knt]∑
l=1

ηj2nl

)
.

But on the other hand we have:

E

(
[kn(t+h)]−[knt]

(kn−[knt])2

(
[knt]∑
l=1

ξj1nl

)(
[knt]∑
l=1

ηj2nl

))2

=

=
(

[kn(t+h)]−[knt]
(kn−[knt])2

)2

E

(
[knt]∑
l=1

ξj1nl

)2

E

(
[knt]∑
l=1

ηj2nl

)2

=
(

[kn(t+h)]−[knt]
(kn−[knt])2

)2 (
[knt]
kn

− [knt]([knt]−1)
kn(kn−1)

)2

kn −→
n−→∞

0.

Therefore, for t = tk, and since

σ(Xn(t1), · · · , Xn(tk)) ⊆ σ(ξn1, · · · , ξn[kntk]; ηn1, · · · , ηn[kntk]),
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we conclude that
1
h
E

{∣∣∣∣E {Xj1j2
n (tk + h)−Xj1j2

n (tk)
∣∣Xn(t1), Xn(t2), · · ·

· · · , Xn(tk)} − h · 0 ·Xj1j2
n (tk)

∣∣∣∣},

for j1 = 1, · · · , d1, and j2 = 1, · · · , d2, tend to zero with n goes to infinity.
Hence, the part (I) of the condition (1o) is verified indeed.
We turn now to the part (II) of the condition (1o).
We prefer here to make some necessary preliminary computations.
Fix 0 < t < 1, again here we put m1 := [knt], and m2 := [kn(t + h)]− [knt].
Also, if j1 = j2 we put j := j1 = j2, in the following formulas below, which
are similar to those formulas at the beginning of the proof:

kn∑
i=m1+1

xj1nix
j2
ni =


√
kn −

m1∑
l=1

(
xjnl
)2

: j1 = j2

−
m1∑
l=1

xj1nlx
j2
nl : j1 6= j2

,

∑
m1+16i1 6=i26kn

xj1ni1x
j2
ni2

=


(
m1∑
l=1

xjnl

)2

+
m1∑
l=1

(
xjnl
)2 −√kn : j1 = j2(

m1∑
l=1

xj1nl

)(
m1∑
l=1

xj2nl

)
+

m1∑
l=1

xj1nlx
j2
nl : j1 6= j2

,

and similar formulas are valid when we put the y’s in place of x’s above.
Therefore, we have for i1, i2 > m1 + 1

E

(
ξj1ni1ξ

j1
ni2
ηj2ni1η

j2
ni2

∣∣∣∣ξn1, · · · , ξnm1 ; ηn1, · · · , ηnm1

)
=

=


(√
kn−

m1∑
l=1

(ξj1
nl)

2
)(√

kn−
m1∑
l=1

(ηj2
nl)

2
)

(kn−m1)2
: i1 = i2((m1∑

l=1
ξ

j1
nl

)2

+
m1∑
l=1

(ξj1
nl)

2
−
√
kn

)((m1∑
l=1

η
j2
nl

)2

+
m1∑
l=1

(ηj2
nl)

2
−
√
kn

)
(kn−m1)2(kn−m1−1)2

: i1 6= i2

.

Also, for fixed j1, j2 we find

E

{(
m1+m2∑
i=m1+1

ξj1niη
j2
ni

)2 ∣∣∣∣ξn1, · · · , ξnm1 ; ηn1, · · · , ηnm1

}
=

= m2

(√
kn−

m1∑
l=1

(ξj1
nl)

2
)(√

kn−
m1∑
l=1

(ηj2
nl)

2
)

(kn−m1)2
+

+m2(m2 − 1)

((m1∑
l=1

ξ
j1
nl

)2

+
m1∑
l=1

(ξj1
nl)

2
−
√
kn

)((m1∑
l=1

η
j2
nl

)2

+
m1∑
l=1

(ηj2
nl)

2
−
√
kn

)
(kn−m1)2(kn−m1−1)2

.
For notational convenience, we put

Qn1 := m2

(√
kn−

m1∑
l=1

(ξj1
nl)

2
)(√

kn−
m1∑
l=1

(ηj2
nl)

2
)

(kn−m1)2
,
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Qn2 := m2(m2 − 1)

((m1∑
l=1

ξ
j1
nl

)2

+
m1∑
l=1

(ξj1
nl)

2
−
√
kn

)((m1∑
l=1

η
j2
nl

)2

+
m1∑
l=1

(ηj2
nl)

2
−
√
kn

)
(kn−m1)2(kn−m1−1)2

.
And we shall now deal with each quantity of Qn1, Qn2 alone.

Qn1 =
m2kn

(kn −m1)2︸ ︷︷ ︸
−→

n−→∞
h

(1−t)2

(
1− 1√

kn

m1∑
l=1

(
ξj1nl
)2)(

1− 1√
kn

m1∑
l=1

(
ηj2nl
)2)

,

E

(
1− 1√

kn

m1∑
l=1

(
ξj1nl
)2)

= 1− [knt]
kn

−→
n−→∞

(1− t),

E

(
1− 1√

kn

m1∑
l=1

(
ηj2nl
)2)

= 1− [knt]
kn

−→
n−→∞

(1− t),

E

(
1− 1√

kn

m1∑
l=1

(
ξj1nl
)2)2

=

= E

(
1 + 1

kn

m1∑
l=1

(
ξj1nl
)4

+ 1
kn

∑
l1 6=l2

(
ξj1nl1
)2 (

ξj1nl2
)2 − 2√

kn

m1∑
l=1

(
ξj1nl
)2)

= 1 + [knt]
(kn)2

kn∑
l=1

(xj1nl)
4 + [knt]([knt]−1)

(kn)2(kn−1)

((
kn∑
l=1

(xj1nl)
2

)2

−
kn∑
l=1

(xj1nl)
4

)
− 2 [knt]

kn
,

E

(
1− 1√

kn

m1∑
l=1

(
ξj1nl
)2)2

−→
n−→∞

(1− t)2,

E

(
1− 1√

kn

m1∑
l=1

(
ηj2nl
)2)2

−→
n−→∞

(1− t)2,

E (Qn1) −→
n−→∞

h, E (Qn1)
2 −→
n−→∞

h2.

We turn now to deal Qn2

Qn2 =
m2(m2 − 1)

(kn −m1)2︸ ︷︷ ︸
−→

n−→∞
h2

(1−t)2

(m1∑
l=1

ξ
j1
nl

)2

+
m1∑
l=1

(ξj1
nl)

2
−
√
kn

(kn−m1−1)

(m1∑
l=1

η
j2
nl

)2

+
m1∑
l=1

(ηj2
nl)

2
−
√
kn

(kn−m1−1)
.

By routine and similar computations we easily find:

E

(m1∑
l=1

ξ
j1
nl

)2

+
m1∑
l=1

(ξj1
nl)

2
−
√
kn

(kn−m1−1)

2

−→
n−→∞

0,

E

(m1∑
l=1

η
j2
nl

)2

+
m1∑
l=1

(ηj2
nl)

2
−
√
kn

(kn−m1−1)

2

−→
n−→∞

0,

E (Qn2)
2 −→
n−→∞

0.

Consequently, we have
E (Qn1 +Qn2) −→

n−→∞
h,
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E (Qn1 +Qn2)
2 −→
n−→∞

h2.

Therefore, also we have

E

(
E

{(
m1+m2∑
i=m1+1

ξj1niη
j2
ni

)2 ∣∣∣∣ξn1, · · · , ξnm1 ; ηn1, · · · , ηnm1

})
−→
n−→∞

h,

E

(
E

{(
m1+m2∑
i=m1+1

ξj1niη
j2
ni

)2 ∣∣∣∣ξn1, · · · , ξnm1 ; ηn1, · · · , ηnm1

})2

−→
n−→∞

h2.

Now, since

σ(Xn(t1), · · · , Xn(tk)) ⊆ σ(ξn1, · · · , ξn[kntk]; ηn1, · · · , ηn[kntk]),

we conclude that the part (II) of the condition (1o) is verified indeed.
We turn now to deal with the the part (III) of the condition (1o).
Fix 0 < t < 1, again here we put m1 := [knt], and m2 := [kn(t + h)]− [knt].
Also, similarly here we have

E

(
ξj1ni1ξ

j3
ni2
ηj2ni1η

j4
ni2

∣∣∣∣ξn1, · · · , ξnm1 ; ηn1, · · · , ηnm1

)
=

=



−

(m1∑
l=1

ξ
j1
nlξ

j3
nl

)(√
kn−

m1∑
l=1

(ηj2
nl)

2
)

(kn−m1)2
: if


i1 = i2
j1 6= j3
j2 = j4

−

(√
kn−

m1∑
l=1

(ξj1
nl)

2
)(m1∑

l=1
η

j2
nlη

j4
nl

)
(kn−m1)2

: if


i1 = i2
j1 = j3
j2 6= j4(m1∑

l=1
ξ

j1
nlξ

j3
nl

)(m1∑
l=1

η
j2
nlη

j4
nl

)
(kn−m1)2

: if


i1 = i2
j1 6= j3
j2 6= j4((m1∑

l=1
ξ

j1
nl

)(m1∑
l=1

ξ
j3
nl

)
+

m1∑
l=1

ξ
j1
nlξ

j3
nl

)((m1∑
l=1

η
j2
nl

)2

+
m1∑
l=1

(ηj2
nl)

2
−
√
kn

)
(kn−m1)2(kn−m1−1)2

: if


i1 6= i2
j1 6= j3
j2 = j4((m1∑

l=1
ξ

j1
nl

)2

+
m1∑
l=1

(ξj1
nl)

2
−
√
kn

)((m1∑
l=1

η
j2
nl

)(m1∑
l=1

η
j4
nl

)
+

m1∑
l=1

η
j2
nlη

j4
nl

)
(kn−m1)2(kn−m1−1)2

: if


i1 6= i2
j1 = j3
j2 6= j4((m1∑

l=1
ξ

j1
nl

)(m1∑
l=1

ξ
j3
nl

)
+

m1∑
l=1

ξ
j1
nlξ

j3
nl

)((m1∑
l=1

η
j2
nl

)(m1∑
l=1

η
j4
nl

)
+

m1∑
l=1

η
j2
nlη

j4
nl

)
(kn−m1)2(kn−m1−1)2

: if


i1 6= i2
j1 6= j3
j2 6= j4

.

Also, for fixed j1, j2, j3, j4, such that either j1 6= j3, or j2 6= j4, is valid, and
then we find

E

{(
m1+m2∑
i=m1+1

ξj1niη
j2
ni

)(
m1+m2∑
i=m1+1

ξj3niη
j4
ni

) ∣∣∣∣ξn1, · · · , ξnm1 ; ηn1, · · · , ηnm1

}
=
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=

−m2

(m1∑
l=1

ξ
j1
nlξ

j3
nl

)(√
kn−

m1∑
l=1

(ηj2
nl)

2
)

(kn−m1)2
+

+m2(m2 − 1)

((m1∑
l=1

ξ
j1
nl

)(m1∑
l=1

ξ
j3
nl

)
+

m1∑
l=1

ξ
j1
nlξ

j3
nl

)((m1∑
l=1

η
j2
nl

)2

+
m1∑
l=1

(ηj2
nl)

2
−
√
kn

)
(kn−m1)2(kn−m1−1)2


if

{
j1 6= j3
j2 = j4

}
+

+

−m2

(√
kn−

m1∑
l=1

(ξj1
nl)

2
)(m1∑

l=1
η

j2
nlη

j4
nl

)
(kn−m1)2

+

+m2(m2 − 1)

((m1∑
l=1

ξ
j1
nl

)2

+
m1∑
l=1

(ξj1
nl)

2
−
√
kn

)((m1∑
l=1

η
j2
nl

)(m1∑
l=1

η
j4
nl

)
+

m1∑
l=1

η
j2
nlη

j4
nl

)
(kn−m1)2(kn−m1−1)2


if

{
j1 = j3
j2 6= j4

}
+

+

m2

(m1∑
l=1

ξ
j1
nlξ

j3
nl

)(m1∑
l=1

η
j2
nlη

j4
nl

)
(kn−m1)2

+

+m2(m2 − 1)

((m1∑
l=1

ξ
j1
nl

)(m1∑
l=1

ξ
j3
nl

)
+

m1∑
l=1

ξ
j1
nlξ

j3
nl

)((m1∑
l=1

η
j2
nl

)(m1∑
l=1

η
j4
nl

)
+

m1∑
l=1

η
j2
nlη

j4
nl

)
(kn−m1)2(kn−m1−1)2


if

{
j1 6= j3
j2 6= j4

}
By using routine computations similarly to what we did before with the con-
dition (II) we conclude that the condition (III) is valid indeed.
Now, since the maximum jump in Xn(t) tends to zero, and also Xn(0) =
0, ∀n ∈ N, the remark following the proof of theorem 2.2.6 is also verified.
Now, we turn to condition(3o) which states: There is a constant K such that,
for all j1 = 1, · · · , d1, j2 = 1, · · · , d2, and for all t1, t, t2 ∈ [0, 1] satisfying
t1 6 t 6 t2, then

lim sup
n−→∞

E
{

(Xj1j2
n (t)−Xj1j2

n (t1))
2
(Xj1j2

n (t2)−Xj1j2
n (t))

2
}

6 K(t2 − t1)
2.

First, if t2 − t1 6 1
kn

, then for all n ∈ N we have

E
{

(Xj1j2
n (t)−Xj1j2

n (t1))
2
(Xj1j2

n (t2)−Xj1j2
n (t))

2
}

= 0, and the condition

(III) holds in this case.
Now, if t2 − t1 >

1
kn

, then we find easily that:

E
{

(Xj1j2
n (t)−Xj1j2

n (t1))
2
(Xj1j2

n (t2)−Xj1j2
n (t))

2
}

=
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=
∑

[knt1]<l1 6=l26[knt]

∑
[knt]<l3 6=l46[knt2]

E
{
ξj1nl1ξ

j1
nl2
ξj1nl3ξ

j1
nl4

}
E
{
ηj2nl1η

j2
nl2
ηj2nl3η

j2
nl4

}
+

+
∑

[knt1]<l1 6=l26[knt]

∑
[knt]<l36[knt2]

E
{
ξj1nl1ξ

j1
nl2

(
ξj1nl3
)2}

E
{
ηj2nl1η

j2
nl2

(
ηj2nl3
)2}

+

+
∑

[knt1]<l16[knt]

∑
[knt]<l2 6=l36[knt2]

E
{(
ξj1nl1
)2
ξj1nl2ξ

j1
nl3

}
E
{(
ηj2nl1
)2
ηj2nl2η

j2
nl3

}
+

+
∑

[knt1]<l16[knt]

∑
[knt]<l26[knt2]

E
{(
ξj1nl1
)2 (

ξj1nl2
)2}

E
{(
ηj2nl1
)2 (

ηj2nl2
)2}

.

For reasons of convenience, we put here
m1 := [knt]− [knt1], and m2 := [knt2]− [knt].

E
{

(Xj1j2
n (t)−Xj1j2

n (t1))
2
(Xj1j2

n (t2)−Xj1j2
n (t))

2
}

=

= m1(m1−1)m2(m2−1)
kn(kn−1)(kn−2)(kn−3)

S11·S12

kn(kn−1)(kn−2)(kn−3)
+ m1(m1−1)m2

kn(kn−1)(kn−2)
S21·S22

kn(kn−1)(kn−2)
+

+ m1m2(m2−1)
kn(kn−1)(kn−2)

S31·S32

kn(kn−1)(kn−2)
+ m1m2

kn(kn−1)
S41·S42

kn(kn−1)
.

Where
S11 :=

∑
xj1nl1x

j1
nl2
xj1nl3x

j1
nl4

,
for l1, l2, l3, l4 are distinct pairwise and ranging over 1, · · · , kn,
S12 :=

∑
yj2nl1y

j2
nl2
yj2nl3y

j2
nl4

,
for l1, l2, l3, l4 are distinct pairwise and ranging over 1, · · · , kn,
S21 :=

∑
xj1nl1x

j1
nl2

(
xj1nl3

)2
,

for l1, l2, l3 are distinct pairwise and ranging over 1, · · · , kn,
S22 :=

∑
yj2nl1y

j2
nl2

(
yj2nl3
)2

,
for l1, l2, l3 are distinct pairwise and ranging over 1, · · · , kn,
S31 :=

∑(
xj1nl1

)2
xj1nl2x

j1
nl3

,
for l1, l2, l3 are distinct pairwise and ranging over 1, · · · , kn,
S32 :=

∑(
yj2nl1
)2
yj2nl2y

j2
nl3

,
for l1, l2, l3 are distinct pairwise and ranging over 1, · · · , kn,
S41 :=

∑(
xj1nl1

)2 (
xj1nl2

)2
,

for l1, l2 are distinct and ranging over 1, · · · , kn,
S42 :=

∑(
yj2nl1
)2 (

yj2nl2
)2

,
for l1, l2 are distinct and ranging over 1, · · · , kn.
Therefore, there are constants K, K1, K2, K3, and K4 such that, for all
j1 = 1, · · · , d1, and j2 = 1, · · · , d2, we have

E
{

(Xj1j2
n (t)−Xj1j2

n (t1))
2
(Xj1j2

n (t2)−Xj1j2
n (t))

2
}

6

6 m1(m1−1)m2(m2−1)
kn(kn−1)(kn−2)(kn−3)

K1 + m1(m1−1)m2

kn(kn−1)(kn−2)
K2 + m1m2(m2−1)

kn(kn−1)(kn−2)
K3 + m1m2

kn(kn−1)
K4

6 K(t2 − t1)
2.

Hence, the condition (3o) is verified indeed, and consequently the proof is
complete. �
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Corollary 2.3.6. Under the same hypotheses of theorem 2.3.5
let us define the random arrays ζn1, ζn2, · · · , ζnkn by the following formulas
ζni := ξni ∗ ηni, i = 1, · · · , kn, and where ∗ here is a binary operation de-
fined by x ∗ y := (x1y1, · · · , xdyd)t, ∀x, y ∈ Rd. And let us define Xn by

Xn(t) :=
∑[knt]

i=1 ζni, Xn(t) := 0 whenever 0 6 t < 1/kn, where [·] stands for
the integral value function. Then we assert that:

Xn
D−→W,

where W here is a d-dimensional Brownian motion with independent argu-
ments, each argument is a one-dimensional Brownian motion. �

Corollary 2.3.7. In the same situation of theorem 2.3.5, but here
we put for each n ∈ N, ζni := ξtniηni, i = 1, · · · , kn, then we obtain:

Xn
D−→
√
dW,

or more explicitly [knt]∑
i=1

ξjniη
j
ni


06t61

D−→
(√
dW
)

06t61
,

where W here is a one-dimensional Brownian motion.

Proof: From the proof of theorem 2.3.5 we have

d∑
j=1

ujX
jj
n

D−→

√√√√ d∑
j=1

(uj)2W,

Now, we just put uj = 1, j = 1, · · · , d, above. This implies the validity of
this corollary. �

Remark 2.3.8. We keep all hypotheses of theorem 2.3.5, but we
make some changes in the conditions of the x’s and the y’s, where here we
suppose that the following sequences:(

1√
kn
s2(xkn

)
)
n∈N

,
(

1√
kn
s2(y

kn
)
)
n∈N

,

(
1√
kn

kn∑
i=1

xni

)
n∈N

, and

(
1√
kn

kn∑
i=1

yni

)
n∈N

are bounded. Where,
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s2(xkn
) :=

kn∑
i=1

(xni − x̄n)(xni − x̄n)
t,

s2(y
kn

) :=
kn∑
i=1

(yni − ȳn)(yni − ȳn)
t,

where x̄n := 1
kn

kn∑
i=1

xni, and ȳn := 1
kn

kn∑
i=1

yni. We suppose further that the

arrays xkn
, and y

kn
are infinitesimal and that the matrices s2(xkn

), s2(y
kn

)

are positive definite for all n ∈ N.
Then the assertion becomes

Xn
w∼

(
1√
kn

√
s2(xkn

) Wt

√
s2(y

kn
) +

t

kn

kn∑
i=1

xni

kn∑
i=1

ytni

)
06t61

(Cn),

which means by definition

E(ϕ(Xn))−E

(
ϕ

(
1√
kn

√
s2(xkn

) W
√
s2(y

kn
) +

(·)
kn

kn∑
i=1

xni

kn∑
i=1

ytni

))
−→ 0,

or more explicitly

1
(kn!)2

∑
π1,π2

ϕ

(
[kn(·)]∑
i=1

xnπ1(i)y
t
nπ2(i)

)
−

−
∫

(C[0,1)]d1×d2
ϕ

(
1√
kn

√
s2(xkn

) W
√
s2(y

kn
) + (·)

kn

kn∑
i=1

xni
kn∑
i=1

ytni

)
dµ −→ 0.

For all bounded uniformly continuous functions ϕ : (D[0, 1])d1×d2 −→ R,
where µ is the Wiener measure, defined (C[0, 1])d1×d2 , and where π1, π2 here
ranging over all bijective functions, defined on {1, 2, · · · , kn}.

Proof: It is sufficient to prove it in the case where there exists ε > 0, such
that ‖ 1√

kn
s2(xkn

) ‖> ε, and ‖ 1√
kn
s2(y

kn
) ‖> ε are valid for all n ∈ N. From

the new hypotheses above, we conclude that we can reduce this case to the
situation of theorem 2.3.5 just by define for each n ∈ N these new arrays

x̃ni :=
(

1√
kn
s2(xkn

)
)− 1

2
(xni − x̄n), and ỹni :=

(
1√
kn
s2(y

kn
)
)− 1

2
(yni − ȳn).

Then we have by theorem 2.3.5:( 1√
kn
s2(xkn

)

)− 1
2

[knt]∑
i=1

(ξni − x̄n)(ηni − ȳn)
t

(
1√
kn
s2(y

kn
)

)− 1
2


06t61

D−→ W.

Consequently, the assertion holds. �
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The following theorem is intended to be used later when we shall deal with
permutation statistics for the hypothesis of random blocks H3.

Theorem 2.3.9. For each n ∈ N, let xn11, xn12, · · · , xn1k; xn21, xn22,
· · · , xn2k; · · · ; xnn1, xnn2, · · · , xnnk be a sequence of blocks of d-dimensional
arrays of real numbers which are not distinct necessarily, let further (ξn11,
ξn12, · · · , ξn1k; ξn21, ξn22, · · · , ξn2k; · · · ; ξnn1, ξnn2, · · · , ξnnk) be an array of
blocks of random arrays, where the blocks are independent and the random
arrays of the i’th block taking values in the set of all permutations of the
block xni1, xni2, · · · , xnik, where each permutation having the same probabil-
ity 1

k!
, and that is for i = 1, · · · , n. Let us define Xnj by Xnj(t) :=

∑[nt]
i=1 ξnij,

Xnj(t) := 0 whenever 0 6 t < 1/n, j = 1, · · · , k, where [·] stands for the
integral value function.

If
∑k

j=1 xnij = 0, n
k

∑k
j=1 xnijx

t
nij = Id, i = 1, · · · , n then we haveXnj

D−→ W ,
j = 1, · · · , k, where W here is a d-dimensional Brownian motion with inde-
pendent arguments, each argument is a one-dimensional Brownian motion.

Proof: Let us begin with some preliminary computations.

Let n ∈ N, from the hypotheses we find E(ξnij) = 1
k

k∑
l=1

xnil = 0, and

E
(
ξnijξ

t
nij

)
= 1

k

k∑
l=1

(xnilx
t
nil) = 1

n
Id, i = 1, · · · , n, j = 1, · · · , k. Also, we

remark that for each j = 1, · · · , k the random variables ξn1j, ξn2j, · · · , ξnnj
are independent.

E(
∑[nt]

i=1 ξnij) = 0, E

((∑[nt]
i=1 ξnij

)(∑[nt]
i=1 ξnij

)t)
= [nt]/nId −→ tId for

n −→∞.
We turn now to the main part of this proof, where we shall implement the
same steps of the proof of theorem 2.3.3 for ρm(t) = 0, σ2

m(t) = 1, and
m = 1, · · · , d. Fix j of {1, 2, · · · , k}, we begin verifying the condition (1o)
which states:
If 0 6 t1 6 · · · 6 tk < 1, then

(I) lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E{Xm
nj(tk + h)−Xm

nj(tk)
∣∣Xnj(t1), · · · , Xnj(tk)

}
−

−hρm(tk)X
m
nj(tk)

∣∣∣∣} = 0, for m = 1, · · · , d,

(II) lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E{(Xm
nj(tk +h)−Xm

nj(tk)
)2∣∣Xnj(t1), · · · , Xnj(tk)

}
−

−hσ2
m(tk)

∣∣∣∣} = 0, for m = 1, · · · , d,
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and

(III) lim
h↓0

lim sup
n−→∞

1
h
E

{∣∣∣∣E{(Xm1
nj (tk+h)−Xm1

nj (tk)
)(
Xm2
nj (tk+h)−Xm2

nj (tk)
)∣∣

∣∣Xnj(t1), · · · , Xnj(tk)

}∣∣∣∣} = 0, for m1 6= m2.

Let us verify (I): Fix 0 < t < 1, for reasons of convenience, we put m̄1 := [nt],
and m̄2 := [n(t + h)] − [nt], where 0 < h 6 1− t. Consequently, for large n
we have 1 6 m̄1 < m̄1 + m̄2 6 n.
From the assumptions we know that, ξn,m̄1+1,j, · · · , ξn,m̄1+m̄2,j are indepen-
dent of ξn1j, · · · , ξnm̄1j. And we have similarly to the beginning of the proof:

E

{
m̄1+m̄2∑
i=m̄1+1

ξnij
∣∣ξn1j, · · · , ξnm1j

}
= 0, which implies

E
{
Xm
nj(t+ h)−Xm

nj(t)
∣∣ξn1j, · · · , ξnm1j

}
= 0, for m = 1, · · · , d. Now, for

t = tk, we have of course,

σ(Xnj(t1), · · · , Xnj(tk)) ⊆ σ(ξn1j, · · · , ξnm1j).

Therefore,
1
h
E
{∣∣E {Xm

nj(tk + h)−Xm
nj(tk)

∣∣Xnj(t1), · · · , Xnj(tk)
}
− h · 0 ·Xm

nj(tk)
∣∣} = 0,

for m = 1, · · · , d.
Hence, (I) is verified.
Also, for fixed m = 1, · · · , d, we have

E

{(
m̄1+m̄2∑
i=m̄1+1

ξmnij

)2 ∣∣ξn1j, · · · , ξnm1j

}
= m̄2

n
−→
n−→∞

h

Therefore,

E
{(
Xm
nj(t+ h)−Xm

nj(t)
)2 ∣∣ξn1j, · · · , ξnm1j

}
= m̄2

n
−→
n−→∞

h.

And consequently
1
h
E
{∣∣∣E {(Xm

nj(tk + h)−Xm
nj(tk)

)2 ∣∣Xnj(t1), · · · , Xnj(tk)
}
− h · 1

∣∣∣} −→
n−→∞

0.

Therefore, also the condition (II) is verified. Also, for fixed m1,m2 ∈ {1,
· · · , d}, and m1 6= m2, we have

E

{(
m̄1+m̄2∑
i=m̄1+1

ξm1
nij

)(
m̄1+m̄2∑
i=m̄1+1

ξm2
nij

) ∣∣ξn1j, · · · , ξnm1j

}
= 0.

Therefore,
E
{(
Xm1
nj (t+ h)−Xm1

nj (t)
) (
Xm2
nj (t+ h)−Xm2

nj (t)
) ∣∣ξn1j, · · · , ξnm1j

}
= 0.

And consequently

1
h
E

{∣∣∣∣E{(Xm1
nj (t+ h)−Xm1

nj (t)
) (
Xm2
nj (t+ h)−Xm2

nj (t)
) ∣∣

∣∣Xnj(t1), · · · , Xnj(tk)

}∣∣∣∣} = 0.
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Therefore, also the condition (III) is verified.
Hence, we have verified the condition (1o).
Now, we turn to verify the remark following the proof of theorem 2.2.6:
Since the maximum jump max16i6n ||xnij|| in Xnj tends to zero and Xnj(0) =
0,∀n ∈ N, the mentioned remark is verified obviously.
Now, we turn to condition(3o) which states: There is a constant K such
that, for all m = 1, · · · , d, and for all n ∈ N, and also for all t1, t, t2 ∈ [0, 1]
satisfying t1 6 t 6 t2, then

lim sup
n−→∞

E
{(
Xm
nj(t)−Xm

nj(t1)
)2 (

Xm
nj(t2)−Xm

nj(t)
)2}

6 K(t2 − t1)
2.

First, if t2 − t1 6 1
n
, then E

{(
Xm
nj(t)−Xm

nj(t1)
)2 (

Xm
nj(t2)−Xm

nj(t)
)2}

= 0,

and the condition holds.
Now, if t2 − t1 >

1
n
, then we find easily that:

E
{(
Xm
nj(t)−Xm

nj(t1)
)2 (

Xm
nj(t2)−Xm

nj(t)
)2}

=
∑
{ξmni1jξ

m
ni2j

ξmni3jξ
m
ni4j

}, where

[nt1] < i1, i2 6 [nt], and [nt] < i3, i4 6 [nt2]. Let us put m̄1 := [nt] − [nt1]
and m̄2 := [nt2]− [nt]. We have∑
{ξmni1jξ

m
ni2j

ξmni3jξ
m
ni4j

} =
= m̄1m̄2E{(ξmn1j)

2(ξmn2j)
2}+ m̄1m̄2(m̄1 + m̄2 − 2)E{(ξmn1j)

2ξmn2jξ
m
n3j}+

+m̄1(m̄1 − 1)m̄2(m̄2 − 1)E{ξmn1jξ
m
n2jξ

m
n3jξ

m
n4j}.

= m̄1m̄2E{(ξmn1j)
2(ξmn2j)

2}+ 0

= m̄1m̄2

n2 6 1
4

(m̄1+m̄2)2

n2 .

lim sup
n−→∞

E
{(
Xm
nj(t)−Xm

nj(t1)
)2 (

Xm
nj(t2)−Xm

nj(t)
)2}

6 1
4
(t2 − t1)

2.

Therefore, the condition (3o) is verified at least for K > 1
4
, and consequently

the proof is complete. �

Remark 2.3.10. We keep all the hypotheses of theorem 2.3.9, but
here we put these new conditions:
For each n ∈ N,

∑k
j=1 xnij, and

∑k
j=1(xnij − x̄n)(xnij − x̄n)

t are independent

of the value of i, where x̄n := 1
k

∑k
j=1 xn·j, i.e. we can write:

k∑
j=1

xnij =
k∑
j=1

xn·j,

k∑
j=1

(xnij − x̄n)(xnij − x̄n)
t =

k∑
j=1

(xn·j − x̄n)(xn·j − x̄n)
t.
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Now, if the sequences
(
n
k

∑k
j=1 xn·j

)
n∈N

, and(
n
k

∑k
j=1(xn·j − x̄n)(xn·j − x̄n)

t
)
n∈N

are bounded, and the matrices s2(xn) are

assumed to be positive definite for all n ∈ N. Then

Xnj
w∼

(√
n

k

√
s2(xn)Wt + t

n

k

k∑
j=1

xn·j

)
06t61

(Cn), j = 1, 2, · · · , k,

where s2(xn) :=
∑k

j=1(xn·j − x̄n)(xn·j − x̄n)
t.

It is important to mention here that the assertion of this remark means by
definition:

E(ϕ(Xnj))−E

(
ϕ

(√
n

k

√
s2(xn)W + (·)n

k

k∑
j=1

xn·j

))
−→
n−→∞

0, j = 1, · · · , k,

or more explicitly,

1
(k!)n

∑
π1,π2,··· ,πn

ϕ

(
[n(·)]∑
i=1

xniπi(j)

)
−

−
∫

(C[0,1])d ϕ
(√

n
k

√
s2(xn)W + (·)n

k

∑k
j=1 xn·j

)
dµ −→

n−→∞
0, j = 1, · · · , k.

For all bounded uniformly continuous functions ϕ : (D[0, 1])d −→ R, where
µ is the Wiener measure, defined (C[0, 1])d, and where π1, π2, · · · , πn here
ranging over all bijective functions, defined on {1, 2, · · · , k}.

Proof: It is sufficient to prove it in the case where there exists ε > 0,
such that ‖ n

k
s2(xn) ‖> ε is valid for all n ∈ N. We can reduce the case to

the situation of the previous corollary by using these new arrays:

x̃nij :=
(
n
k
s2(xn)

)− 1
2 (xnij − x̄n), n ∈ N, i = 1, · · · , n, j = 1, · · · , k.

And consequently, we obtain by theorem 2.3.9:(n
k
s2(xn)

)− 1
2

[nt]∑
i=1

(ξnij − x̄n)


06t61

D−→ W, j = 1, · · · , k.

But from the hypotheses the sequences
(
n
k

∑k
j=1 xn·j

)
n∈N

, and(
n
k

∑k
j=1(xn·j − x̄n)(xn·j − x̄n)

t
)
n∈N

are bounded.

Hence, the assertion is valid. �
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Chapter Three

Conditional Distributions Limit Theorems
for Permutation Test Statistics

3.1. The Hypothesis H0 (randomness):

We want to say here that some of the results, which are written in this section, can
be proved directly by using those results in the paper ”On the asymptotic theory of per-
mutation statistics [1998]” which is due to H. Strasser and C. Weber, but the proofs which
I presented here are in some places either similar to the orginal ones or modified. In fact,
the main reason for that is first to combine the case of H0 with other cases of H1, H2,
H3 in one volume, and secondly because the mentioned proofs have been completed and
explained entirely here.

Introduction: Let (Ω,A) be a measurable space and let P be a
probability measure defined on A, Xkn

= (Xn1, Xn2, · · · , Xnkn)t, n ∈ N, be
a triangular array of random elements with values in a sample space (E ,B),
where E is a separable metric space, and B is the Borel σ-algebra defined
on E . Assume that the random elements of each row (i.e. Xn1, · · · , Xnkn ,
n ∈ N) are i.i.d. under P. Let the distribution of Xni under P be denoted
by P ∗Xni or shortly by Pn. The general form of linear statistics which are
considered here is denoted by Tn

(
Xkn

)
, or shortly by Tn if we can avoid

confusion, where Tn := 1√
kn

kn∑
i=1

ωnifn
(
Xni, Xkn

)
, and where ωni ∈ Mm×d,

i = 1, · · · , kn, n ∈ N, these matrices are assumed to be given constants. The
functions fn : E × Ekn −→ Rd, (x, y

kn
) 7−→ fn(x, ykn

), n ∈ N, are measurable

and such that they depend on y
kn

in a permutation symmetric way. This

means fn

(
x, π

(
y
kn

))
= fn(x, ykn

), for all π ∈ Πkn , where Πkn is the set of

all bijective functions defined on the set {1, 2, · · · , kn}. Fix n ∈ N, and let
λ ∈ Rd be a given constant, define Ωλ ⊆ Ω by

Ωλ :=

{
λtfn

(
Xn1, Xkn

)
= λtfn

(
Xn2, Xkn

)
= · · · = λtfn

(
Xnkn , Xkn

)}
we assume that P(Ωλ) > 0 is hold iff λ = 0. Now, for notational conve-
nience concerning the computations, let ωn ∈ L2([0, 1],Mm×d) be such that
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ωni = kn

i
kn∫

i−1
kn

ωn(t)dt, i = 1, · · · , kn, n ∈ N.

We mention here that the form of the considered statistic Tn contains the

linear rank test statistic S =
n∑
i=1

cia(Ri) which has been discussed deeply in

”Theory of rank tests [1967]” which is due to J. Hájek and Z. S̆idák.

To achieve the purpose here we need to build a base for our coming limit
theorems, for this we shall begin with the following interesting steps which
are needed very much to obtain the final results.

Let us here introduce here the known kind of exchangeablity, but we call
it here H0-exchangeablity, also we put some related symbols, which will be
needed for the main results of this section.
Let (Ω,A, P ) be a probability space and let ξ

kn
= (ξn1, ξn2, · · · , ξnkn)t be

a triangular array of random elements from (Ω,A, P ) to (E ,B), where E is
a separable metric space, and B is the Borel σ-algebra defined on E . And
let (Cn)n∈N be a sequence of sub-σ-fields of A, C be a sub-σ-field of A. Let

further S0
(
ξ
kn

)
:=
(
ξ
kn

)−1

(S0
n), where S0

n denotes here the σ-field of all

sets B in Bkn satisfying the condition

xkn
∈ B ⇐⇒ π

(
xkn

)
∈ B, ∀π ∈ Πkn ,

where here xkn
:= (x1, · · · , xkn). Let s2(ξ

kn
) :=

kn∑
i=1

(
ξni − ξ̄n

) (
ξni − ξ̄n

)t
, and

ξ̄n := 1
kn

kn∑
i=1

ξni. For each n ∈ N the matrix s2(ξ
kn

) is assumed to be positive

definite. These assumptions are hold in this section.

Definition 3.1.1. The random arrays ξn1, ξn2, · · · , ξnkn are H0-ex-
changeable under P (·|Cn), iff ∀π ∈ Πkn the equality

P
(
ξ
kn
∈ B|Cn

)
= P

(
π
(
ξ
kn

)
∈ B|Cn

)
[P ]

is valid for all B ∈ Bkn , and then the array ξ
kn

is called H0-exchangeable

under P (·|Cn).
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Lemma 3.1.2. Let f : (E ,B)kn −→ (R,B) be a measurable function
such that E(f(ξ

kn
)) is well-defined. If ξ

kn
is H0-exchangeable under P (·|C),

then ∀A ∈ S0(ξ
kn

), C ∈ C, π ∈ Πn the following equality is valid

E
(
1A∩Cf

(
π
(
ξ
kn

)))
= E

(
1A∩Cf

(
ξ
kn

))
.

�

Let us denote the σ-field σ(S0
(
ξ
kn

)
, C) by S0(ξ

kn
, C). Now, since {A ∩ C :

A ∈ S0
(
ξ
kn

)
, C ∈ C} generates the σ-field S0(ξ

kn
, C), we have by lemma

3.1.2 the validity of

E
(
1Df

(
π
(
ξ
kn

)))
= E

(
1Df

(
ξ
kn

))
,

∀D ∈ S0(ξ
kn
, C), π ∈ Πkn .

Therefore, the following lemma is just a consequence of lemma 3.1.2.

Lemma 3.1.3. Let f : (E ,B)kn −→ (R,B) be a measurable function
such that E(f(ξ

kn
)) is well-defined. If ξ

kn
is H0-exchangeable under P (·|C),

then

E(f(ξ
kn

)|S0
(
ξ
kn
, C
)
) =

1

kn!

∑
π∈Πkn

f(π(ξ
kn

)) [P ].

Let us here introduce the following theorem which is an invariance prin-
ciple, needed to obtain the limit theorems of this section.

Theorem 3.1.4. Suppose that the triangular array ξ
kn

is infinites-

imal, and the sequences

(
kn∑
i=1

ξni

)
n∈N

, and
(
s2(ξ

kn
)
)
n∈N

are stochastically

bounded. If Cn ⊇ S0
(
ξ
kn

)
, n ∈ N, is a sequence of sub-σ-fields of A,

C̃n := σ(C × (C[0, 1])d : C ∈ Cn), and if the triangular array ξ
kn

is H0-ex-

changeable under P (·|Cn) then

S̃n
w∼W̃ (C̃n).

Where
S̃n : Ω× (C[0, 1])d −→ (D[0, 1])d,
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S̃n(ω1, ω2) := Sn(ω1),

(Sn(ω1)) (t) :=

[knt]∑
i=1

ξni(ω1).

And
W̃ : Ω× (C[0, 1])d −→ (C[0, 1])d ⊂ (D[0, 1])d,

W̃t(ω1, ω2) :=
(√

s2(ξ
kn

)
)

(ω1)W
o
t (ω2) + t

kn∑
i=1

ξni(ω1),

∀t ∈ [0, 1], ∀(ω1, ω2) ∈ Ω × (C[0, 1])d, where W o := (W o
t )06t61 is a d-

dimensional Brownian bridge.

Proof: We first prove it in the case where sup
n

‖ s2(ξ
kn

) ‖< +∞ [P ],

and sup
n
‖

kn∑
i=1

ξni ‖< +∞ [P ].

By lemma 1.2.2 the assertion is equivalent to the validity of the limit∫
Cn×C[0,1]d

ϕ(S̃n)dP ⊗ µ−
∫

Cn×C[0,1]d

ϕ(W̃ )dP ⊗ µ −→
n−→∞

0,

for all sequences (Cn)n∈N, and for all bounded uniformly continuous functions
ϕ : (D[0, 1])d −→ R, where Cn ∈ Cn, and where µ is the the Wiener measure
defined on (C[0, 1])d.
Therefore, let (Cn)n∈N be an arbitrary sequence of the measurable sets Cn ∈
Cn, n ∈ N, we want to prove the validity of the previous limit above, which
is equivalent to ∫

Cn

ϕ(Sn)dP −
∫
Cn

∫
(C[0,1])d

ϕ(W̃ )dPdµ −→
n−→∞

0

⇐⇒
∫
Cn

E (ϕ(Sn)|Cn) dP −
∫
Cn

E

 ∫
(C[0,1])d

ϕ(W̃ )dµ

∣∣∣∣Cn
 dP −→

n−→∞
0

Since the sequence (Cn)n∈N is arbitrary, the previous assertion is equivalent
to

E (ϕ(Sn)|Cn)− E

 ∫
(C[0,1])d

ϕ(W̃ )dµ

∣∣∣∣Cn
 P−→0
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⇐⇒ E (ϕ(Sn)|Cn)−
∫

(C[0,1])d

ϕ(W̃ )dµ
P−→0

⇐⇒ 1

kn!

∑
π

ϕ

[kn(·)]∑
i=1

ξnπ(i)

−
∫

(C[0,1])d

ϕ(W̃ )dµ
P−→0,

where π here ranging over all bijective functions, defined on {1, 2, · · · , kn}.
It is sufficient to prove that each subsequence {n′} contains another sub-
subsequence {n′′} such that

1

kn′′ !

∑
π

ϕ

[kn′′ (·)]∑
i=1

ξn′′π(i)

−
∫

(C[0,1])d

ϕ(W̃ )dµ −→ 0 [P ].

From the hypotheses, each sub-sequence {n′} of {n} contains another sub-
subsequence {n′′} such that max

16i6kn′′
‖ ξn′′i ‖−→ 0 [P ]. Therefore, without

any loss of generality we can assume that max
16i6kn

‖ ξni ‖−→ 0 [P ]. Hence, for

all ω1 of those fulfill the hypotheses, we want now to prove

1
kn!

∑
π

ϕ

(
[kn(·)]∑
i=1

ξnπ(i)(ω1)

)
−

−
∫

(C[0,1])d

ϕ

((√
s2(ξ

kn
)
)

(ω1)W
o + (·)

kn∑
i=1

ξni(ω1)

)
dµ −→ 0.

But this is valid indeed from remark 2.3.2.
Now, we turn to prove it in the general case.

Let us define CM
n :=

{
‖

kn∑
i=1

ξni ‖6 M , ‖ s2(ξ
kn

) ‖6 M

}
, and also for each

n ∈ N, and i = 1, · · · , kn, we define the new random arrays ξ̃ni := 1CM
n
·ξni. It

is clear that the new random arrays satisfy the first case of the proof above.
Consequently, the limit∫

Cn×(C[0,1])d

ϕ(1CM
n
· S̃n)dP ⊗ µ−

∫
Cn×(C[0,1])d

ϕ(1CM
n
· W̃ )dP ⊗ µ −→

n−→∞
0,

is valid for all sequences (Cn)n∈N, and for all bounded uniformly continuous
functions ϕ : (D[0, 1])d −→ R, where Cn ∈ Cn. We can rewrite the previous
limit as the following∫

Cn×(C[0,1])d

1CM
n
· ϕ(S̃n)dP ⊗ µ−

∫
Cn×(C[0,1])d

1CM
n
· ϕ(W̃ )dP ⊗ µ −→

n−→∞
0.
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Also, we can enlarge M to make the following inequality valid P (CM
n ) > 1−ε

for any given ε > 0, and for all n ∈ N.
Therefore, we obtain the validity of the limit∫

Cn×(C[0,1])d

ϕ(S̃n)dP ⊗ µ−
∫

Cn×(C[0,1])d

ϕ(W̃ )dP ⊗ µ −→
n−→∞

0,

for all sequences (Cn)n∈N, and for all bounded uniformly continuous functions
ϕ : (D[0, 1])d −→ R, where Cn ∈ Cn. Hence, the proof is complete. �

Corollary 3.1.5. In the same situation of theorem 3.1.4, we have
the validity of

S̃n
w∼W̃ ,

or more explicitly[knt]∑
i=1

ξni


06t61

w∼

((√
s2(ξ

kn
)
)
W o
t + t

kn∑
i=1

ξni

)
06t61

.

In the same situation of theorem 3.1.4, we want to discuss the conditional
asymptotic normality of a given linear combination of the random arrays
Sn(t1), Sn(t2),· · · , Sn(tk), where t1, t2,· · · , tk belong to [0, 1]. The following
remark is for this purpose.

Remark 3.1.6. Let Xn be defined by

Sn(t1)...
Sn(tk)

, where t1, t2,· · · ,

tk belong to [0, 1], and let a1, a2,· · · , ak be given constant matrices of order
m× d, then we have

P ∗
k∑
i=1

ai · Sn(ti) ∼ N (µn, σ
2
n) (Cn), where ∀n ∈ N

µn :=
k∑
j=1

tjaj ·

(
kn∑
i=1

ξni

)

σ2
n := (a1, · · · , ak) ·

(
min(ti, tj)(1−max(ti, tj)s

2
(
ξ
kn

))
16i,j6k

·

a
t
1
...
atk


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Proof: From Theorem 3.1.4 we conclude the following fact

P ∗

Sn(t1)...
Sn(tk)

 ∼ N
(
µ̃n, σ̃

2
n

)
(Cn) ,

where here ∀n ∈ N

µ̃n :=


t1

kn∑
i=1

ξni

...

tk
kn∑
i=1

ξni

 ,

σ̃2
n :=

(
min(ti, tj)(1−max(ti, tj))s

2(ξ
kn

)
)

16i,j6k
.

Which means by definition the validity of the following limit

EP (f (Sn(t1), Sn(t2), · · · , Sn(tk)) |Cn)−
∫
fdN (µ̃n, σ̃

2
n)

P−→ 0, for all bounded
uniformly continuous functions f : (Rd)k −→ R. Now, let g : Rm −→ R be
a bounded uniformly continuous function, and let a1, a2,· · · , ak ∈ Mm×d
be given constant matrices, then the function h : (Rd)k −→ R, defined by
h(x) := g((a1, a2, · · · , ak) · x), ∀x ∈ (Rd)k is also bounded uniformly contin-
uous function. Thus, we have for this h the validity of the limit

EP (h (Sn(t1), Sn(t2), · · · , Sn(tk)) |Cn) −
∫
hdN (µ̃n, σ̃

2
n)

P−→ 0, which can be
rewritten as

EP

g
(a1, a2, · · · , ak) ·

Sn(t1)...
Sn(tk)


∣∣∣∣Cn

−∫ gdN (µn, σ
2
n)

P−→ 0, which is

also equivalent to

EP

(
g

(
k∑
j=1

aj · Sn(tj)

)
|Cn

)
−
∫
gdN

(
µn, σ

2
n

) P−→ 0,

where here

µn := (a1, a2, · · · , ak) ·


t1

kn∑
i=1

ξni

...

tk
kn∑
i=1

ξni

 =
k∑
j=1

tjaj ·

(
kn∑
i=1

ξni

)
,
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and

σ2
n := (a1, · · · , ak) ·

(
min(ti, tj)(1−max(ti, tj)s

2
(
ξ
kn

))
16i,j6k

·

a
t
1
...
atk

 .

Therefore, the proof is complete. �

Corollary 3.1.7. In remark 3.1.6 if 0 < t1 < t2 < · · · < tk < 1,
then we can rewrite σ2

n as the following

σ2
n =

k∑
j=1

(
j∑
i=1

ais
2(ξ

kn
)atjti(1− tj) +

k−j∑
i=1

aj+is
2(ξ

kn
)atjtj(1− tj+i)

)
.

Also, if t = 1
k
, aj = αj − αj+1, and ak = αk, where α1, α2,· · · , αk, are given

constant matrices of order m× d, and if tj = jt, for j = 1, 2, · · · , k, then we
have easily

µn = t

(
k∑
j=1

αj

)
·
(
kn∑
i=1

ξni

)
, and

σ2
n =

(
k∑
j=1

αjs
2
(
ξ
kn

)
αtj

)
t −

(
k∑
j=1

αj

)
s2
(
ξ
kn

)( k∑
j=1

αj

)t

t2. These results

are involved in the proof of theorem 3.1.9. �

Throughout the proofs of the coming limit theorems in this section we need
to represent some Partial sums as path integrals. Let ξn1, ξn2,· · · ,ξnkn be

random arrays from (Ω,A, P ) to (Rd,Bd), Sn(t) :=
[knt]∑
i=1

ξni, and let ωni,

i = 1, 2, · · · , kn, n ∈ N, be constant matrices of order m× d. One can write
kn∑
i=1

ωniξni =
∫ 1

0
ωn(t)dS

′(t), where S ′n(t) is defined by S ′n(t) = Sn

(
i−1
kn

)
+

kn

(
t− i−1

kn

)(
Sn

(
i
kn

)
− Sn

(
i−1
kn

))
, where i := [knt] + 1 in this formula,

and ωn ∈ L2([0, 1],Mm×d) is defined such that ωni = kn

i
kn∫

i−1
kn

ωn(t)dt, for

i = 1, · · · , kn. Also, we need to see the behavior of ‖
kn∑
i=1

ωniξni ‖ when

‖ ωn ‖2 tends to zero with n tends to infinity, the next lemma gives an an-
swer to that question.
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Lemma 3.1.8. If the random arrays ξn1, ξn2,· · · ,ξnkn are H0-ex-

changeable under P (·|Cn), and the sequences

(
kn∑
i=1

ξni

)
n∈N

, and
(
s2(ξ

kn
)
)
n∈N

are stochastically bounded, then

‖
kn∑
i=1

ωniξni ‖
P−→ 0, if ‖ ωn ‖2 −→

n−→∞
0.

Proof: Since the sequence

(
kn∑
i=1

ξni

)
n∈N

is stochastically bounded, it is

sufficient to prove

‖
kn∑
i=1

ωni
(
ξni − ξ̄n

)
‖ P−→ 0, if ‖ ωn ‖2 −→

n−→∞
0,

where as we know ξ̄n := 1
kn

kn∑
i=1

ξni.

Since ω ∈ L2([0, 1],Mm×d), and from Lemma 3.1.3, we have

E

((
kn∑
i=1

ωni
(
ξni − ξ̄n

))( kn∑
i=1

ωni
(
ξni − ξ̄n

))t ∣∣∣∣S0
(
ξ
kn
, Cn
))

=

= 1
kn

kn∑
i=1

ωnis
2(ξ

kn
)ωtni − 1

(kn)2

kn∑
i=1

ωnis
2(ξ

kn
)
kn∑
i=1

ωtni + oP (1).

Now, since

‖ 1

kn

kn∑
i=1

ωni ‖=‖
1∫

0

ωn(t)dt ‖6‖ ωn ‖2,

and

1

kn

kn∑
i=1

‖ ωni ‖26

1∫
0

‖ ωn ‖2 dt =‖ ωn ‖2
2,

and since the sequence
(
s2(ξ

kn
)
)
n∈N

is stochastically bounded, we obtain

E

((
kn∑
i=1

ωni
(
ξni − ξ̄n

))( kn∑
i=1

ωni
(
ξni − ξ̄n

))t ∣∣∣∣S0
(
ξ
kn
, Cn
))

P−→ 0.

Therefore,

E

(
‖

kn∑
i=1

ωni
(
ξni − ξ̄n

)
‖2

∣∣∣∣S0
(
ξ
kn
, Cn
))

P−→ 0,

93



and from theorem 1.1.3 we conclude that the assertion is valid indeed. �

In the next theorem we discuss the asymptotic normality of the sum
kn∑
i=1

ωniξni.

Theorem 3.1.9. Suppose that the triangular array ξ
kn

is infinitesi-

mal and that the sequences

(
kn∑
i=1

ξni

)
n∈N

, and
(
s2(ξ

kn
)
)
n∈N

are stochastically

bounded, and further that sequence (ωn)n∈N is a relatively compact sequence
in L2([0, 1],Mm×d). We call it a sequence of weight functions and assume

that these weights are constants. If Cn ⊇ S0
(
ξ
kn

)
, n ∈ N, is a sequence of

sub-σ-fields of A, and if the rows of the triangular array are H0-exchangeable
under P (·|Cn), then we have

P ∗
kn∑
i=1

ωniξni ∼ N (µn, σ
2
n) (Cn),

where

µn :=

1∫
0

ωn(t)dt ·
kn∑
i=1

ξni,

and

σ2
n :=

1∫
0

ωn(t)s
2(ξ

kn
)ωtn(t)dt−

1∫
0

ωn(t)dt · s2(ξ
kn

) ·
1∫

0

ωtn(t)dt.

Proof: Since, (ωn(t))n∈N is relatively compact, so every subsequence of
(ωn(t))n∈N contains another convergent sub-subsequence, and consequently it
is sufficient to prove the assertion in the case when the sequence (ωn(t))n∈N
is convergent. And from lemma 3.1.8 we conclude that it is sufficient to
prove it in the case ωn(t) = ω(t), ∀n ∈ N. Moreover, remarking that
any ω ∈ L2([0, 1],Mm×d) can assumed as a limit of some sequence of step-

functions belong to Mm×d, where Mm×d :=

{
ω : ω(t) =

k∑
i=1

xi ·1[ i−1
k
, i
k
)(t), xi ∈

Mm×d, i = 1, · · · , k, k ∈ N
}

. By applying lemma 3.1.8 we find that it is

sufficient to prove it when ω ∈Mm×d. Now, we note that
kn∑
i=1

ωniξni =
1∫
0

ω(t)dS ′n(t) =
k∑
i=1

xi
(
S ′n
(
i
k

)
− S ′n

(
i−1
k

))
=

k∑
i=1

aiS
′
n

(
i
k

)
, where
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ai := xi − xi+1, i = 1, 2, · · · , k − 1, ak = xk. Since the triangular array ξ
kn

is infintesimal, and from remark 3.1.6, and corollary 3.1.7, we find that the
assertion is valid indeed. �

Remark 3.1.10. In theorem 3.1.9, σ2
n can be rewritten as

σ2
n = 1

kn

kn∑
i=1

ωnis
2(ξ

kn
)ωtni − 1

kn

kn∑
i=1

ωnis
2(ξ

kn
) 1
kn

kn∑
i=1

ωtni, n ∈ N. �

We want at this position to introduce some important properties of the con-
cepts of the H0-exchangeablity under P (·|C), where C is a given sub-σ-field

of A, also we want to discuss some properties of the σ-field S0
(
ξ
k

)
, k ∈ N.

For this, we shall introduce the definition of the H0-exchangeablity under P ,
also some interesting results.

Definition 3.1.11. Under the same hypotheses of definition 3.1.1,
we call the triangular array ξ

kn
H0-exchangeable under P iff this triangular

array is H0-exchangeable under P (·|C), for C = {∅,Ω}.

– It is clear from lemma 3.1.3 that the H0-exchangeablity under P (·|C),

for all C ⊆ S0
(
ξ
kn

)
is equivalent to the H0-exchangeablity under P .

Lemma 3.1.12. Let X1, X2, · · · , Xk be random elements from
(Ω,A, P ) to (E ,B), where E is a separable metric space, and B is the Borel
σ-algebra defined on E . Let further, f : E × Ek −→ Rm be a measurable
function, which is permutation symmetric in its second variable, and let

ξi := f (Xi, Xk), i = 1, · · · , k, then S0
(
ξ
k

)
⊆ S0 (Xk).

Proof: It is sufficient to prove that the following implication

g
(
ξ
k

)
is S0

(
ξ
k

)
-measurable =⇒ g

(
ξ
k

)
is S0 (Xk) -measurable

is valid for all measurable g : (Rm)k −→ R. For this, let h : Ek −→ (Rm)k be
defined by h(xk) := (f (x1, xk) , · · · , f (xk, xk)), where xk = (x1, · · · , xk) ∈
Ek. Let g

(
ξ
k

)
be S0

(
ξ
k

)
-measurable, this implies g

(
π
(
ξ
k

))
= g

(
ξ
k

)
for

all π ∈ Πk. Let us define g0 : Ek −→ R by g0 (xk) := g(h(xk)).

Hence, g0 (Xk) = g (h (Xk)) = g
(
ξ
k

)
, and g0 (π (Xk)) = g (h (π (Xk))) =
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g
(
π
(
ξ
k

))
= g

(
ξ
k

)
= g0 (Xk).

Hence, g0 (π (Xk)) = g0 (Xk), but this means that g0 (Xk) is S0 (Xk)-measur-

able, and also g
(
ξ
k

)
is S0 (Xk)-measurable. Consequently, the assertion is

valid indeed. �

Lemma 3.1.13. Let f : E × Ek −→ Rm be a measurable function
which is permutation symmetric in its second variable. If the random ele-
ments X1, · · · , Xk are H0-exchangeable under P (·|C), then f (X1, Xk), · · · ,
f (Xk, Xk), are also H0-exchangeable under P (·|C).

Proof: It is sufficient to prove that for any measurable function g :
(Rm,Bm)k −→ (R,B) satisfying that the quantity
E (g (f (X1, Xk) , · · · , f (Xk, Xk))) is well-defined, the equality
E (g (π (f (X1, Xk) , · · · , f (Xk, Xk))) |C) =

= E (g (f (X1, Xk) , · · · , f (Xk, Xk)) |C) [P ]
is valid. For this, let us define h : Ek −→ (Rm)k by
h(xk) = (f (x1, xk) , · · · , f (xk, xk))

t, where xk = (x1, · · · , xk) ∈ Ek. And we
can write
h(Xk) = (f (X1, Xk) , · · · , f (Xk, Xk))

t. Consequently, it remains to be
proved the validity of the equality

E (g (π (h (Xk))) |C) = E (g (h (Xk)) |C) [P ].

But easily, we see that the left side is equal to E (g (h (π (Xk))) |C) almost
sure with respect to P . Since X1, · · · , Xk are H0-exchangeable under P (·|C),
the assertion follows. �

Lemma 3.1.14. Let ξ1, · · · , ξk : (Ω,A, P ) −→ (Rm,Bm) be ran-
dom arrays, and C ⊆ A be a sub-σ-field. Let xk = (x1, · · · , xk) ∈ (Rm)k,

x̄ = 1
k

k∑
i=1

xi, and V (xk) =
k∑
i=1

(xi − x̄)(xi − x̄)t.

Assume that V (xk) is positive definite, and let g : Rm × (Rm)k −→ Rm be

defined by g(y, xk) = (V (xk))
− 1

2 (y − x̄), and ηi = g
(
ξi, ξk

)
, i = 1, · · · , k.

If ξ1, · · · , ξk are H0-exchangeable under P (·|C), and if ξ̄ and V (ξ
k
) are C-

measurable, then S0
(
ξ
k
, C
)

= S0
(
η
k
, C
)
.

Proof: First we see that S0
(
η
k
, C
)
⊆ S0

(
ξ
k
, C
)

follows from lemma

3.1.12 because g is permutation symmetric in its second variable. It remains
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to show that S0
(
ξ
k
, C
)
⊆ S0

(
η
k
, C
)
. And for this it is sufficient to prove

that S0
(
ξ
k

)
⊆ S0

(
η
k
, C
)
. Let f : (Rm)k −→ R be any measurable function

such that f
(
ξ
k

)
is S0

(
ξ
k

)
-measurable. This means f

(
π
(
ξ
k

))
= f

(
ξ
k

)
for all π ∈ Πk.

To complete this proof we have to prove that f
(
ξ
k

)
is S0

(
η
k
, C
)
-measurable.

For this, let z = (z1, · · · , zk) ∈ (Rm)k, a ∈ Rm, B ∈ Mm×m, and B

is positive definite and symmetric, h be defined by h(z, a, B) = (B
1
2 z1 +

a, · · · , B 1
2 zk + a)t. It is easy to see that h(π(z), a, B) = π(h(z, a, B)), ξ

k
=

h(η
k
, ξ̄, V (ξ

k
)), and f

(
ξ
k

)
= f

(
h
(
η
k
, ξ̄, V (ξ

k
)
))

but ξ̄ and V
(
ξ
k

)
are

S0
(
η
k
, C
)
-measurable because C ⊆ S0

(
η
k
, C
)
, and they are C-measurable.

But also, f
(
h
(
π
(
η
k

)
, ξ̄, V (ξ

k
)
))

= f
(
h
(
η
k
, ξ̄, V (ξ

k
)
))

for all π ∈ Πk.

Thus, f
(
ξ
k

)
= f

(
h
(
η
k
, ξ̄, V (ξ

k
)
))

is S0
(
η
k
, C
)
-measurable. �

In the introduction of this section we have defined the statistic

Tn = 1√
kn

kn∑
i=1

ωnifn
(
Xni, Xkn

)
, we want here to make some preliminary com-

putations to prepare for the next theorem which will discuss the conditional
asymptotic normality of the sequence (Tn)n∈N. For this, let us first prove
that E

(
fn
(
Xni, Xkn

)
|S0
(
Xkn

))
, and V ar

(
fn
(
Xni, Xkn

)
|S0
(
Xkn

))
, are in-

dependent of i. One can easily see

E
(
fn
(
Xni, Xkn

)
|S0
(
Xkn

))
=

1

kn

kn∑
i=1

fn
(
Xni, Xkn

)
[P],

V ar
(
fn
(
Xni, Xkn

)
|S0
(
Xkn

))
=

= 1
kn

kn∑
i=1

(
fn
(
Xni, Xkn

)
− E

(
fn
(
Xni, Xkn

)
|S0
(
Xkn

)))
·

·
(
fn
(
Xni, Xkn

)
− E

(
fn
(
Xni, Xkn

)
|S0
(
Xkn

)))t
[P].

Therefore, for notational convenience we denote E
(
fn
(
Xni, Xkn

)
|S0
(
Xkn

))
by E

(
fn|S0

(
Xkn

))
, i.e.

E
(
fn|S0

(
Xkn

))
:= E

(
fn
(
Xni, Xkn

)
|S0
(
Xkn

))
,

and V ar
(
fn
(
Xni, Xkn

)
|S0
(
Xkn

))
by V ar

(
fn|S0

(
Xkn

))
, i.e.

V ar
(
fn|S0

(
Xkn

))
:= V ar

(
fn
(
Xni, Xkn

)
|S0
(
Xkn

))
.
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Let us now give explicit expressions for E
(
Tn|S0

(
Xkn

))
, and

V ar
(
Tn|S0

(
Xkn

))
.

E
(
Tn|S0

(
Xkn

))
=

1√
kn

kn∑
i=1

ωniE
(
fn|S0

(
Xkn

))
[P],

V ar
(
Tn|S0

(
Xkn

))
= V ar

(
1√
kn

kn∑
i=1

ωnifn
(
Xni, Xkn

)
|S0
(
Xkn

))
=

= 1
kn

kn∑
i=1

ωniV ar
(
fn|S0

(
Xkn

))
ωtni+

+ 1
kn

∑
16i6=j6kn

ωniE

((
fn
(
Xni, Xkn

)
− E

(
fn|S0

(
Xkn

)))
·

·
(
fn
(
Xnj, Xkn

)
− E

(
fn|S0

(
Xkn

)))t |S0
(
Xkn

))
ωtnj [P].

But on the other hand when i 6= j we have

E

((
fn
(
Xni, Xkn

)
− E

(
fn|S0

(
Xkn

)))
·

·
(
fn
(
Xnj, Xkn

)
− E

(
fn|S0

(
Xkn

)))t |S0
(
Xkn

))
=

= 1
kn(kn−1)

∑
16r 6=s6kn

(
fn
(
Xnr, Xkn

)
− E

(
fn|S0

(
Xkn

)))
·

·
(
fn
(
Xns, Xkn

)
− E

(
fn|S0

(
Xkn

)))t
[P]

= 1
kn(kn−1)

∑
16r,s6kn

(
fn
(
Xnr, Xkn

)
− E

(
fn|S0

(
Xkn

)))
·

·
(
fn
(
Xns, Xkn

)
− E

(
fn|S0

(
Xkn

)))t−
− 1
kn(kn−1)

∑
16r6kn

(
fn
(
Xnr, Xkn

)
− E

(
fn|S0

(
Xkn

)))
·

·
(
fn
(
Xnr, Xkn

)
− E

(
fn|S0

(
Xkn

)))t
[P ]

= 0− 1
kn−1

V ar
(
fn|S0

(
Xkn

))
[P ].

Hence,

V ar
(
Tn|S0

(
Xkn

))
= 1

kn−1

kn∑
i=1

ωniV ar
(
fn|S0

(
Xkn

))
ωtni−

− 1
kn−1

kn∑
i=1

ωniV ar
(
fn|S0

(
Xkn

))
1
kn

kn∑
j=1

ωtnj [P ].

– For the next theorem we assume first the same situation in the intro-
duction of this section.
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Theorem 3.1.15. Assume that the triangular array

1√
kn

(
fn
(
Xni, Xkn

)
− E

(
fn|S0

(
Xkn

)))
, 1 6 i 6 kn, n ∈ N,

is infinitesimal and the sequence
(
V ar

(
fn|S0

(
Xkn

)))
n∈N is stochastically

bounded. Assume further that the sequence (ωn(t))n∈N ⊆ L2 ([0, 1],Mm×d)
is relatively compact sequence of non-random weight functions. Then the
sequence (Tn)n∈N is asymptotically normal under P ∈ H0, and conditioned
by the symmetric sub-σ-field S0

(
Xkn

)
. More explicitly,

P ∗
(
Tn − E

(
Tn|S0

(
Xkn

)))
∼ N

(
0, V ar

(
Tn|S0

(
Xkn

))) (
S0
(
Xkn

))
.

Proof: Let ξni, i = 1, 2, · · · , kn, n ∈ N, be defined by

ξni :=
1√
kn

(
fn
(
Xni, Xkn

)
− E

(
fn|S0

(
Xkn

)))
, 1 6 i 6 kn, n ∈ N.

From lemma 3.1.13, the random arrays ξn1, · · · , ξnkn , are H0-exchangeable
under P

(
·,S0

(
Xkn

))
. Let

Fn(t) :=

[knt]∑
i=1

1√
kn

(
fn
(
Xni, Xkn

)
− E

(
fn|S0

(
Xkn

)))
,

0 6 t 6 1, and let

F ′n(t) := Fn

(
i− 1

kn

)
+ kn

(
t− i− 1

kn

)(
Fn

(
i

kn

)
− Fn

(
i− 1

kn

))
,

where i := [knt] + 1.
Therefore, we can write

Tn − E
(
Tn|S0

(
Xkn

))
=

1∫
0

ωn(t)dF
′
n(t).

Hence, all assumption of theorem 3.1.9 are satisfied, and consequently we
have

P ∗
(
Tn − E

(
Tn|S0

(
Xkn

)))
∼ N

(
0, σ2

n

) (
S0
(
Xkn

))
.

where σ2
n :=

1∫
0

ωn(t)s
2
(
ξ
kn

)
ωtn(t)dt−

1∫
0

ωn(t)dts
2
(
ξ
kn

) 1∫
0

ωtn(t)dt =

=
1∫
0

ωn(t)V ar
(
fn|S0

(
Xkn

))
ωtn(t)dt−

1∫
0

ωn(t)dtV ar
(
fn|S0

(
Xkn

)) 1∫
0

ωtn(t)dt.
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Also, from remark 3.1.10 we can write

σ2
n = 1

kn

kn∑
i=1

ωnis
2(ξ

kn
)ωtni − 1

kn

kn∑
i=1

ωnis
2(ξ

kn
) 1
kn

kn∑
i=1

ωtni

σ2
n = 1

kn

kn∑
i=1

ωniV ar
(
fn|S0

(
Xkn

))
ωtni− 1

kn

kn∑
i=1

ωniV ar
(
fn|S0

(
Xkn

))
1
kn

kn∑
i=1

ωtni [P]

By remarking that σ2
n − V ar

(
Tn|S0

(
Xkn

)) P−→ 0, we conclude that the as-
sertion is valid. �

Remark 3.1.16. From theorem 1.3.4, it is easy to see that the
assertion of theorem 3.1.15 is equivalent to

P ∗ Tn ∼ N
(
E
(
Tn|S0

(
Xkn

))
, V ar

(
Tn|S0

(
Xkn

))) (
S0
(
Xkn

))
,

if the sequence
(
E
(
Tn|S0

(
Xkn

)))
n∈N is stochastically bounded.
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3.2. The Hypothesis H1 (symmetry):

Introduction: Let (Ω,A) be a measurable space and let P be a
probability measure defined on A, X, Y

kn
= ((Xn1, Yn1) , (Xn2, Yn2), · · · ,

(Xnkn , Ynkn))t, n ∈ N, be a triangular array of random couples with values
in a sample space (E2,B2), where E is a separable metric space, and B is the
Borel σ-algebra defined on E . Assume that the random couples of each row
(i.e. (Xn1, Yn1), · · · , (Xnkn , Ynkn), n ∈ N) are i.i.d. under P, and the distri-
bution of each couple is symmetric. In other words, (Xni, Yni) ∼ (Yni, Xni)
for i = 1, · · · , kn. Let the distribution of (Xni, Yni) under P be denoted by
P ∗ (Xni, Yni) or shortly by Pn. The general form of linear statistics which

are considered here is denoted by Tn

(
X, Y

kn

)
, or shortly by Tn if we can

avoid confusion, where Tn := 1√
kn

kn∑
i=1

ωnifn

(
(Xni, Yni) , X, Y kn

)
, and where

ωni ∈ Mm×d, i = 1, · · · , kn, n ∈ N, where the matrices ωni, i = 1, · · · , kn,
n ∈ N, are assumed to be given constants. We define here the following
concept of symmetry
w depends on x, y

kn
in a permutation symmetric way iff

w
(
π
(
e
(
x, y

kn

)))
= w

(
x, y

kn

)
,∀ e ∈ Ξkn , π ∈ Πkn .

We mention here that this is the symmetry concept, which is used in all ar-
guments related with this section, and the symbols e,Ξkn are introduced just

before definition 3.2.1. The functions fn : E2×(E2)
kn −→ Rd, ((x, y), zkn

) 7−→
fn((x, y), zkn

), n ∈ N, are measurable and such that they depend on zkn
in a

permutation symmetric way, and semi-symmetric one with respect to their
first variable (x, y) i.e. fn((x, y), zkn

) = −fn((y, x), zkn
), n ∈ N, and for all

(x, y) ∈ E2. Fix n ∈ N, and let λ ∈ Rd be a given constant, define Ωλ ⊆ Ω
by

Ωλ :=

{
λtfn

(
(Xn1, Yn1) , X, Y kn

)
= λtfn

(
(Xn2, Yn2) , X, Y kn

)
= · · ·

· · · = λtfn

(
(Xnkn , Ynkn) , X, Y

kn

)}
we assume that P(Ωλ) > 0 is hold iff λ = 0. Now, for notational conve-
nience concerning the computations, let ωn ∈ L2([0, 1],Mm×d) be such that

ωni = kn

i
kn∫

i−1
kn

ωn(t)dt, i = 1, · · · , kn, n ∈ N.
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We mention here that the form of the considered statistic Tn contains the lin-

ear rank test statistic S =
n∑
i=1

a(R+
i )signXi which has been discussed deeply

in ”Theory of rank tests [1967]” which is due to J. Hájek and Z. S̆idák.

To achieve the purpose here we need to build a base for our coming limit
theorems, for this we shall begin with the following interesting steps which
are needed very much to obtain the final results.

Let us here introduce a new kind of exchangeablity, we call it H1-exchange-
ablity, also we put some related symbols, which will be needed for the main
results of this section.

Let (Ω,A, P ) be a probability space and let

ξ
kn

= (ξn1, · · · , ξnkn)t, ξ̃
kn

= (ξ̃n1, · · · , ξ̃nkn)t

be triangular arrays of random elements from (Ω,A, P ) to (E ,B), where E is
a separable metric space, and B is the Borel σ-algebra defined on E . let us

define ξ, ξ̃
kn

:=
(
(ξn1, ξ̃n1), · · · , (ξnkn , ξ̃nkn)

)
, and let (Cn)n∈N be a sequence

of sub-σ-fields of A, C be a sub-σ-field of A. Let further S1
(
ξ, ξ̃

kn

)
:=(

ξ, ξ̃
kn

)−1

(S1
n), where S1

n denotes here the σ-field of all sets B in (B2)
kn

satisfying the condition

x, x̃
kn
∈ B ⇐⇒ π

(
e
(
x, x̃

kn

))
∈ B, ∀π ∈ Πkn , ∀e ∈ Ξkn

where here x, x̃
kn

:= ((x1, x̃1), · · · , (xkn , x̃kn)), and Ξkn :=

{
e : e

(
x, x̃

kn

)
=

(e1(x1, x̃1), · · · , en(xkn , x̃kn)) , ei = id, or ei(x, x̃) = (x̃, x), ∀ x, x̃
kn
∈ (E2)

kn ,

i = 1, · · · , n
}

. Let s2(ξ
kn

) :=
kn∑
i=1

ξniξ
t
ni. For each n ∈ N the matrix s2(ξ

kn
)

is assumed to be positive definite. All these assumptions are hold in this
section.

Definition 3.2.1. The random pairs (ξn1, ξ̃n1), · · · , (ξnkn , ξ̃nkn) are
H1-exchangeable under P (·|Cn), iff ∀π ∈ Πkn , ∀e ∈ Ξkn the equality

P
(
ξ, ξ̃

kn
∈ B|Cn

)
= P

(
πe
(
ξ, ξ̃

kn

)
∈ B|Cn

)
[P ]

102



is valid for all B ∈ (B2)
kn , and then the array ξ, ξ̃

kn
is called H1-exchangeable

under P (·|Cn).

Lemma 3.2.2. Let f : (E2,B2)
kn −→ (R,B) be a measurable

function such that E(f(ξ, ξ̃
kn

)) is well-defined. If ξ, ξ̃
kn

is H1-exchangeable

under P (·|C), then ∀A ∈ S1(ξ, ξ̃
kn

), C ∈ C, π ∈ Πkn , e ∈ Ξkn the following

equality is valid

E
(
1A∩Cf

(
π
(
e
(
ξ, ξ̃

kn

))))
= E

(
1A∩Cf

(
ξ, ξ̃

kn

))
.

�

Let us denote the σ-field σ(S1
(
ξ, ξ̃

kn

)
, C) by S1(ξ, ξ̃

kn
, C). Now, since {A ∩

C : A ∈ S1
(
ξ, ξ̃

kn

)
, C ∈ C} generates the σ-field S1(ξ, ξ̃

kn
, C), we have by

lemma 3.2.2 the validity of

E
(
1Df

(
π
(
e
(
ξ, ξ̃

kn

))))
= E

(
1Df

(
ξ, ξ̃

kn

))
,

∀D ∈ S1(ξ, ξ̃
kn
, C), π ∈ Πkn , e ∈ Ξkn .

Therefore, the following lemma is just a consequence of lemma 3.2.2.

Lemma 3.2.3. Let f : (E2,B2)
kn −→ (R,B) be a measurable

function such that E(f(ξ, ξ̃
kn

)) is well-defined. If ξ, ξ̃
kn

is H1-exchangeable

under P (·|C), then

E(f(ξ, ξ̃
kn

)|S1
(
ξ, ξ̃

kn
, C
)
) =

1

2knkn!

∑
π∈Πkn ,e∈Ξkn

f(π(e(ξ, ξ̃
kn

))) [P ].

Now, we are at the suitable position to introduce the following invariance
principle which is the base, needed for building the limit theorems of this
section.

Theorem 3.2.4. Suppose that the triangular array ξ
kn

is in-

finitesimal, and the sequence
(
s2(ξ

kn
)
)
n∈N

is stochastically bounded. If

Cn ⊇ S1
(
ξ,−ξ

kn

)
, n ∈ N, is a sequence of sub-σ-fields of A, C̃n := σ(C ×
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(C[0, 1])d : C ∈ Cn), and if the triangular array ξ,−ξ
kn

is H1-exchangeable

under P (·|Cn) then
S̃n

w∼W̃ (C̃n).
Where

S̃n : Ω× (C[0, 1])d −→ (D[0, 1])d,

S̃n(ω1, ω2) := Sn(ω1),

(Sn(ω1)) (t) :=

[knt]∑
i=1

ξni(ω1).

And
W̃ : Ω× (C[0, 1])d −→ (C[0, 1])d ⊂ (D[0, 1])d,

W̃ (ω1, ω2) :=
(√

s2(ξ
kn

)
)

(ω1)W (ω2),

where W := (Wt)06t61 is a d-dimensional Brownian motion.

Proof: We first prove it in the case where sup
n
‖ s2(ξ

kn
) ‖< +∞ [P ].

By lemma 1.2.2 the assertion is equivalent to the validity of the limit∫
Cn×C[0,1]d

ϕ(S̃n)dP ⊗ µ−
∫

Cn×C[0,1]d

ϕ(W̃ )dP ⊗ µ −→
n−→∞

0,

for all sequences (Cn)n∈N, and for all bounded uniformly continuous functions
ϕ : (D[0, 1])d −→ R, where Cn ∈ Cn, and where µ is the Wiener measure
defined on (C[0, 1])d.
Therefore, let (Cn)n∈N be an arbitrary sequence of the measurable sets Cn ∈
Cn, n ∈ N, we want to prove the validity of the previous limit above, which
is equivalent to ∫

Cn

ϕ(Sn)dP −
∫
Cn

∫
(C[0,1])d

ϕ(W̃ )dPdµ −→
n−→∞

0

⇐⇒
∫
Cn

E (ϕ(Sn)|Cn) dP −
∫
Cn

E

 ∫
(C[0,1])d

ϕ(W̃ )dµ

∣∣∣∣Cn
 dP −→

n−→∞
0

Since the sequence (Cn)n∈N is arbitrary, the previous assertion is equivalent
to

E (ϕ(Sn)|Cn)− E

 ∫
(C[0,1])d

ϕ(W̃ )dµ

∣∣∣∣Cn
 P−→0
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⇐⇒ E (ϕ(Sn)|Cn)−
∫

(C[0,1])d

ϕ(W̃ )dµ
P−→0

⇐⇒ 1

2knkn!

∑
π

ε1,··· ,εkn
∈{−1,+1}

ϕ

[kn(·)]∑
i=1

εiξnπ(i)

−
∫

(C[0,1])d

ϕ(W̃ )dµ
P−→0,

where π here ranging over all bijective functions, defined on {1, 2, · · · , kn}.
It is sufficient to prove that each subsequence {n′} contains another sub-
subsequence {n′′} such that

1

2kn′′kn′′ !

∑
π

ε1,··· ,εkn′′
∈{−1,+1}

ϕ

[kn′′ (·)]∑
i=1

εiξn′′π(i)

−
∫

(C[0,1])d

ϕ(W̃ )dµ −→ 0 [P ].

From the hypotheses, each sub-sequence {n′} of {n} contains another sub-
subsequence {n′′} such that
max

16i6kn′′
‖ ξn′′i ‖−→ 0 [P ]. Therefore, without any loss of generality we can

assume that max
16i6kn

‖ ξni ‖−→ 0 [P ]. Hence, for all ω1 of those fulfill the

hypotheses, we want now to prove

1
2knkn!

∑
π

ε1,··· ,εkn
∈{−1,+1}

ϕ

(
[kn(·)]∑
i=1

εiξnπ(i)(ω1)

)
−

−
∫

(C[0,1])d

ϕ
((√

s2(ξ
kn

)
)

(ω1)W
)
dµ −→ 0.

But this is valid indeed from remark 2.3.4.
Now, we turn to prove it in the general case.

Let us define CM
n :=

{
‖ s2(ξ

kn
) ‖6 M

}
, and also for each n ∈ N, and

i = 1, · · · , kn, we define the new random arrays ξ̃ni := 1CM
n
· ξni. It is clear

that the new random arrays satisfy the first case of the proof above.
Consequently, the limit∫

Cn×(C[0,1])d

ϕ(1CM
n
· S̃n)dP ⊗ µ−

∫
Cn×(C[0,1])d

ϕ(1CM
n
· W̃ )dP ⊗ µ −→

n−→∞
0,

is valid for all sequences (Cn)n∈N, and for all bounded uniformly continuous
functions ϕ : (D[0, 1])d −→ R, where Cn ∈ Cn. We can rewrite the previous
limit as the following∫

Cn×(C[0,1])d

1CM
n
· ϕ(S̃n)dP ⊗ µ−

∫
Cn×(C[0,1])d

1CM
n
· ϕ(W̃ )dP ⊗ µ −→

n−→∞
0.
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Also, we can enlarge M to make the following inequality valid P (CM
n ) > 1−ε

for any given ε > 0, and for all n ∈ N.
Therefore, we obtain the validity of the limit∫

Cn×(C[0,1])d

ϕ(S̃n)dP ⊗ µ−
∫

Cn×(C[0,1])d

ϕ(W̃ )dP ⊗ µ −→
n−→∞

0,

for all sequences (Cn)n∈N, and for all bounded uniformly continuous functions
ϕ : (D[0, 1])d −→ R, where Cn ∈ Cn.
Hence, the proof is complete. �

Corollary 3.2.5. In the same situation of theorem 3.2.4, we have
the validity of

S̃n
w∼W̃ ,

or more explicitly [knt]∑
i=1

ξni


06t61

w∼
(√

s2(ξ
kn

)Wt

)
06t61

.

Remark 3.2.6. Let Xn be defined by

Sn(t1)...
Sn(tk)

, where t1, t2,· · · ,

tk belong to [0, 1], and let a1, a2,· · · , ak be given constant matrices of order
m× d, then we have

P ∗
k∑
i=1

ai · Sn(ti) ∼ N (µn, σ
2
n) (Cn), where ∀n ∈ N

µn := 0

σ2
n := (a1, · · · , ak) ·

(
min(ti, tj)s

2
(
ξ
kn

))
16i,j6k

·

a
t
1
...
atk


Proof: From Theorem 3.2.4 we conclude the following fact

P ∗

Sn(t1)...
Sn(tk)

 ∼ N
(
µ̃n, σ̃

2
n

)
(Cn) ,
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where here ∀n ∈ N
µ̃n := 0,

σ̃2
n :=

(
min(ti, tj)s

2(ξ
kn

)
)

16i,j6k
.

Which means by definition the validity of the following limit

EP (f (Sn(t1), Sn(t2), · · · , Sn(tk)) |Cn)−
∫
fdN (µ̃n, σ̃

2
n)

P−→ 0, for all bounded
uniformly continuous functions f : (Rd)k −→ R. Now, let g : Rm −→ R be
a bounded uniformly continuous function, and let a1, a2,· · · , ak ∈ Mm×d
be given constant matrices, then the function h : (Rd)k −→ R, defined by
h(x) := g((a1, a2, · · · , ak) · x), ∀x ∈ (Rd)k is also bounded uniformly contin-
uous function. Thus, we have for this h the validity of the limit

EP (h (Sn(t1), Sn(t2), · · · , Sn(tk)) |Cn) −
∫
hdN (µ̃n, σ̃

2
n)

P−→ 0, which can be
rewritten as

EP

g
(a1, a2, · · · , ak) ·

Sn(t1)...
Sn(tk)


∣∣∣∣Cn

−∫ gdN (µn, σ
2
n)

P−→ 0, which is

also equivalent to

EP

(
g

(
k∑
j=1

aj · Sn(tj)

)
|Cn

)
−
∫
gdN

(
µn, σ

2
n

) P−→ 0,

where here

µn := (a1, a2, · · · , ak) ·

0
...
0

 = 0,

and

σ2
n := (a1, · · · , ak) ·

(
min(ti, tj)s

2
(
ξ
kn

))
16i,j6k

·

a
t
1
...
atk

 .

Therefore, the proof is complete. �

Corollary 3.2.7. In remark 3.2.6 if 0 < t1 < t2 < · · · < tk < 1,
then we can rewrite σ2

n as the following

σ2
n =

k∑
j=1

(
j∑
i=1

ais
2(ξ

kn
)atjti +

k−j∑
i=1

aj+is
2(ξ

kn
)atjtj

)
.
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Also, if t = 1
k
, aj = αj − αj+1, and ak = αk, where α1, α2,· · · , αk, are given

constant matrices of order m× d, and if tj = jt, for j = 1, 2, · · · , k, then we
have easily
µn = 0, and

σ2
n =

(
k∑
j=1

αjs
2
(
ξ
kn

)
αtj

)
t. These results are involved in the proof of theo-

rem 3.2.9. �

Throughout the proofs of the coming limit theorems in this section we need
to represent some Partial sums as path integrals. Let ξn1, ξn2,· · · ,ξnkn be

random arrays from (Ω,A, P ) to (Rd,Bd), Sn(t) :=
[knt]∑
i=1

ξni, and let ωni,

i = 1, 2, · · · , kn, n ∈ N, be constant matrices of order m× d. One can write
kn∑
i=1

ωniξni =
∫ 1

0
ωn(t)dS

′(t), where S ′n(t) is defined by S ′n(t) = Sn

(
i−1
kn

)
+

kn

(
t− i−1

kn

)(
Sn

(
i
kn

)
− Sn

(
i−1
kn

))
, where i := [knt] + 1 in this formula,

and ωn ∈ L2([0, 1],Mm×d) is defined such that ωni = kn

i
kn∫

i−1
kn

ωn(t)dt, for

i = 1, · · · , kn. Also, we need to see the behavior of ‖
kn∑
i=1

ωniξni ‖ when

‖ ωn ‖2 tends to zero with n tends to infinity, the next lemma gives an an-
swer to that question.

Lemma 3.2.8. If the random arrays ξn1, ξn2,· · · ,ξnkn are H1-ex-

changeable under P (·|Cn), and the sequence
(
s2(ξ

kn
)
)
n∈N

is stochastically

bounded, then

‖
kn∑
i=1

ωniξni ‖
P−→ 0, if ‖ ωn ‖2 −→

n−→∞
0.

Proof: Since ω ∈ L2([0, 1],Mm×d), and from Lemma 3.2.3, we have

E

((
kn∑
i=1

ωniξni

)(
kn∑
i=1

ωniξni

)t ∣∣∣∣S1
(
ξ
kn
, Cn
))

= 1
kn

kn∑
i=1

ωnis
2(ξ

kn
)ωtni.

Now, since

1

kn

kn∑
i=1

‖ ωni ‖26

1∫
0

‖ ωn ‖2 dt =‖ ωn ‖2
2,
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and since the sequence
(
s2(ξ

kn
)
)
n∈N

is stochastically bounded, we obtain

E

((
kn∑
i=1

ωniξni

)(
kn∑
i=1

ωniξni

)t ∣∣∣∣S1
(
ξ
kn
, Cn
))

P−→ 0.

Therefore,

E

(
‖

kn∑
i=1

ωniξni ‖2

∣∣∣∣S1
(
ξ
kn
, Cn
))

P−→ 0,

and from theorem 1.1.3 we conclude that the assertion is valid indeed. �

In the next theorem we discuss the asymptotic normality of the sum
kn∑
i=1

ωniξni.

Theorem 3.2.9. Suppose that the triangular array ξ
kn

is infinites-

imal and that the sequence
(
s2(ξ

kn
)
)
n∈N

is stochastically bounded, and fur-

ther that sequence (ωn)n∈N is a relatively compact sequence in the space
L2([0, 1],Mm×d). We call it a sequence of weight functions and assume that

these weights are constants. If Cn ⊇ S1
(
ξ
kn

)
, n ∈ N, is a sequence of sub-σ-

fields of A, and if the rows of the triangular array are H1-exchangeable under
P (·|Cn), then we have

P ∗
kn∑
i=1

ωniξni ∼ N (µn, σ
2
n) (Cn),

where
µn := 0,

and

σ2
n :=

1∫
0

ωn(t)s
2(ξ

kn
)ωtn(t)dt.

Proof: Since, (ωn(t))n∈N is relatively compact, so every subsequence of
(ωn(t))n∈N contains another convergent sub-subsequence, and consequently it
is sufficient to prove the assertion in the case when the sequence (ωn(t))n∈N
is convergent. And from lemma 3.2.8 we conclude that it is sufficient to
prove it in the case ωn(t) = ω(t), ∀n ∈ N. Moreover, remarking that
any ω ∈ L2([0, 1],Mm×d) can assumed as a limit of some sequence of step-

functions belong to Mm×d, where Mm×d :=

{
ω : ω(t) =

k∑
i=1

xi ·1[ i−1
k
, i
k
)(t), xi ∈
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Mm×d, i = 1, · · · , k, k ∈ N
}

. By applying lemma 3.2.8 we find that it is

sufficient to prove it when ω ∈Mm×d. Now, we note that
kn∑
i=1

ωniξni =
1∫
0

ω(t)dS ′n(t) =
k∑
i=1

xi
(
S ′n
(
i
k

)
− S ′n

(
i−1
k

))
=

k∑
i=1

aiS
′
n

(
i
k

)
, where

ai := xi − xi+1, i = 1, 2, · · · , k − 1, ak = xk. Since the triangular array ξ
kn

is infintesimal, and from remark 3.2.6, and corollary 3.2.7, we find that the
assertion is valid indeed. �

Remark 3.2.10. In theorem 3.2.9, σ2
n can be rewritten as

σ2
n = 1

kn

kn∑
i=1

ωnis
2(ξ

kn
)ωtni, n ∈ N. �

We want at this position to introduce some important properties of the con-
cepts of the H1-exchangeablity under P (·|C), where C is a given sub-σ-field of

A, also we want to discuss some properties of the σ-field S1
(
ξ, ξ̃

k

)
, k ∈ N.

For this, we shall introduce the definition of the H1-exchangeablity under P ,
also some interesting results.

Definition 3.2.11. Under the same hypotheses of definition 3.2.1,
we call the triangular array ξ, ξ̃

kn
H1-exchangeable under P iff this triangular

array is H1-exchangeable under P (·|C), for C = {∅,Ω}.

– It is clear from lemma 3.2.3 that the H1-exchangeablity under P (·|C),

for all C ⊆ S1
(
ξ, ξ̃

kn

)
is equivalent to the H1-exchangeablity under P .

Lemma 3.2.12. Let X1, X2, · · · , Xk, Y1, Y2, · · · , Yk be random
elements from (Ω,A, P ) to (E ,B), where E is a separable metric space, and B
is the Borel σ-algebra defined on E . Let further, f : E2 × (E2)

k −→ Rm be a
measurable function, which is permutation symmetric in its second variable,

and semi-symmetric in its first variable, and let ξi := f
(
(Xi, Yi) , X, Y k

)
,

i = 1, · · · , k, then S1
(
ξ,−ξ

k

)
⊆ S1

(
X, Y

k

)
.

Proof: It is sufficient to prove that the following implication

g
(
ξ,−ξ

k

)
is S1

(
ξ,−ξ

k

)
-measurable =⇒

=⇒ g
(
ξ,−ξ

k

)
is S1

(
X, Y

k

)
-measurable
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is valid for all measurable g :
(
(Rm)2)k −→ R. For this, let h : (E2)

k −→(
(Rm)2)k be defined by

h(x, y
k
) :=

((
f
(
(x1, y1) , x, yk

)
,−f

(
(x1, y1) , x, yk

))
, · · ·

,
(
f
(
(xk, yk) , x, yk

)
,−f

(
(xk, yk) , x, yk

)))
,

where x, y
k

= ((x1, y1) , · · · , (xk, yk)) ∈ (E2)
k
. Let g

(
ξ,−ξ

k

)
be S1

(
ξ,−ξ

k

)
-

measurable, this implies g
(
π
(
e
(
ξ,−ξ

k

)))
= g

(
ξ,−ξ

k

)
for all π ∈ Πk, and

all e ∈ Ξk. Let us define g0 : (E2)
k −→ R by g0

(
x, y

k

)
:= g(h(x, y

k
)).

Hence, g0

(
X, Y

k

)
= g

(
h
(
X, Y

k

))
= g

(
ξ,−ξ

k

)
, and g0

(
π
(
e
(
X,Y

k

)))
= g

(
h
(
π
(
e
(
X, Y

k

))))
= g

(
π
(
e
(
ξ,−ξ

k

)))
= g

(
ξ,−ξ

k

)
= g0

(
X, Y

k

)
.

Hence, g0

(
π
(
e
(
X, Y

k

)))
= g0

(
X, Y

k

)
, but this means that g0

(
X, Y

k

)
is S1

(
X, Y

k

)
-measurable, and also g

(
ξ,−ξ

k

)
is S1

(
X, Y

k

)
-measurable.

Consequently, the assertion is valid indeed. �

Lemma 3.2.13. Let f : E2×(E2)
k −→ Rm be a measurable function

which is permutation symmetric in its second variable, and semi-symmetric
in its first variable. If the random elements (X1, Y1), · · · , (Xk, Yk) are H1-ex-

changeable under P (·|C), then f
(
(X1, Y1) , X, Y k

)
, · · · , f

(
(Xk, Yk) , X, Y k

)
,

are also H1-exchangeable under P (·|C).

Proof: It is sufficient to prove that for any measurable function g :(
(Rm)2 , (Bm)2)k −→ (R,B) satisfying that the quantity

E
(
g
((
f
(
(X1, Y1) , X, Y k

)
,−f

(
(X1, Y1) , X, Y k

))
, · · ·

,
(
f
(
(Xk, Yk) , X, Y k

)
,−f

(
(Xk, Yk) , X, Y k

))))
is well-defined, the equality

E
(
g
(
π
(
e
((
f
(
(X1, Y1) , X, Y k

)
,−f

(
(X1, Y1) , X, Y k

))
, · · ·

,
(
f
(
(Xk, Yk) , X, Y k

)
,−f

(
(Xk, Yk) , X, Y k

)))))
|C
)

=

= E
(
g
((
f
(
(X1, Y1) , X, Y k

)
,−f

(
(X1, Y1) , X, Y k

))
, · · ·

,
(
f
(
(Xk, Yk) , X, Y k

)
,−f

(
(Xk, Yk) , X, Y k

)))
|C
)

[P ]

is valid. For this, let us define h : (E2)
k −→ (Rm)k by
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h(x, y
k
) =

((
f
(
(x1, y1) , x, yk

)
,−f

(
(x1, y1) , x, yk

))
, · · ·

,
(
f
(
(xk, yk) , x, yk

)
,−f

(
(xk, yk) , x, yk

)))t
,

where x, y
k

= ((x1, y1) , · · · , (xk, yk)) ∈ (E2)
k
. And we can write

h(X, Y
k
) =

((
f
(
(X1, Y1) , X, Y k

)
,−f

(
(X1, Y1) , X, Y k

))
, · · ·

,
(
f
(
(Xk, Yk) , X, Y k

)
,−f

(
(Xk, Yk) , X, Y k

)))t
.

Consequently, it remains to be proved the validity of the equality

E
(
g
(
π
(
e
(
h
(
X, Y

k

))))
|C
)

= E
(
g
(
h
(
X, Y

k

))
|C
)

[P ].

But easily, we see that the left side is equal to E
(
g
(
h
(
π
(
e
(
X, Y

k

))))
|C
)

almost sure with respect to P . Since (X1, Y1), · · · , (Xk, Yk) are H1-ex-
changeable under P (·|C), the assertion follows. �

Lemma 3.2.14. Let ξ1, · · · , ξk be random arrays from (Ω,A, P ) to
(Rm,Bm), and C ⊆ A be a sub-σ-field. Let xk = (x1, · · · , xk) ∈ (Rm)k, and

V (xk) =
k∑
i=1

xix
t
i. Assume that V (xk) is positive definite, and let g : (Rm)2×(

(Rm)2)k −→ Rm be defined by g
(
(y, ỹ) , x, x̃

k

)
=
(
V
(
x−x̃

2 k

))− 1
2 (y−ỹ

2

)
, and

ηi :=
(
V
(
ξ
k

))− 1
2
ξi = g

(
(ξi,−ξi) , ξ,−ξk

)
, i = 1, · · · , k. If (ξ1,−ξ1), · · · ,

(ξk,−ξk) are H1-exchangeable under P (·|C), and V
(
ξ
k

)
is C-measurable,

then S1
(
ξ,−ξ

k
, C
)

= S1
(
η,−η

k
, C
)
.

Proof: First we see that S1
(
η,−η

k
, C
)
⊆ S1

(
ξ,−ξ

k
, C
)

follows from

lemma 3.2.12. It remains to show that S1
(
ξ,−ξ

k
, C
)
⊆ S1

(
η − η

k
, C
)
.

And for this it is sufficient to prove that S1
(
ξ,−ξ

k

)
⊆ S1

(
η,−η

k
, C
)
. Let

f :
(
(Rm)2)k −→ R be any measurable function such that f

(
ξ,−ξ

k

)
is

S1
(
ξ,−ξ

k

)
-measurable. This means f

(
π
(
e
(
ξ,−ξ

k

)))
= f

(
ξ,−ξ

k

)
for

all π ∈ Πk, and all e ∈ Ξk.

To complete this proof we have to prove that f
(
ξ,−ξ

k

)
is S1

(
η,−η

k
, C
)
-

measurable. For this, let zk = (z1, · · · , zk) ∈ (Rm)k, B ∈ Mm×m, and B is

112



positive definite and symmetric, h be defined by

h
(
z,−z

k
, B
)

=
((
B

1
2 z1,−B

1
2 z1

)
, · · · ,

(
B

1
2 zk,−B

1
2 zk

))t
.

It is easy to see that h (π(e(z,−z)), B) = π
(
e
(
h
(
z,−z

k
, B
)))

, ξ,−ξ
k

=

h
(
η,−η

k
, V (ξ

k
)
)
, and f

(
ξ,−ξ

k

)
= f

(
h
(
η,−η

k
, V (ξ

k
)
))

but V
(
ξ
k

)
is

S1
(
η,−η

k
, C
)
-measurable because C ⊆ S1

(
η,−η

k
, C
)
, and it is C-measur-

able. But also, f
(
h
(
π
(
e
(
η,−η

k

))
, V (ξ

k
)
))

= f
(
h
(
η,−η

k
, V (ξ

k
)
))

for

all π ∈ Πk, and all e ∈ Ξk.

Thus, f
(
ξ,−ξ

k

)
= f

(
h
(
η,−η

k
, V (ξ

k
)
))

is S1
(
η,−η

k
, C
)
-measurable. �

In the introduction of this section we have defined the statistic

Tn := 1√
kn

kn∑
i=1

ωnifn

(
(Xni, Yni) , X, Y kn

)
, we want here to make some prelim-

inary computations to prepare for the next theorem which will discuss the
conditional asymptotic normality of the sequence (Tn)n∈N. For this, let us

first prove that E
(
fn

(
(Xni, Yni) , X, Y kn

)
|S1
(
X, Y

kn

))
, and

V ar
(
fn

(
(Xni, Yni) , X, Y kn

)
|S1
(
X,Y

kn

))
, are independent of i. One can

easily see

E
(
fn

(
(Xni, Yni) , X, Y kn

)
|S1
(
X, Y

kn

))
= 0 [P],

V ar
(
fn

(
(Xni, Yni) , X, Y kn

)
|S1
(
X,Y

kn

))
=

= 1
kn

kn∑
i=1

fn

(
(Xni, Yni) , X, Y kn

)
·
(
fn

(
(Xni, Yni) , X, Y kn

))t
[P]. Therefore,

for notational convenience we denote
E
(
fn

(
(Xni, Yni) , X, Y kn

)
|S1
(
X,Y

kn

))
by E

(
fn|S1

(
Xkn

))
, i.e.

E
(
fn|S1

(
Xkn

))
:= E

(
fn

(
(Xni, Yni) , X, Y kn

)
|S1
(
X, Y

kn

))
,

and V ar
(
fn

(
(Xni, Yni) , X, Y kn

)
|S1
(
X,Y

kn

))
by V ar

(
fn|S1

(
X, Y

kn

))
,

i.e.

V ar
(
fn|S1

(
X, Y

kn

))
:= V ar

(
fn

(
(Xni, Yni) , X, Y kn

)
|S1
(
X, Y

kn

))
.

Let us now give explicit expressions for E
(
Tn|S1

(
X, Y

kn

))
, and
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V ar
(
Tn|S1

(
X, Y

kn

))
.

E
(
Tn|S1

(
X, Y

kn

))
=

1√
kn

kn∑
i=1

ωniE
(
fn|S1

(
X, Y

kn

))
= 0 [P],

V ar
(
Tn|S1

(
X, Y

kn

))
=

= V ar

(
1√
kn

kn∑
i=1

ωnifn

(
(Xni, Yni) , X, Y kn

)
|S1
(
X, Y

kn

))
[P]

= 1
kn

kn∑
i=1

ωniV ar
(
fn|S0

(
Xkn

))
ωtni+

+ 1
kn

∑
16i6=j6kn

ωniE

(
fn

(
(Xni, Yni) , X, Y kn

)
·

·
(
fn

(
(Xni, Yni) , X, Y kn

))t
|S1
(
X, Y

kn

))
ωtnj [P].

Hence,

V ar
(
Tn|S1

(
X, Y

kn

))
= 1

kn

kn∑
i=1

ωniV ar
(
fn|S1

(
X, Y

kn

))
ωtni [P]

– For the next theorem we assume first the same situation in the introduction
of this section.

Theorem 3.2.15. Assume that the triangular array

1√
kn
fn

(
(Xni, Yni) , X, Y kn

)
, 1 6 i 6 kn, n ∈ N,

is infinitesimal and the sequence
(
V ar

(
fn|S1

(
X, Y

kn

)))
n∈N

is stochasti-

cally bounded. Assume further that the sequence (ωn(t))n∈N ⊆ L2 ([0, 1] ,
Mm×d) is relatively compact sequence of non-random weight functions. Then
the sequence (Tn)n∈N is asymptotically normal under P ∈ H1, and condi-

tioned by the symmetric sub-σ-field S1
(
X, Y

kn

)
. More explicitly,

P ∗ Tn ∼ N
(
0, V ar

(
Tn|S1

(
X, Y

kn

))) (
S1
(
X, Y

kn

))
.

Proof: Let ξni, i = 1, 2, · · · , kn, n ∈ N, be defined by

ξni :=
1√
kn
fn

(
(Xni, Yni) , X, Y kn

)
, 1 6 i 6 kn, n ∈ N.
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From lemma 3.2.13, the random arrays ξn1, · · · , ξnkn , are H1-exchangeable

under P
(
·,S1

(
X, Y

kn

))
. Let

Fn(t) :=

[knt]∑
i=1

1√
kn
fn

(
(Xni, Yni) , X, Y kn

)
,

0 6 t 6 1, and let

F ′n(t) := Fn

(
i− 1

kn

)
+ kn

(
t− i− 1

kn

)(
Fn

(
i

kn

)
− Fn

(
i− 1

kn

))
,

where i := [knt] + 1.
Therefore, we can write

Tn =

1∫
0

ωn(t)dF
′
n(t).

Hence, all assumption of theorem 3.2.9 are satisfied, and consequently we
have

P ∗ Tn ∼ N
(
0, σ2

n

) (
S1
(
X, Y

kn

))
.

where σ2
n :=

1∫
0

ωn(t)s
2
(
ξ
kn

)
ωtn(t)dt =

=
1∫
0

ωn(t)V ar
(
fn|S1

(
X, Y

kn

))
ωtn(t)dt. Also, from remark 3.2.10 we can

write

σ2
n = 1

kn

kn∑
i=1

ωnis
2(ξ

kn
)ωtni

σ2
n = 1

kn

kn∑
i=1

ωniV ar
(
fn|S1

(
X, Y

kn

))
ωtni [P].

By remarking that σ2
n − V ar

(
Tn|S1

(
X, Y

kn

))
P−→ 0, we conclude that the

assertion is valid. �
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3.3. The Hypothesis H2 (independence):

Introduction: Let (Ω,A) be a measurable space and let P be a
probability measure defined on A, X, Y

kn
= ((Xn1, Yn1) , (Xn2, Yn2), · · · ,

(Xnkn , Ynkn))t, n ∈ N, be a triangular array of random couples with values
in a sample space (E2,B2), where E is a separable metric space, and B is
the Borel σ-algebra defined on E . Assume that the random couples of each
row (i.e. (Xn1, Yn1), · · · , (Xnkn , Ynkn), n ∈ N) are i.i.d. under P, and the
random elements of each couple are also independent under P. Let the dis-
tribution of (Xni, Yni) under P be denoted by P ∗ (Xni, Yni) or shortly by
Pn. The general form of linear statistics which are considered here is de-

noted by Tn

(
X, Y

kn

)
, or shortly by Tn if we can avoid confusion, where

Tn := 1√
kn

kn∑
i=1

ωnifn
(
Xni, Xkn

) (
gn
(
Yni, Y kn

))t
, and where ωni ∈ Mm×d1 ,

i = 1, · · · , kn, n ∈ N, where the matrices ωni, i = 1, · · · , kn, n ∈ N, are
assumed to be given constants. And we want here to introduce a new con-
cept of symmetry
w depends on x, y

kn
in a permutation symmetric way iff

w
(
λ
(
x, y

kn

))
= w

(
x, y

kn

)
,∀ λ ∈ Λkn .

We mention here that this is the symmetry concept, which is used in all
arguments related with this section, and the symbols λ,Λkn are introduced
just before definition 3.3.1. The functions fn : E × Ekn −→ Rd1 , (x, zkn

) 7−→
fn(x, zkn

), and gn : E × Ekn −→ Rd2 , (y, zkn
) 7−→ gn(y, zkn

), n ∈ N, are
measurable and such that they depend on zkn

in a permutation symmetric
way. Fix n ∈ N, and let λ1 ∈ Rd1 be a given constant, define Ωλ1 ⊆ Ω by

Ωλ1 :=

{
λt1fn

(
Xn1, Xkn

)
= λt1fn

(
Xn2, Xkn

)
= · · · = λt1fn

(
Xnkn , Xkn

)}
we assume that P(Ωλ1) > 0 is hold iff λ1 = 0. Also similarly, let λ2 ∈ Rd2 be
a given constant, and define Ωλ2 ⊆ Ω by

Ωλ2 :=

{
λt2gn

(
Yn1, Y kn

)
= λt2gn

(
Yn2, Y kn

)
= · · · = λt2gn

(
Ynkn , Y kn

)}
we assume further that P(Ωλ2) > 0 is hold iff λ2 = 0. Now for notational
convenience concerning the computations, let ωn ∈ L2([0, 1],Mm×d1) be such

116



that ωni = kn

i
kn∫

i−1
kn

ωn(t)dt, i = 1, · · · , kn, n ∈ N.

We mention here that the form of the considered statistic Tn contains the

linear rank test statistic S =
n∑
i=1

a(Ri)b(Qi) which has been discussed deeply

in ”Theory of rank tests [1967]” which is due to J. Hájek and Z. S̆idák.

To achieve the purpose here we need to build a base for our coming limit
theorems, for this we shall begin with the following interesting steps which
are needed very much to obtain the final results.

Let us here introduce another new kind of exchangeablity, we call it H2-
exchangeablity, also we put some related symbols, which will be needed for
the main results of this section.
Let (Ω,A, P ) be a probability space and let

ξ
kn

= (ξn1, · · · , ξnkn)t, ξ̃
kn

= (ξ̃n1, · · · , ξ̃nkn)t

be triangular arrays of random elements from (Ω,A, P ) to (E ,B), where E is
a separable metric space, and B is the Borel σ-algebra defined on E . let us

define ξ, ξ̃
kn

:=
(
(ξn1, ξ̃n1), · · · , (ξnkn , ξ̃nkn)

)
, and let (Cn)n∈N be a sequence

of sub-σ-fields of A, C be a sub-σ-field of A. Let further S2
(
ξ, ξ̃

kn

)
:=(

ξ, ξ̃
kn

)−1

(S2
n), where S2

n denotes here the σ-field of all sets B in (B2)
kn

satisfying the condition

x, x̃
kn
∈ B ⇐⇒ λ

(
x, x̃

kn

)
∈ B, ∀λ ∈ Λkn ,

where here x, x̃
kn

:= ((x1, x̃1), · · · , (xkn , x̃kn)), and Λkn :=

{
λ : λ

(
x, x̃

kn

)
=((

xπ1(1), x̃π2(1)

)
, · · · ,

(
xπ1(kn), x̃π2(kn)

))
, for some π1, π2 of the bijective func-

tions defined on {1, 2, · · · , kn}, ∀ x, x̃kn
∈ (E2)

kn

}
.

Let s2(ξ
kn

) :=
kn∑
i=1

(
ξni − ξ̄n

) (
ξni − ξ̄n

)t
, and ξ̄n := 1

kn

kn∑
i=1

ξni. For each n ∈ N

the matrix s2(ξ
kn

) is assumed to be positive definite, also we impose the same

conditions on the matrices s2(η
kn

). All these assumptions and conditions are

hold in this section.
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Definition 3.3.1. The random pairs (ξn1, ξ̃n1), · · · , (ξnkn , ξ̃nkn) are
H2-exchangeable under P (·|Cn), iff ∀λ ∈ Λkn the equality

P
(
ξ, ξ̃

kn
∈ B|Cn

)
= P

(
λ
(
ξ, ξ̃

kn

)
∈ B|Cn

)
[P ]

is valid for all B ∈ (B2)
kn , and then the array ξ, ξ̃

kn
is called H2-exchangeable

under P (·|Cn).

Lemma 3.3.2. Let f : (E2,B2)
kn −→ (R,B) be a measurable

function such that E(f(ξ, ξ̃
kn

)) is well-defined. If ξ, ξ̃
kn

is H2-exchangeable

under P (·|C), then ∀A ∈ S2(ξ, ξ̃
kn

), C ∈ C, λ ∈ Λkn the following equality

is valid
E
(
1A∩Cf

(
λ
(
ξ, ξ̃

kn

)))
= E

(
1A∩Cf

(
ξ, ξ̃

kn

))
.

�

Let us denote the σ-field σ(S2
(
ξ, ξ̃

kn

)
, C) by S2(ξ, ξ̃

kn
, C). Now, since {A ∩

C : A ∈ S2
(
ξ, ξ̃

kn

)
, C ∈ C} generates the σ-field S2(ξ, ξ̃

kn
, C), we have by

lemma 3.3.2 the validity of

E
(
1Df

(
λ
(
ξ, ξ̃

kn

)))
= E

(
1Df

(
ξ, ξ̃

kn

))
,

∀D ∈ S2(ξ, ξ̃
kn
, C), λ ∈ Λkn .

Therefore, the following lemma is just a consequence of lemma 3.3.2.

Lemma 3.3.3. Let f : (E2,B2)
kn −→ (R,B) be a measurable

function such that E(f(ξ, ξ̃
kn

)) is well-defined. If ξ, ξ̃
kn

is H2-exchangeable

under P (·|C), then

E(f(ξ, ξ̃
kn

)|S2
(
ξ, ξ̃

kn
, C
)
) =

1

(kn!)2

∑
λ∈Λkn

f(λ(ξ, ξ̃
kn

)) [P ].

Let us now introduce the following invariance principle which is needed to
build the proofs of the coming limit theorems of this section.
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Theorem 3.3.4. Suppose that the triangular arrays ξ
kn

, ξ̃
kn

satis-

fying the following conditions:

The sequences
(

1√
kn
s2(ξ

kn

)
n∈N

,
(

1√
kn
s2(ξ̃

kn
)
)
n∈N

,

(
1√
kn

kn∑
i=1

ξni

)
n∈N

, and(
1√
kn

kn∑
i=1

ξ̃ni

)
n∈N

are stochastically bounded, where

s2(ξ
kn

) :=
kn∑
i=1

(ξni − ξ̄n)(ξni − ξ̄n)
t,

and

s2(ξ̃
kn

) :=
kn∑
i=1

(ξ̃ni − ¯̃ξn)(ξ̃ni − ¯̃ξn)
t,

and where ξ̄n := 1
kn

kn∑
i=1

ξni, and ¯̃ξn := 1
kn

kn∑
i=1

ξ̃ni. And we suppose further that

the arrays ξ
kn

, and ξ̃
kn

are infinitesimal. If Cn ⊇ S2
(
ξ, ξ̃

kn

)
, n ∈ N, is a

sequence of sub-σ-fields of A, C̃n := σ(C× (C[0, 1])d1×d2 : C ∈ Cn), and if the
triangular array ξ, ξ̃

kn
is H2-exchangeable under P (·|Cn) then

S̃n
w∼W̃ (C̃n).

Where
S̃n : Ω× (C[0, 1])d1×d2 −→ (D[0, 1])d1×d2 ,

S̃n(ω1, ω2) := Sn(ω1),

(Sn(ω1)) (t) :=

[knt]∑
i=1

(ξniξ̃
t
ni)(ω1).

And
W̃ : Ω× (C[0, 1])d1×d2 −→ (C[0, 1])d1×d2 ⊂ (D[0, 1])d1×d2 ,

W̃t(ω1, ω2) := 1√
kn

(√
s2(ξ

kn
)
)

(ω1)Wt(ω2)
(√

s2(ξ̃
kn

)
)

(ω1)+

+ t
kn

kn∑
i=1

ξni(ω1)
kn∑
i=1

ξ̃tni(ω1), ∀t ∈ [0, 1], ∀(ω1, ω2) ∈ Ω× (C[0, 1])d1×d2 ,

where W := (Wt)06t61 =

((
W jk
t

)
06t61

)
16j6d1
16k6d2

is a d1 × d2-dimensional

Brownian motion.

Proof: We prove it first in the case where sup
n
‖ 1√

kn
s2(ξ

kn
) ‖,

sup
n
‖ 1√

kn
s2(ξ̃

kn
) ‖, sup

n
‖ 1√

kn

kn∑
i=1

ξni ‖, and sup
n
‖ 1√

kn

kn∑
i=1

ξ̃ni ‖ are strictly less
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than infinity almost everywhere with respect to P .
By lemma 1.2.2 the assertion is equivalent to the validity of the limit∫

Cn×(C[0,1])d1×d2

ϕ(S̃n)dP ⊗ µ−
∫

Cn×(C[0,1])d1×d2

ϕ(W̃ )dP ⊗ µ −→
n−→∞

0,

for all sequences (Cn)n∈N, and for all bounded uniformly continuous functions
ϕ : (D[0, 1])d1×d2 −→ R, where Cn ∈ Cn, and where µ is the Wiener measure
defined on (C[0, 1])d1×d2 .
Therefore, let (Cn)n∈N be an arbitrary sequence of the measurable sets Cn ∈
Cn, n ∈ N, we want to prove the validity of the previous limit above, which
is equivalent to∫

Cn

ϕ(Sn)dP −
∫
Cn

∫
(C[0,1])d1×d2

ϕ(W̃ )dPdµ −→
n−→∞

0

⇐⇒
∫
Cn

E (ϕ(Sn)|Cn) dP −
∫
Cn

E

 ∫
(C[0,1])d1×d2

ϕ(W̃ )dµ

∣∣∣∣Cn
 dP −→

n−→∞
0

Since the sequence (Cn)n∈N is arbitrary, the previous assertion is equivalent
to

E (ϕ(Sn)|Cn)− E

 ∫
(C[0,1])d1×d2

ϕ(W̃ )dµ

∣∣∣∣Cn
 P−→0

⇐⇒ E (ϕ(Sn)|Cn)−
∫

(C[0,1])d1×d2

ϕ(W̃ )dµ
P−→0

⇐⇒ 1

(kn!)2

∑
π1,π2

ϕ

[kn(·)]∑
i=1

ξnπ1(i)ξ̃
t
nπ2(i)

−
∫

(C[0,1])d1×d2

ϕ(W̃ )dµ
P−→0,

where π1, π2 here ranging over all bijective functions, defined on {1, 2, · · · , kn}.
It is sufficient to prove that each subsequence {n′} contains another sub-
subsequence {n′′} such that

⇐⇒ 1

(kn′′ !)2

∑
π1,π2

ϕ

[kn′′ (·)]∑
i=1

ξn′′π1(i)ξ̃
t
n′′π2(i)

−
∫

(C[0,1])d1×d2

ϕ(W̃ )dµ
P−→0 [P ].
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From the hypotheses, each subsequence {n′} of {n}, contains another sub-
subsequence {n′′} such that

max
16i6kn′′

‖ ξn′′i ‖−→ 0 [P ],

and
max

16i6kn′′
‖ ξ̃n′′i ‖−→ 0 [P ].

Therefore, without any loss of generality we can assume that

max
16i6kn

‖ ξni ‖−→ 0 [P ],

and
max

16i6kn

‖ ξ̃ni ‖−→ 0 [P ].

Hence, for all ω1 of those fulfill the hypotheses, we want now to prove

1
(kn!)2

∑
π1,π2

ϕ

(
[kn(·)]∑
i=1

ξnπ1(i)(ω1)ξ̃
t
nπ2(i)(ω1)

)
−

−
∫

(C[0,1])d1×d2

ϕ

{
1√
kn

(√
s2(ξ

kn
)
)

(ω1)W
(√

s2(ξ̃
kn

)
)

(ω1)+

+ (·)
kn

kn∑
i=1

ξni(ω1)
kn∑
i=1

ξ̃tni(ω1)

}
dµ −→ 0.

But this is valid indeed from remark 2.3.8.
Now, we turn to prove it in the general case.

Let us define CM
n :=

{
‖ 1√

kn

kn∑
i=1

ξni ‖6 M , ‖ 1√
kn
s2(ξ

kn
) ‖6 M

}
, and

C̃M
n :=

{
‖ 1√

kn

kn∑
i=1

ξ̃ni ‖6 M , ‖ 1√
kn
s2(ξ̃

kn
) ‖6 M

}
and also for each n ∈ N,

and i = 1, · · · , kn, we define the new random arrays ηni := 1CM
n
· ξni, η̃ni :=

1C̃M
n
· ξ̃ni. It is clear that the new random arrays satisfy the first case of the

proof above.
Consequently, the limit∫
Cn×(C[0,1])d1×d2

ϕ(1CM
n ∩C̃M

n
·S̃n)dP⊗µ−

∫
Cn×(C[0,1])d1×d2

ϕ(1CM
n ∩C̃M

n
·W̃ )dP⊗µ −→

n−→∞
0,

is valid for all sequences (Cn)n∈N, and for all bounded uniformly continuous
functions ϕ : (D[0, 1])d1d2 −→ R, where Cn ∈ Cn. We can rewrite the previous
limit as the following∫
Cn×(C[0,1])d1×d2

1CM
n ∩C̃M

n
·ϕ(S̃n)dP⊗µ−

∫
Cn×(C[0,1])d1×d2

1CM
n ∩C̃M

n
·ϕ(W̃ )dP⊗µ −→

n−→∞
0.

121



Also, we can enlarge M to make the following inequality valid P (CM
n ∩C̃M

n ) >
1− ε for any given ε > 0, and for all n ∈ N.
Therefore, we obtain the validity of the limit∫

Cn×(C[0,1])d1×d2

ϕ(S̃n)dP ⊗ µ−
∫

Cn×(C[0,1])d1×d2

ϕ(W̃ )dP ⊗ µ −→
n−→∞

0,

for all sequences (Cn)n∈N, and for all bounded uniformly continuous functions
ϕ : (D[0, 1])d1×d2 −→ R, where Cn ∈ Cn.
Hence, the proof is complete. �

Corollary 3.3.5. In the same situation of theorem 3.3.4, we have
the validity of

S̃n
w∼W̃ ,

or more explicitly[knt]∑
i=1

ξniξ̃
t
ni


06t61

w∼

(
1√
kn

√
s2(ξ

kn
) Wt

√
s2(ξ̃

kn
) +

t

kn

kn∑
i=1

ξni

kn∑
i=1

ξ̃tni

)
06t61

.

In the same situation of theorem 3.3.4, we want to discuss the conditional
asymptotic normality of a given linear combination of the random arrays
Sn(t1), Sn(t2),· · · , Sn(tk), where t1, t2,· · · , tk belong to [0, 1]. The following
remark is for this purpose.

Remark 3.3.6. Let Xn be defined by

Sn(t1)...
Sn(tk)

, where t1, t2,· · · ,

tk belong to [0, 1], and let a1, a2,· · · , ak be given constant matrices of order
m× d1, then we have

P ∗
k∑
i=1

ai · Sn(ti) ∼ N (µn, σ
2
n) (Cn), where ∀n ∈ N

µn :=
k∑
j=1

tjaj ·

(
1

kn

kn∑
i=1

ξni

kn∑
i=1

ηtni

)
,

σ2
n := (a1, · · · , ak)

→•

((
min(ti, tj)

1

kn
s2
(
ξ
kn

))
16i,j6k

→
? s2

(
η
kn

))
←•

a
t
1
...
atk

 .
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Proof: From Theorem 3.3.4 we conclude the following fact

P ∗

Sn(t1)...
Sn(tk)

 ∼ N
(
µ̃n, σ̃

2
n

)
(Cn) ,

where here ∀n ∈ N

µ̃n :=


t1

1
kn

kn∑
i=1

ξni
kn∑
i=1

ηtni

...

tk
1
kn

kn∑
i=1

ξni
kn∑
i=1

ηtni

 ,

σ̃2
n :=

(
min(ti, tj)

1

kn
s2(ξ

kn
)

)
16i,j6k

→
? s2(η

kn
).

Which means by definition the validity of the following limit

EP (f (Sn(t1), Sn(t2), · · · , Sn(tk)) |Cn)−
∫
fdN (µ̃n, σ̃

2
n)

P−→ 0, for all bounded
uniformly continuous functions f : (Md1×d2)

k −→ R. Now, let g : Mm×d2 −→
R be a bounded uniformly continuous function, and let a1, a2,· · · , ak ∈
Mm×d1 be given constant matrices, then the function h : (Md1×d2)

k −→ R,
defined by h(x) := g((a1, a2, · · · , ak) · x), ∀x ∈ (Md1×d2)

k is also bounded
uniformly continuous function. Thus, we have for this h the validity of the
limit
EP (h (Sn(t1), Sn(t2), · · · , Sn(tk)) |Cn) −

∫
hdN (µ̃n, σ̃

2
n)

P−→ 0, which can be
rewritten as

EP

g
(a1, a2, · · · , ak) ·

Sn(t1)...
Sn(tk)


∣∣∣∣Cn

−∫ gdN (µn, σ
2
n)

P−→ 0, which is

also equivalent to

EP

(
g

(
k∑
j=1

aj · Sn(tj)

)
|Cn

)
−
∫
gdN

(
µn, σ

2
n

) P−→ 0,

where here

µn := (a1, a2, · · · , ak) ·


t1

1
kn

kn∑
i=1

ξni
kn∑
i=1

ηtni

...

tk
1
kn

kn∑
i=1

ξni
kn∑
i=1

ηtni

 =
k∑
j=1

tjaj ·

(
1

kn

kn∑
i=1

ξni

kn∑
i=1

ηtni

)
,
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and

σ2
n := (a1, · · · , ak)

→•

((
min(ti, tj)

1

kn
s2
(
ξ
kn

))
16i,j6k

→
? s2

(
η
kn

))
←•

a
t
1
...
atk

 .

Therefore, the proof is complete. �

Corollary 3.3.7. In remark 3.3.6 if 0 < t1 < t2 < · · · < tk < 1,
then we can rewrite σ2

n as the following

σ2
n =

k∑
j=1

(
j∑
i=1

ai
→•
(

1
kn
s2(ξ

kn
)
→
? s2(η

kn
)
)
←• atjti+

+
k−j∑
i=1

aj+i
→•
(

1
kn
s2(ξ

kn
)
→
? s2(η

kn
)
)
←• atjtj

)
.

Also, if t = 1
k
, aj = αj − αj+1, and ak = αk, where α1, α2,· · · , αk, are given

constant matrices of order m× d, and if tj = jt, for j = 1, 2, · · · , k, then we
have easily

µn = t

(
k∑
j=1

αj

)
·
(

1
kn

kn∑
i=1

ξni
kn∑
i=1

ηtni

)
, and

σ2
n =

(
k∑
j=1

αj
→•
(

1
kn
s2
(
ξ
kn

) →
? s2

(
η
kn

))
←• αtj

)
t. These results are involved

in the proof of theorem 3.3.9. �

Throughout the proofs of the coming limit theorems in this section we need to
represent some Partial sums as path integrals. Let ξn1, ξn2,· · · ,ξnkn , and ηn1,
ηn2,· · · ,ηnkn , be random arrays from (Ω,A, P ) to (Rd1 ,Bd1), and (Rd2 ,Bd2)

respectively, and Sn(t) :=
[knt]∑
i=1

ξniη
t
ni, and let ωni, i = 1, 2, · · · , kn, n ∈ N, be

constant matrices of order m× d1. One can write

kn∑
i=1

ωniξniη
t
ni =

∫ 1

0

ωn(t)dS
′(t),

where S ′n(t) is defined by

S ′n(t) = Sn

(
i− 1

kn

)
+ kn

(
t− i− 1

kn

)(
Sn

(
i

kn

)
− Sn

(
i− 1

kn

))
,

where i := [knt] + 1 in this formula, and ωn ∈ L2([0, 1],Mm×d1) is defined

such that ωni = kn

i
kn∫

i−1
kn

ωn(t)dt, for i = 1, · · · , kn. Also, we need to see the
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behavior of ‖
kn∑
i=1

ωniξniη
t
ni ‖ when ‖ ωn ‖2 tends to zero with n tends to

infinity, the next lemma gives an answer to that question.

Lemma 3.3.8. If the random pairs (ξn1, ηn1), (ξn2, ηn2), · · · ,
(ξnkn , ηnkn), are H2-exchangeable under P (·|Cn), and the sequences(

1√
kn

kn∑
i=1

ξni

)
n∈N

,

(
1√
kn

kn∑
i=1

ηni

)
n∈N

,
(

1√
kn
s2(ξ

kn
)
)
n∈N

, and
(

1√
kn
s2(η

kn
)
)
n∈N

,

are stochastically bounded, then

‖
kn∑
i=1

ωniξniη
t
ni ‖

P−→ 0, if ‖ ωn ‖2 −→
n−→∞

0.

Proof: Since the sequences

(
1√
kn

kn∑
i=1

ξni

)
n∈N

, and

(
1√
kn

kn∑
i=1

ηni

)
n∈N

, are

stochastically bounded, it is sufficient to prove

‖
kn∑
i=1

ωni
(
ξni − ξ̄n

)
(ηni − η̄n)

t ‖ P−→ 0, if ‖ ωn ‖2 −→
n−→∞

0,

where as we know ξ̄n := 1
kn

kn∑
i=1

ξni, and η̄n := 1
kn

kn∑
i=1

ηni.

Since ω ∈ L2([0, 1],Mm×d1), and from Lemma 3.3.3, we have

V ar

((
kn∑
i=1

ωni
(
ξni − ξ̄n

)
(ηni − η̄n)

t

) ∣∣∣∣S2
(
ξ, η

kn
, Cn
))

=

= 1
kn

kn∑
i=1

ωni
→•
(

1
kn
s2(ξ

kn
)
→
? s2(η

kn
)
)
←• ωtni + oP (1).

Now, since

1

kn

kn∑
i=1

‖ ωni ‖26

1∫
0

‖ ωn ‖2 dt =‖ ωn ‖2
2,

and since the sequences
(

1√
kn
s2(ξ

kn
)
)
n∈N

, and
(

1√
kn
s2(η

kn
)
)
n∈N

are stochas-

tically bounded, we obtain

V ar

((
kn∑
i=1

ωni
(
ξni − ξ̄n

)
(ηni − η̄n)

t

) ∣∣∣∣S2
(
ξ, η

kn
, Cn
))

P−→ 0.

Therefore,

E

(
‖

kn∑
i=1

ωni
(
ξni − ξ̄n

)
(ηni − η̄n)

t ‖2

∣∣∣∣S2
(
ξ, η

kn
, Cn
))

P−→ 0,
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and from theorem 1.1.3 we conclude that the assertion is valid indeed. �

In the next theorem we discuss the asymptotic normality of the sum
kn∑
i=1

ωniξniη
t
ni.

Theorem 3.3.9. Suppose that the triangular array ξ, η
kn

is in-

finitesimal and that the sequences

(
1√
kn

kn∑
i=1

ξni

)
n∈N

,

(
1√
kn

kn∑
i=1

ηni

)
n∈N

,(
1√
kn
s2(ξ

kn
)
)
n∈N

, and
(

1√
kn
s2(η

kn
)
)
n∈N

are stochastically bounded, and fur-

ther that sequence (ωn)n∈N is a relatively compact sequence in the space
L2([0, 1],Mm×d1). We call it a sequence of weight functions and assume that

these weights are constants. If Cn ⊇ S2
(
ξ, η

kn

)
, n ∈ N, is a sequence of sub-

σ-fields of A, and if the rows of the triangular array are H2-exchangeable
under P (·|Cn), then we have

P ∗
kn∑
i=1

ωniξniη
t
ni ∼ N (µn, σ

2
n) (Cn),

where

µn :=

1∫
0

ωn(t)dt ·
1

kn

kn∑
i=1

ξni

kn∑
i=1

ηtni,

and

σ2
n :=

1∫
0

ωn(t)
→•
(

1

kn
s2(ξ

kn
)
→
? s2(η

kn
)

)
←• ωtn(t)dt.

Proof: Since, (ωn(t))n∈N is relatively compact, so every subsequence of
(ωn(t))n∈N contains another convergent sub-subsequence, and consequently it
is sufficient to prove the assertion in the case when the sequence (ωn(t))n∈N is
convergent. And from lemma 3.3.8 we conclude that it is sufficient to prove
it in the case ωn(t) = ω(t), ∀n ∈ N. Moreover, remarking that any ω ∈
L2([0, 1],Mm×d1) can assumed as a limit of some sequence of step-functions

belong to Mm×d1 , where Mm×d1 :=

{
ω : ω(t) =

k∑
i=1

xi · 1[ i−1
k
, i
k
)(t), xi ∈

Mm×d1 , i = 1, · · · , k, k ∈ N
}

. By applying lemma 3.3.8 we find that it

is sufficient to prove it when ω ∈Mm×d1 . Now, we note that

126



kn∑
i=1

ωniξniη
t
ni =

1∫
0

ω(t)dS ′n(t) =
k∑
i=1

xi
(
S ′n
(
i
k

)
− S ′n

(
i−1
k

))
=

k∑
i=1

aiS
′
n

(
i
k

)
, where

ai := xi − xi+1, i = 1, 2, · · · , k − 1, ak = xk. Since the triangular array ξ
kn

is infintesimal, and from remark 3.3.6, and corollary 3.3.7, we find that the
assertion is valid indeed. �

Remark 3.3.10. In theorem 3.3.9, σ2
n can be rewritten as

σ2
n = 1

kn

kn∑
i=1

ωni
→•
(

1
kn
s2(ξ

kn
)
→
? s2(η

kn
)
)
←• ωtni, n ∈ N. �

We want at this position to introduce some important properties of the con-
cepts of the H2-exchangeablity under P (·|C), where C is a given sub-σ-field of

A, also we want to discuss some properties of the σ-field S2
(
ξ, η

k

)
, k ∈ N.

For this, we shall introduce the definition of the H2-exchangeablity under P ,
also some interesting results.

Definition 3.3.11. Under the same hypotheses of definition 3.3.1,
we call the triangular array ξ, η

kn
H2-exchangeable under P iff this triangular

array is H2-exchangeable under P (·|C), for C = {∅,Ω}.

– It is clear from lemma 3.3.3 that the H2-exchangeablity under P (·|C),

for all C ⊆ S2
(
ξ, η

kn

)
is equivalent to the H2-exchangeablity under P .

Lemma 3.3.12. Let (X1, Y1), (X2, Y2), · · · , (Xk, Yk) be random
pairs from (Ω,A, P ) to (E ,B), where E is a separable metric space, and B
is the Borel σ-algebra defined on E . Let further, f, g : E × Ek −→ Rd1 ,Rd2

respectively be measurable functions, each of them is permutation symmetric
in its second variable, and let ξi := f (Xi, Xk), ηi := g (Yi, Y k), i = 1, · · · , k,
then S2

(
ξ, η

k

)
⊆ S2

(
X, Y

k

)
.

Proof: It is sufficient to prove that the following implication

l
(
ξ, η

k

)
is S2

(
ξ, η

k

)
-measurable =⇒ l

(
ξ, η

k

)
is S2

(
X, Y

k

)
-measurable

is valid for all measurable l :
(
Rd1 × Rd2

)k −→ R.

For this, let h : (E2)
k −→

(
Rd1 × Rd2

)k
be defined by

h(x, y
k
) :=

((
f(x1, xk), g(y1, yk)

)
, · · · ,

(
f(xk, xk), g(yk, yk)

))
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Let l
(
ξ, η

k

)
be S2

(
ξ, η

k

)
-measurable, this implies l

(
λ
(
ξ, η

k

))
= l
(
ξ, η

k

)
for all λ ∈ Λk. Let us define l0 : (E2)

k −→ R by l0

(
x, y

k

)
:= l(h(x, y

k
)).

Hence, l0

(
X, Y

k

)
= l
(
h
(
X, Y

k

))
= l
(
ξ, η

k

)
, and l0

(
λ
(
X, Y

k

))
=

= l
(
h
(
λ
(
X, Y

k

)))
= l
(
λ
(
ξ, η

k

))
= l
(
ξ, η

k

)
= l0

(
X,Y

k

)
.

Hence, l0

(
λ
(
X, Y

k

))
= l0

(
X, Y

k

)
, but this means that l0

(
X, Y

k

)
is

S2
(
X, Y

k

)
-measurable, and also l

(
ξ, η

k

)
is S2

(
X, Y

k

)
-measurable. Con-

sequently, the assertion is valid indeed. �

Lemma 3.3.13. Let f, g : E × Ek −→ Rd1 ,Rd2 be measurable
functions, each of them is permutation symmetric in its second variable. If
the random pairs (X1, Y1), · · · , (Xk, Yk) are H2-exchangeable under P (·|C),
then (f (X1, Xk) , g (Y1, Y k)), · · · , (f (Xk, Xk) , g (Yk, Y k)), are also H2-ex-
changeable under P (·|C).

Proof: It is sufficient to prove that for any measurable function l :(
Rd1 × Rd2

)k −→ R satisfying that the quantity
E (l ((f (X1, Xk) , g (Y1, Y k)) , · · · , (f (Xk, Xk) , g (Yk, Y k))))
is well-defined, the equality

E

(
l

(
λ

(
(f (X1, Xk) , g (Y1, Y k)) , · · · , (f (Xk, Xk) , g (Yk, Y k))

))
|C
)

=

= E

(
l

(
(f (X1, Xk) , g (Y1, Y k)) , · · · , (f (Xk, Xk) , g (Yk, Y k))

)
|C
)

[P ]

is valid. For this, let us define h : (E2)
k −→

(
Rd1 × Rd2

)k
by

h(x, y
k
) =

((
f (x1, xk) , g

(
y1, yk

))
, · · · ,

(
f (xk, xk) , g

(
yk, yk

)))t
. And we

can write
h(X, Y

k
) = ((f (X1, Xk) , g (Y1, Y k)) , · · · , (f (Xk, Xk) , g (Yk, Y k)))

t. Conse-
quently, it remains to be proved the validity of the equality

E
(
l
(
λ
(
h
(
X,Y

k

)))
|C
)

= E
(
l
(
h
(
X,Y

k

))
|C
)

[P ].

But easily, we see that the left side is equal to E
(
l
(
h
(
λ
(
X, Y

k

)))
|C
)

almost sure with respect to P . Since (X1, Y1), · · · , (Xk, Yk) are H2-ex-
changeable under P (·|C), the assertion follows. �
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Lemma 3.3.14. Let (ξ1, η1), · · · , (ξk, ηk) : (Ω,A, P ) −→ (Rd1×Rd2)
be random pairs, and C ⊆ A be a sub-σ-field.

Let x, y
k

= ((x1, y1), · · · , (xk, yk)) ∈ (Rd1 × Rd2)k, x̄ = 1
k

k∑
i=1

xi, ȳ = 1
k

k∑
i=1

yi,

and V (xk) =
k∑
i=1

(xi− x̄)(xi− x̄)t V
(
y
k

)
=

k∑
i=1

(yi− ȳ)(yi− ȳ)t. Assume that

V (xk), and V
(
y
k

)
are positive definite, and let h1 : Rd1× (Rd1)k −→ Rd1 be

defined by h1(y, xk) = (V (xk))
− 1

2 (y − x̄), and let h2 : Rd2 × (Rd2)k −→ Rd2

be defined by h2(y, xk) = (V (xk))
− 1

2 (y − x̄), and ξ̃i = h1

(
ξi, ξk

)
, η̃i =

h2

(
ηi, ηk

)
,i = 1, · · · , k. If (ξ1, η1), · · · , (ξk, ηk) are H2-exchangeable under

P (·|C), and if ξ̄, η̄, V (ξ
k
), and V (η

k
) are C-measurable, then S2

(
ξ, η

k
, C
)

=

S2
(
ξ̃, η̃

k
, C
)
.

Proof: First we see that S2
(
ξ̃, η̃

k
, C
)
⊆ S2

(
ξ, η

k
, C
)

follows from lemma

3.3.12 because h1, h2 are permutation symmetric in their second variable. It

remains to show that S2
(
ξ, η

k
, C
)
⊆ S2

(
ξ̃, η̃

k
, C
)
. And for this it is suffi-

cient to prove that S2
(
ξ, η

k

)
⊆ S2

(
ξ̃, η̃

k
, C
)
. Let f : (Rd1 ×Rd2)k −→ R be

any measurable function such that f
(
ξ, η

k

)
is S2

(
ξ, η

k

)
-measurable. This

means f
(
λ
(
ξ, η

k

))
= f

(
ξ, η

k

)
for all λ ∈ Λk.

To complete this proof we have to prove that f
(
ξ, η

k

)
is S2

(
ξ̃, η̃

k
, C
)
-

measurable. For this, let z = ((z1, z̃1), · · · , (zk, z̃k)) ∈ (Rd1 × Rd2)k, a ∈ Rd1 ,
b ∈ Rd2 , A ∈ Md1×d1 , B ∈ Md2×d2 , and the matrices A, B are positive
definite and symmetric, h be defined by h(z, a, b, A,B) = ((A

1
2 z1 +a,B

1
2 z̃1 +

b), · · · , (A 1
2 zk + a,B

1
2 z̃k + b))t. It is easy to see that h(λ(z), a, b, A,B) =

λ(h(z, a, b, A,B)), ξ, η
k

= h(ξ̃, η̃
k
, ξ̄, η̄, V (ξ

k
), V (η

k
)), and

f
(
ξ, η

k

)
= f

(
h
(
ξ̃, η̃

k
, ξ̄, η̄, V (ξ

k
), V (η

k
)
))

but ξ̄, η̄, V
(
ξ
k

)
and V

(
η
k

)
are S2

(
ξ̃, η̃

k
, C
)
-measurable because C ⊆ S2

(
ξ̃, η̃

k
, C
)
, and they are C-

measurable. But also,

f
(
h
(
λ
(
ξ̃, η̃

k

)
, ξ̄, η̄, V (ξ

k
), V (η

k
)
))

= f
(
h
(
ξ̃, η̃

k
, ξ̄, η̄, V (ξ

k
), V (η

k
)
))

,

for all λ ∈ Λk.

Thus, f
(
ξ, η

k

)
= f

(
h
(
ξ̃, η̃

k
, ξ̄, η̄, V (ξ

k
), V (η

k
)
))

is S2
(
ξ̃, η̃

k
, C
)
-measur-

able. �
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In the introduction of this section we have defined the statistic

Tn = 1√
kn

kn∑
i=1

ωnifn
(
Xni, Xkn

) (
gn
(
Yni, Y kn

))t
, we want here to make some

preliminary computations to prepare for the next theorem which will dis-
cuss the conditional asymptotic normality of the sequence (Tn)n∈N. For

this, let us first prove that E
(
fn
(
Xni, Xkn

) (
gn
(
Yni, Y kn

))t |S2
(
X, Y

kn

))
,

and V ar
(
fn
(
Xni, Xkn

) (
gn
(
Yni, Y kn

))t |S2
(
X, Y

kn

))
, are independent of i.

One can easily see

E
(
fn
(
Xni, Xkn

) (
gn
(
Yni, Y kn

))t |S2
(
X, Y

kn

))
=

= 1
k2

n

kn∑
i=1

fn
(
Xni, Xkn

) kn∑
i=1

(
gn
(
Yni, Y kn

))t
[P],

V ar
(
fn
(
Xni, Xkn

)
|S2
(
X, Y

kn

))
=

= 1
kn

kn∑
i=1

(
fn
(
Xni, Xkn

)
− E

(
fn
(
Xni, Xkn

)
|S2
(
X, Y

kn

)))
·

·
(
fn
(
Xni, Xkn

)
− E

(
fn
(
Xni, Xkn

)
|S2
(
X, Y

kn

)))t)
[P],

V ar
(
gn
(
Yni, Y kn

)
|S2
(
X, Y

kn

))
=

= 1
kn

kn∑
i=1

(
gn
(
Yni, Y kn

)
− E

(
gn
(
Yni, Y kn

)
|S2
(
X, Y

kn

)))
·

·
(
gn
(
Yni, Y kn

)
− E

(
gn
(
Yni, Y kn

)
|S2
(
X, Y

kn

)))t)
[P],

Therefore, for notational convenience we denote

E
(
fn
(
Xni, Xkn

)
|S2
(
X, Y

kn

))
by E

(
fn|S2

(
X,Y

kn

))
, i.e.

E
(
fn|S2

(
X, Y

kn

))
:= E

(
fn
(
Xni, Xkn

)
|S2
(
X, Y

kn

))
,

Also, we denote similarly

E
(
gn
(
Yni, Y kn

)
|S2
(
X, Y

kn

))
by E

(
gn|S2

(
X, Y

kn

))
, i.e.

E
(
gn|S2

(
X,Y

kn

))
:= E

(
gn
(
Yni, Y kn

)
|S2
(
X, Y

kn

))
,

Also, we define V ar
(
fn|S2

(
X, Y

kn

))
, and V ar

(
gn|S2

(
X, Y

kn

))
. We can

see similarly that V ar
(
fn
(
Xni, Xkn

) (
gn
(
Yni, Y kn

))t |S2
(
X, Y

kn

))
is inde-

pendent of i.
But we want here to have an explicit expression for it. For this, we begin
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with

V ar

((
fn
(
Xni, Xkn

)
− E

(
fn|S2

(
X, Y

kn

)))
·

·
(
gn
(
Yni, Y kn

)
− E

(
gn|S2

(
X, Y

kn

)))t
|S2
(
X, Y

kn

))
.

We mention here that the computations are made only in the case where(
V ar

(
fn|S2

(
X, Y

kn

)))
n∈N

, and
(
V ar

(
gn|S2

(
X, Y

kn

)))
n∈N

are stochas-

tically bounded.

V ar

((
fn
(
Xni, Xkn

)
− E

(
fn|S2

(
X, Y

kn

)))
·

·
(
gn
(
Yni, Y kn

)
− E

(
gn|S2

(
X, Y

kn

)))t
|S2
(
X, Y

kn

))
=

= V ar
(
fn
(
Xni, Xkn

)
|S2
(
X,Y

kn

))→
?V ar

(
gn
(
Yni, Y kn

)
|S2
(
X,Y

kn

))
[P]

=

(
1
kn

kn∑
i=1

(
fn
(
Xni, Xkn

)
− E

(
fn
(
Xni, Xkn

)
|S2
(
X, Y

kn

)))
·

·
(
fn
(
Xni, Xkn

)
− E

(
fn
(
Xni, Xkn

)
|S2
(
X, Y

kn

)))t)→
?

→
?

(
1
kn

kn∑
i=1

(
gn
(
Yni, Y kn

)
− E

(
gn
(
Yni, Y kn

)
|S2
(
X, Y

kn

)))
·

·
(
gn
(
Yni, Y kn

)
− E

(
gn
(
Yni, Y kn

)
|S2
(
X, Y

kn

)))t)
[P].

Now, if
(

4
√
knE

(
fn|S2

(
X, Y

kn

)))
n∈N

, and
(

4
√
knE

(
gn|S2

(
X, Y

kn

)))
n∈N

are also stochastically bounded, then we have

V ar
(
fn
(
Xni, Xkn

) (
gn
(
Yni, Y kn

))t |S2
(
X, Y

kn

))
=

= V ar
(
fn
(
Xni, Xkn

)
|S2
(
X,Y

kn

)) →
? V ar

(
gn
(
Yni, Y kn

)
|S2
(
X, Y

kn

))
+

op(1).

Let us now give explicit expressions for E
(
Tn|S2

(
X, Y

kn

))
, and

V ar
(
Tn|S2

(
X, Y

kn

))
.

E
(
Tn|S2

(
X, Y

kn

))
=

= 1√
kn

kn∑
i=1

ωniE
(
fn|S2

(
X, Y

kn

))(
E
(
gn|S2

(
X,Y

kn

)))t
[P],

V ar
(
Tn|S2

(
X, Y

kn

))
=

= V ar

(
1√
kn

kn∑
i=1

ωnifn
(
Xni, Xkn

) (
gn
(
Yni, Y kn

))t |S2
(
X, Y

kn

))
[P]

= 1
kn

kn∑
i=1

ωni
→•
(
V ar

(
fn|S2

(
X, Y

kn

)) →
? V ar

(
gn|S2

(
X, Y

kn

)))
←•ωtni+op(1).
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– For the next theorem we assume first the same situation in the intro-
duction of this section.

Theorem 3.3.15. Assume that the triangular arrays

1
4
√
kn
fn
(
Xni, Xkn

)
,

1
4
√
kn
gn
(
Yni, Y kn

)
, 1 6 i 6 kn, n ∈ N,

are infinitesimal and the following sequences(
V ar

(
fn|S2

(
X, Y

kn

)))
n∈N

,
(
V ar

(
gn|S2

(
X, Y

kn

)))
n∈N

,(
4
√
knE

(
fn|S2

(
X, Y

kn

)))
n∈N

, and
(

4
√
knE

(
gn|S2

(
X, Y

kn

)))
n∈N

are stochastically bounded. Assume further that the sequence (ωn(t))n∈N ⊆
L2 ([0, 1],Mm×d1) is relatively compact sequence of non-random weight func-
tions. Then the sequence (Tn)n∈N is asymptotically normal under P ∈ H2,

and conditioned by the symmetric sub-σ-field S2
(
X, Y

kn

)
. More explicitly,

P ∗
(
Tn − E

(
Tn|S2

(
X, Y

kn

)))
∼

∼ N
(
0, V ar

(
Tn|S2

(
X, Y

kn

))) (
S2
(
X, Y

kn

))
,

also

P∗Tn ∼ N
(
E
(
Tn|S2

(
X, Y

kn

))
, V ar

(
Tn|S2

(
X, Y

kn

))) (
S2
(
X,Y

kn

))
.

Proof: Let ξni, ηni, i = 1, 2, · · · , kn, n ∈ N, be defined by

ξni :=
1

4
√
kn

(
fn
(
Xni, Xkn

)
− E

(
fn|S2

(
X, Y

kn

)))
, 1 6 i 6 kn, n ∈ N,

and

ηni :=
1

4
√
kn

(
gn
(
Yni, Y kn

)
− E

(
gn|S2

(
X,Y

kn

)))
, 1 6 i 6 kn, n ∈ N.

From lemma 3.3.13, the random pairs ( ξn1, ηn1 ), · · · , ( ξnkn , ηnkn ), are

H2-exchangeable under P
(
·,S2

(
X, Y

kn

))
. Let

Fn(t) :=
[knt]∑
i=1

1√
kn

(
fn
(
Xni, Xkn

)
− E

(
fn|S2

(
X, Y

kn

)))
·

·
(
gn
(
Yni, Y kn

)
− E

(
gn|S2

(
X, Y

kn

)))t
,

0 6 t 6 1, and let

F ′n(t) := Fn

(
i− 1

kn

)
+ kn

(
t− i− 1

kn

)(
Fn

(
i

kn

)
− Fn

(
i− 1

kn

))
,
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where i := [knt] + 1.
Therefore, we can write

kn∑
i=1

ωniξniη
t
ni =

1∫
0

ωn(t)dF
′
n(t).

Hence, all assumption of theorem 3.3.9 are satisfied, and consequently we
have

P ∗
kn∑
i=1

ωniξniη
t
ni ∼ N

(
0, σ2

n

) (
S2
(
X,Y

kn

))
.

where σ2
n :=

1∫
0

ωn(t)
→•
(

1
kn
s2
(
ξ
kn

) →
? s2

(
η
kn

))
←• ωtn(t)dt =

=
1∫
0

ωn(t)
→•
(
V ar

(
fn|S2

(
X, Y

kn

)) →
? V ar

(
gn|S2

(
X, Y

kn

)))
←• ωtn(t)dt.

Also, from remark 3.3.10 we can write

σ2
n = 1

kn

kn∑
i=1

ωni
→•
(

1
kn
s2(ξ

kn
)
→
? s2(η

kn
)
)
←• ωtni

σ2
n = 1

kn

kn∑
i=1

ωni
→•
(
V ar

(
fn|S2

(
X,Y

kn

)) →
? V ar

(
gn|S2

(
X, Y

kn

)))
←•ωtni [P].

By remarking that σ2
n − V ar

(
Tn|S2

(
X,Y

kn

))
P−→ 0, we conclude that

P ∗
kn∑
i=1

ωniξniη
t
ni ∼ N

(
0, V ar

(
Tn|S2

(
X, Y

kn

))) (
S2
(
X, Y

kn

))
.

is valid.
Now, if the sequences(

4
√
knE

(
fn|S2

(
X, Y

kn

)))
n∈N

, and
(

4
√
knE

(
gn|S2

(
X, Y

kn

)))
n∈N

are stochastically bounded, then we have

P ∗
(
Tn − E

(
Tn|S2

(
X, Y

kn

)))
∼

∼ N
(
0, V ar

(
Tn|S2

(
X,Y

kn

))) (
S2
(
X, Y

kn

))
,

and

P∗Tn ∼ N
(
E
(
Tn|S2

(
X, Y

kn

))
, V ar

(
Tn|S2

(
X, Y

kn

))) (
S2
(
X,Y

kn

))
.

�
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3.4. The Hypothesis H3 (random blocks):

Introduction: Let (Ω,A) be a measurable space and let P be a
probability measure defined on A, Xn = (Xn11 , Xn12, · · · , Xn1k; Xn21, Xn22,
· · · , Xn2k; · · · ; Xnn1, Xnn2, · · · , Xnnk)

t, n ∈ N, be a triangular array of
random elements with values in a sample space (E ,B), where E is a separable
metric space, and B is the Borel σ-algebra defined on E . Assume that the

random elements of each row

(
i.e. Xn11, Xn12, · · · , Xn1k; Xn21, Xn22, · · · ,

Xn2k; · · · ; Xnn1, Xnn2, · · · , Xnnk, n ∈ N
)

are independent under P, and the

random elements of each block are identically distributed under P also. Let
the distribution of Xnij under P be denoted by P ∗ Xnij or shortly by Pni.
The general form of linear statistics which are considered here is denoted
by Tnj (Xn), or shortly by Tnj, j = 1, · · · , k, if we can avoid confusion,

where Tnj := 1√
n

n∑
i=1

ωnifn (Xnij, Xn), and where ωni ∈ Mm×d, i = 1, · · · , n,

n ∈ N, where the matrices ωni, i = 1, · · · , n, n ∈ N, are assumed to be given
constants. We define here also a new concept of symmetry
w depends on xn in a permutation symmetric way iff

w (θ (xn)) = w (xn) ,∀ θ ∈ Θn.

We mention here that this is the symmetry concept, which is used in all
arguments related with this section, and the symbols θ,Θn are introduced
just before definition 3.4.1. The functions fn : E × Ekn −→ Rd, (x, y

n
) 7−→

fn(x, yn), n ∈ N, are measurable and such that they depend on y
n

in a

permutation symmetric way. Moreover, we assume that
k∑
j=1

fn (Xnij, Xn),

and
k∑
j=1

fn (Xnij, Xn) (fn (Xnij, Xn))
t are independent of i. Fix n ∈ N, and

i ∈ {1, · · · , n}. Let λ ∈ Rd be a given constant, and define Ωλ ⊆ Ω by

Ωλ :=

{
λtfn (Xni1, Xn) = λtfn (Xni2, Xn) = · · · = λtfn (Xnik, Xn)

}
we assume that P(Ωλ) > 0 is hold iff λ = 0. Now, for notational conve-
nience concerning the computations, let ωn ∈ L2([0, 1],Mm×d) be such that
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ωni = kn

i
kn∫

i−1
kn

ωn(t)dt, i = 1, · · · , n, n ∈ N.

We mention here that the form of the considered statistic Tnj contains the

linear rank test statistics Sj =
n∑
i=1

a(Rij), 1 6 j 6 k, which has been dis-

cussed deeply in ”Theory of rank tests [1967]” which is due to J. Hájek and
Z. S̆idák.

To achieve the purpose here we need to build a base for our coming limit
theorems, for this we shall begin with the following interesting steps which
are needed very much to obtain the final results.

Let us here introduce another new kind of exchangeablity, we call it H3-
exchangeablity, also we put some related symbols, which will be needed for
the main results of this section.
Let (Ω,A, P ) be a probability space and let

ξ
n

= (ξn11, · · · , ξn1k; ξn21, · · · , ξn2k; · · · ; ξnn1, · · · , ξnnk)t

be an array of blocks of random elements from (Ω,A, P ) to (E ,B), where E
is a separable metric space, and B is the Borel σ-algebra defined on E . And
let (Cn)n∈N be a sequence of sub-σ-fields of A, C be a sub-σ-field of A. Let

further S3
(
ξ
n

)
:=
(
ξ
n

)−1

(S3
n), where S3

n denotes here the σ-field of all sets

B in Bkn satisfying the condition

xn ∈ B ⇐⇒ θ (xn) ∈ B, ∀θ ∈ Θn,

where here xn := (x11, · · · , x1k;x21, · · · , x2k; · · · ;xn1, · · · , xnk), and

Θn :=

{
θ : θ (xn) =

(
x1π1(1), · · · , x1π1(k); x2π2(1), · · · , x2π2(k); · · · ; xnπn(1),

· · · , xnπn(k)

)
, for some π1, π2, · · · , πn of the bijective functions defined on

{1, 2, · · · , k}, ∀ xn ∈ Ekn
}

. Let s2(ξ
n
) :=

k∑
j=1

(
ξn·j − ξ̄n

) (
ξn·j − ξ̄n

)t
, and

ξ̄n := 1
k

k∑
j=1

ξn·j. For each n ∈ N the matrix s2(ξ
kn

) is assumed to be positive

definite. Also, all these assumptions are hold in this section.
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Definition 3.4.1. The random arrays ξn11, ξn12, · · · , ξn1k; · · · ; ξnn1,
ξnn2, · · · , ξnnk are H3-exchangeable under P (·|Cn), iff ∀θ ∈ Θn the equality

P
(
ξ
n
∈ B|Cn

)
= P

(
θ
(
ξ
n

)
∈ B|Cn

)
[P ]

is valid for all B ∈ Bkn, and then the array ξ
n

is called H3-exchangeable
under P (·|Cn).

Lemma 3.4.2. Let f : (E ,B)kn −→ (R,B) be a measurable function
such that E(f(ξ

n
)) is well-defined. If ξ

n
is H3-exchangeable under P (·|C),

then ∀A ∈ S3(ξ
n
), C ∈ C, θ ∈ Θn the following equality is valid

E
(
1A∩Cf

(
θ
(
ξ
n

)))
= E

(
1A∩Cf

(
ξ
n

))
.

�

Let us denote the σ-field σ(S3
(
ξ
n

)
, C) by S3(ξ

n
, C). Now, since {A ∩ C :

A ∈ S3
(
ξ
n

)
, C ∈ C} generates the σ-field S3(ξ

n
, C), we have by lemma

3.4.2 the validity of

E
(
1Df

(
θ
(
ξ
n

)))
= E

(
1Df

(
ξ
n

))
,

∀D ∈ S3(ξ
n
, C), θ ∈ Θn.

Therefore, the following lemma is just a consequence of lemma 3.4.2.

Lemma 3.4.3. Let f : (E ,B)kn −→ (R,B) be a measurable function
such that E(f(ξ

n
)) is well-defined. If ξ

n
is H3-exchangeable under P (·|C),

then

E(f(ξ
n
)|S3

(
ξ
n
, C
)
) =

1

(k!)n

∑
θ∈Θn

f(θ(ξ
n
)) [P ].

Let us here put the following theorem which is an invariance principle, needed
to obtain the limit theorems of this section.

Theorem 3.4.4. Suppose that the triangular array ξ
n

satisfying
the following conditions:

136



For each n ∈ N, s2(ξ
n
) :=

k∑
j=1

(ξnij−ξ̄n)(ξnij−ξ̄n)t, and
k∑
j=1

ξnij are independent

of the value of i, where ξ̄n := 1
k

k∑
j=1

ξn·j, i.e. we can write:

k∑
j=1

ξnij =
k∑
j=1

ξn·j,

k∑
j=1

(ξnij − ξ̄n)(ξnij − ξ̄n)
t =

k∑
j=1

(ξn·j − ξ̄n)(ξn·j − ξ̄n)
t.

Moreover, the sequences
(
n
k
s2(ξ

n
)
)
n∈N

, and

(
n
k

k∑
j=1

ξn·j

)
n∈N

are stochasti-

cally bounded. If Cn ⊇ S3
(
ξ
n

)
, n ∈ N, is a sequence of sub-σ-fields of A,

C̃n := σ(C × (C[0, 1])d : C ∈ Cn), and if the triangular array ξ
n

is H3-ex-
changeable under P (·|Cn) then for j = 1, 2, · · · , k we have

S̃nj
w∼W̃ (C̃n).

Where
S̃nj : Ω× (C[0, 1])d −→ (D[0, 1])d,

S̃nj(ω1, ω2) := Snj(ω1),

(Snj(ω1)) (t) :=

[nt]∑
i=1

ξnij(ω1).

And
W̃ : Ω× (C[0, 1])d −→ (C[0, 1])d ⊂ (D[0, 1])d,

W̃t(ω1, ω2) :=

√
n

k

(√
s2(ξ

kn
)
)

(ω1)Wt(ω2) + t
n

k

k∑
j=1

ξn·j(ω1),

∀t ∈ [0, 1], ∀(ω1, ω2) ∈ Ω × (C[0, 1])d , where W := (Wt)06t61 is a d-
dimensional Brownian motion.

Proof: We prove it first in the case where sup
n
‖ n
k
s2(ξ

n
) ‖< +∞ [P ], and

sup
n
‖ n

k

k∑
j=1

ξn·j ‖< +∞ [P ]. By lemma 1.2.2 the assertion is equivalent to
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the validity of the limit∫
Cn×(C[0,1])d

ϕ(S̃n)dP ⊗ µ−
∫

Cn×(C[0,1])d

ϕ(W̃ )dP ⊗ µ −→
n−→∞

0,

for all sequences (Cn)n∈N, and for all bounded uniformly continuous functions
ϕ : (D[0, 1])d −→ R, where Cn ∈ Cn, and where µ is the Wiener measure
defined on (C[0, 1])d.
Therefore, let (Cn)n∈N be an arbitrary sequence of the measurable sets Cn ∈
Cn, n ∈ N, we want to prove the validity of the previous limit above, which
is equivalent to ∫

Cn

ϕ(Sn)dP −
∫
Cn

∫
(C[0,1])d

ϕ(W̃ )dPdµ −→
n−→∞

0

⇐⇒
∫
Cn

E (ϕ(Sn)|Cn) dP −
∫
Cn

E

 ∫
(C[0,1])d

ϕ(W̃ )dµ

∣∣∣∣Cn
 dP −→

n−→∞
0

Since the sequence (Cn)n∈N is arbitrary, the previous assertion is equivalent
to

E (ϕ(Sn)|Cn)− E

 ∫
(C[0,1])d

ϕ(W̃ )dµ

∣∣∣∣Cn
 P−→0

⇐⇒ E (ϕ(Sn)|Cn)−
∫

(C[0,1])d

ϕ(W̃ )dµ
P−→0

⇐⇒ 1

(k!)n

∑
π1,π2,··· ,πn

ϕ

[n(·)]∑
i=1

ξniπi(j)

−
∫

(C[0,1])d

ϕ(W̃ )dµ
P−→0,

where π1, π1, · · · , π1 here ranging over all bijective functions, defined on
{1, 2, · · · , k}. Actually, we shall prove more than that, and definitely, we
shall prove its validity but almost everywhere whith respect tp P . For this,
let ω1 ∈ Ω be an arbitrary but temporarily fixed element of those fulfill the
hypotheses. We want to prove

1
(k!)n

∑
π1,π2,··· ,πn

ϕ

(
[n(·)]∑
i=1

ξniπi(j)(ω1)

)
−

−
∫

(C[0,1])d

ϕ

(√
n
k

(√
s2(ξ

kn
)
)

(ω1)W + (·)n
k

k∑
j=1

ξn·j(ω1)

)
dµ −→ 0,

138



But this is valid indeed from remark 2.3.10.
Now, we turn to prove it in the general case.

Let us define CM
n :=

{
‖ n

k

k∑
j=1

ξn·j ‖6 M , ‖ n
k
s2(ξ

n
) ‖6 M

}
, and also for

each n ∈ N, and j = 1, · · · , k, and i = 1, · · · , n, we define the new random
arrays ξ̃nij := 1CM

n
· ξnij. It is clear that the new random arrays satisfy the

first case of the proof above.
Consequently, the limit∫

Cn×(C[0,1])d

ϕ(1CM
n
· S̃n)dP ⊗ µ−

∫
Cn×(C[0,1])d

ϕ(1CM
n
· W̃ )dP ⊗ µ −→

n−→∞
0,

is valid for all sequences (Cn)n∈N, and for all bounded uniformly continuous
functions ϕ : (D[0, 1])d −→ R, where Cn ∈ Cn. We can rewrite the previous
limit as the following∫

Cn×(C[0,1])d

1CM
n
· ϕ(S̃n)dP ⊗ µ−

∫
Cn×(C[0,1])d

1CM
n
· ϕ(W̃ )dP ⊗ µ −→

n−→∞
0.

Also, we can enlarge M to make the following inequality valid P (CM
n ) > 1−ε

for any given ε > 0, and for all n ∈ N.
Therefore, we obtain the validity of the limit∫

Cn×(C[0,1])d

ϕ(S̃n)dP ⊗ µ−
∫

Cn×(C[0,1])d

ϕ(W̃ )dP ⊗ µ −→
n−→∞

0,

for all sequences (Cn)n∈N, and for all bounded uniformly continuous functions
ϕ : (D[0, 1])d −→ R, where Cn ∈ Cn.
Hence, the proof is complete. �

Corollary 3.4.5. In the same situation of theorem 3.4.4, we have
for j = 1, 2, · · · , k, the validity of

S̃nj
w∼W̃ ,

or more explicitly [nt]∑
i=1

ξnij


06t61

w∼

(√
n

k

(√
s2(ξ

n
)
)
Wt + t

n

k

k∑
j=1

ξn·j

)
06t61

.
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In the same situation of theorem 3.4.4, we want to discuss the conditional
asymptotic normality of a given linear combination of the random arrays
Snj(t1), Snj(t2),· · · , Snj(tl), where t1, t2,· · · , tl belong to [0, 1], and j ∈
{1, 2, · · · , k}. The following remark is for this purpose.

Remark 3.4.6. Let Xnj be defined by

Snj(t1)...
Snj(tl)

, where t1, t2,· · · ,

tl belong to [0, 1], j ∈ {1, 2, · · · , k}, and let a1, a2,· · · , al be given constant
matrices of order m× d, then we have

P ∗
l∑

i=1

ai · Snj(ti) ∼ N (µn, σ
2
n) (Cn), where ∀n ∈ N

µn :=
l∑

i=1

tiai ·

(
n

k

k∑
j=1

ξn·j

)

σ2
n := (a1, · · · , al) ·

(
min(ti, tj)

n

k
s2
(
ξ
n

))
16i,j6l

·

a
t
1
...
atl


Proof: From Theorem 3.4.4 we conclude the following fact

P ∗

Snj(t1)...
Snj(tl)

 ∼ N
(
µ̃n, σ̃

2
n

)
(Cn) ,

where here ∀n ∈ N

µ̃n :=


t1
n
k

k∑
j=1

ξn·j

...

tl
n
k

k∑
j=1

ξn·j

 ,

σ̃2
n :=

(
min(ti, tj)

n

k
s2(ξ

n
)
)

16i,j6l
.

Which means by definition the validity of the following limit

EP (f (Snj(t1), Snj(t2), · · · , Snj(tl)) |Cn)−
∫
fdN

(
µ̃n, σ̃

2
n

) P−→ 0,
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for all bounded uniformly continuous functions f : (Rd)l −→ R. Now, let
g : Rm −→ R be a bounded uniformly continuous function, and let a1, a2,· · · ,
al ∈ Mm×d be given constant matrices, then the function h : (Rd)l −→ R,
defined by h(x) := g((a1, a2, · · · , al)·x), ∀x ∈ (Rd)l is also bounded uniformly
continuous function. Thus, we have for this h the validity of the limit

EP (h (Snj(t1), Snj(t2), · · · , Snj(tl)) |Cn)−
∫
hdN (µ̃n, σ̃

2
n)

P−→ 0, which can be
rewritten as

EP

g
(a1, a2, · · · , al) ·

Snj(t1)...
Snj(tl)


∣∣∣∣Cn

 −
∫
gdN (µn, σ

2
n)

P−→ 0, which

is also equivalent to

EP

(
g

(
l∑

i=1

ai · Snj(ti)

)
|Cn

)
−
∫
gdN

(
µn, σ

2
n

) P−→ 0,

where here

µn := (a1, a2, · · · , al) ·


t1
n
k

k∑
j=1

ξn·j

...

tl
n
k

k∑
j=1

ξn·j

 =
l∑

i=1

tiai ·

(
n

k

k∑
j=1

ξn·j

)
,

and

σ2
n := (a1, · · · , al) ·

(
min(ti, tj)

n

k
s2
(
ξ
n

))
16i,j6l

·

a
t
1
...
atl

 .

Therefore, the proof is complete. �

Corollary 3.4.7. In remark 3.4.6 if 0 < t1 < t2 < · · · < tl < 1,
then we can rewrite σ2

n as the following

σ2
n =

l∑
j=1

(
j∑
i=1

ai
n

k
s2(ξ

n
)atjti +

l−j∑
i=1

aj+i
n

k
s2(ξ

n
)atjtj

)
.

Also, if t = 1
l
, ai = αi − αi+1, and al = αl, where α1, α2,· · · , αl, are given

constant matrices of order m × d, and if ti = it, for i = 1, 2, · · · , l, then we
have easily
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µn = t

(
l∑

i=1

αi

)
·

(
n
k

k∑
j=1

ξn·j

)
, and

σ2
n =

(
l∑

i=1

αi
n
k
s2
(
ξ
n

)
αti

)
t. These results are involved in the proof of theo-

rem 3.4.9. �

Throughout the proofs of the coming limit theorems in this section we need
to represent some Partial sums as path integrals. Let ξn11, ξn12,· · · ,ξn1k;
ξn21,ξn22,· · · ,ξn2k;· · · ;ξnn1,ξnn2,· · · ,ξnnk, be random arrays from (Ω,A, P ) to

(Rd,Bd), Snj(t) :=
[nt]∑
i=1

ξnij, and let ωni, i = 1, 2, · · · , n, n ∈ N, j = 1, 2, · · · , k,

be constant matrices of order m× d. One can write

n∑
i=1

ωniξnij =

∫ 1

0

ωn(t)dS
′(t),

where S ′nj(t) is defined by

S ′nj(t) = Snj

(
i− 1

n

)
+ n

(
t− i− 1

n

)(
Snj

(
i

n

)
− Snj

(
i− 1

n

))
,

where i := [nt]+1 in this formula, and ωn ∈ L2([0, 1],Mm×d) is defined such

that ωni = n

i
n∫

i−1
n

ωn(t)dt, for i = 1, · · · , n, j = 1, 2, · · · , k. Also, we need to

see the behavior of ‖
n∑
i=1

ωniξnij ‖ when ‖ ωn ‖2 tends to zero with n tends to

infinity, the next lemma gives an answer to that question.

Lemma 3.4.8. If the random arrays ξn11, ξn12, · · · , ξn1k; ξn21,
ξn22, · · · , ξn2k; · · · ; ξnn1, ξnnk are H3-exchangeable under P (·|Cn), and the se-

quences

(
n
k

k∑
j=1

ξn·j

)
n∈N

, and
(
n
k
s2(ξ

n
)
)
n∈N

are stochastically bounded, then

‖
n∑
i=1

ωniξnij ‖
P−→ 0, if ‖ ωn ‖2 −→

n−→∞
0.

Proof: Since the sequence

(
n
k

n∑
i=1

ξn·j

)
n∈N

is stochastically bounded, it is
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sufficient to prove

‖
n∑
i=1

ωni
(
ξnij − ξ̄n

)
‖ P−→ 0, if ‖ ωn ‖2 −→

n−→∞
0,

where as we know ξ̄n := 1
k

k∑
j=1

ξn·j.

Since ω ∈ L2([0, 1],Mm×d), and from Lemma 3.4.3, we have

E

((
n∑
i=1

ωni
(
ξnij − ξ̄n

))( n∑
i=1

ωni
(
ξnij − ξ̄n

))t ∣∣∣∣S3
(
ξ
n
, Cn
))

=

= 1
n

n∑
i=1

ωni
n
k
s2(ξ

n
)ωtni.

Now, since

1

n

n∑
i=1

‖ ωni ‖26

1∫
0

‖ ωn ‖2 dt =‖ ωn ‖2
2,

and since the sequence
(
n
k
s2(ξ

n
)
)
n∈N

is stochastically bounded, we obtain

E

((
n∑
i=1

ωni
(
ξnij − ξ̄n

))( n∑
i=1

ωni
(
ξnij − ξ̄n

))t ∣∣∣∣S3
(
ξ
n
, Cn
))

P−→ 0.

Therefore,

E

(
‖

n∑
i=1

ωni
(
ξnij − ξ̄n

)
‖2

∣∣∣∣S3
(
ξ
n
, Cn
))

P−→ 0,

and from theorem 1.1.3 we conclude that the assertion is valid indeed. �

In the next theorem we discuss the asymptotic normality of the sum
n∑
i=1

ωniξnij.

Theorem 3.4.9. Suppose that the triangular array ξ
n

is satisfy-

ing that the sequences

(
n
k

k∑
j=1

ξn·j

)
n∈N

, and
(
n
k
s2(ξ

n
)
)
n∈N

are stochastically

bounded, and further that sequence (ωn)n∈N is a relatively compact sequence
in L2([0, 1],Mm×d). We call it a sequence of weight functions and assume

that these weights are constants. If Cn ⊇ S3
(
ξ
n

)
, n ∈ N, is a sequence of

sub-σ-fields of A, and if the rows of the triangular array are H3-exchangeable
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under P (·|Cn), then we have

P ∗
n∑
i=1

ωniξnij ∼ N (µn, σ
2
n) (Cn),

where

µn :=

1∫
0

ωn(t)dt ·
n

k

k∑
j=1

ξn·j,

and

σ2
n :=

1∫
0

ωn(t)
n

k
s2(ξ

n
)ωtn(t)dt.

Proof: Since, (ωn(t))n∈N is relatively compact, so every subsequence of
(ωn(t))n∈N contains another convergent sub-subsequence, and consequently it
is sufficient to prove the assertion in the case when the sequence (ωn(t))n∈N
is convergent. And from lemma 3.4.8 we conclude that it is sufficient to
prove it in the case ωn(t) = ω(t), ∀n ∈ N. Moreover, remarking that
any ω ∈ L2([0, 1],Mm×d) can assumed as a limit of some sequence of step-

functions belong to Mm×d, where Mm×d :=

{
ω : ω(t) =

l∑
i=1

xi ·1[ i−1
l
, i
l
)(t), xi ∈

Mm×d, i = 1, · · · , l, l ∈ N
}

. By applying lemma 3.4.8 we find that it is

sufficient to prove it when ω ∈Mm×d. Now, we note that
n∑
i=1

ωniξnij =
1∫
0

ω(t)dS ′nj(t) =
l∑

i=1

xi
(
S ′nj
(
i
l

)
− S ′nj

(
i−1
l

))
=

l∑
i=1

aiS
′
nj

(
i
l

)
, where

ai := xi − xi+1, i = 1, 2, · · · , l − 1, al = xl. Since the triangular array ξ
n

is infintesimal, and from remark 3.4.6, and corollary 3.4.7, we find that the
assertion is valid indeed. �

Remark 3.4.10. In theorem 3.4.9, σ2
n can be rewritten as

σ2
n = 1

n

n∑
i=1

ωni
n
k
s2(ξ

n
)ωtni, n ∈ N. �

We want at this position to introduce some important properties of the con-
cepts of the H3-exchangeablity under P (·|C), where C is a given sub-σ-field

of A, also we want to discuss some properties of the σ-field S3
(
ξ
n

)
, n ∈ N.

For this, we shall introduce the definition of the H3-exchangeablity under P ,
also some interesting results.
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Definition 3.4.11. Under the same hypotheses of definition 3.4.1,
we call the triangular array ξ

n
H3-exchangeable under P iff this triangular

array is H3-exchangeable under P (·|C), for C = {∅,Ω}.

– It is clear from lemma 3.4.3 that the H3-exchangeablity under P (·|C),

for all C ⊆ S3
(
ξ
n

)
is equivalent to the H3-exchangeablity under P .

Lemma 3.4.12. Let X11, X12, · · · , X1k; X21, X22, · · · , X2k; · · · ;
Xn1, Xn2, · · · , Xnk; be random elements from (Ω,A, P ) to (E ,B), where E
is a separable metric space, and B is the Borel σ-algebra defined on E . Let
further, f : E × Ekn −→ Rm be a measurable function, which is permutation
symmetric in its second variable, and let ξij := f (Xij, Xn), i = 1, · · · , n,

j = 1, · · · , k, then S3
(
ξ
n

)
⊆ S3 (Xn).

Proof: It is sufficient to prove that the following implication

g
(
ξ
n

)
is S3

(
ξ
n

)
-measurable =⇒ g

(
ξ
n

)
is S3 (Xn) -measurable

is valid for all measurable g : (Rm)kn −→ R. For this, let h : Ekn −→ (Rm)kn

be defined by

h(xn) := (f (x11, xn) , · · · , f (x1k, xn) ; · · · ; f (xn1, xn) , · · · , f (xnk, xn)) ,

where xn = (x11, · · · , x1k; · · · ;xn1, · · · , xnk) ∈ Ekn. Let g
(
ξ
n

)
be S3

(
ξ
n

)
-

measurable, this implies g
(
θ
(
ξ
n

))
= g

(
ξ
n

)
for all θ ∈ Θn. Let us define

g0 : Ekn −→ R by g0 (xn) := g(h(xn)).

Hence, g0 (Xn) = g (h (Xn)) = g
(
ξ
n

)
, and g0 (θ (Xn)) = g (h (θ (Xn))) =

g
(
θ
(
ξ
n

))
= g

(
ξ
n

)
= g0 (Xn).

Hence, g0 (θ (Xn)) = g0 (Xn), but this means that g0 (Xn) is S3 (Xn)-measur-

able, and also g
(
ξ
n

)
is S3 (Xn)-measurable. Consequently, the assertion is

valid indeed. �

Lemma 3.4.13. Let f : E × Ekn −→ Rm be a measurable function
which is permutation symmetric in its second variable. If the random ele-
ments X11, · · · , X1k; · · · ; Xn1, · · · , Xnk are H3-exchangeable under P (·|C),
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then f (X11, Xn), · · · , f (X1k, Xn); · · · ; f (Xn1, Xn), · · · , f (Xnk, Xn) are also
H3-exchangeable under P (·|C).

Proof: It is sufficient to prove that for any measurable function g :
(Rm,Bm)kn −→ (R,B) satisfying that the quantity

E (g (f (X11, Xn) , · · · , f (X1k, Xn) ; · · · ; f (Xn1, Xn) , · · · , f (Xnk, Xn)))

is well-defined, the equality
E (g (θ (f (X11, Xn) , · · · , f (X1k, Xn) ; · · · ;

f (Xn1, Xn) , · · · , f (Xnk, Xn))) |C) =
= E (g (f (X11, Xn) , · · · , f (X1k, Xn) ; · · · ; f (Xn1, Xn) , · · · , f (Xnk, Xn)) |C)
is valid almost sure with respect to P . For this, let us define h : Ekn −→
(Rm)kn by
h(xn) = (f (x11, xn) , · · · , f (x1k, xn) ; · · · ; f (xn1, xn) , · · · , f (xnk, xn))

t, where
xk = (x11, · · · , x1k; · · · ;xn1, · · · , xnk) ∈ Ekn. And we can write
h(Xn) = (f (X11, Xn) , · · · , f (X1k, Xn) ; · · · ; f (Xn1, Xn) , · · · , f (Xnk, Xn))

t.
Consequently, it remains to be proved the validity of the equality

E (g (θ (h (Xn))) |C) = E (g (h (Xn)) |C) [P ].

But easily, we see that the left side is equal to E (g (h (θ (Xn))) |C) almost
sure under P . Since X11, · · · , X1k; · · · ; Xn1, · · · , Xnk are H3-exchangeable
under P (·|C), the assertion follows. �

Lemma 3.4.14. Let ξ11, · · · , ξ1k; · · · ; ξn1, · · · , ξnk : (Ω,A, P ) −→

(Rm,Bm) be random arrays statisfying that
k∑
j=1

ξij, and
k∑
j=1

ξijξ
t
ij are in-

dependent of i and j. Let further C ⊆ A be a sub-σ-field. Let xn =

(x11, · · · , x1k, · · · , xn1, · · · , xnk) ∈ S ⊆ (Rm)kn, where S := {xn :
k∑
j=1

xij

and
k∑
j=1

xijx
t
ij are independent of i, j }, and x̄n = 1

k

k∑
j=1

x·j, and V (xn) =

k∑
j=1

(x·j − x̄n)(x·j − x̄n)
t. Assume that V (xn) is positive definite, and let

g : Rm × S −→ Rm be defined by g(y, xn) = (V (xn))
− 1

2 (y − x̄n), and

ηij = g
(
ξij, ξn

)
, i = 1, · · · , n, j = 1, · · · , k. If ξ11, · · · , ξ1k; · · · ; ξn1, · · · ,

ξnk are H3-exchangeable under P (·|C), and if ξ̄n and V (ξ
n
) are C-measurable,

then S3
(
ξ
n
, C
)

= S3
(
η
n
, C
)
.

146



Proof: First we see that S3
(
η
n
, C
)
⊆ S3

(
ξ
n
, C
)

follows from lemma

3.4.12 because g is permutation symmetric in its second variable. It remains

to show that S3
(
ξ
n
, C
)
⊆ S3

(
η
n
, C
)
. And for this it is sufficient to prove

that S3
(
ξ
n

)
⊆ S3

(
η
n
, C
)
. Let f : S −→ R be any measurable function

such that f
(
ξ
n

)
is S3

(
ξ
n

)
-measurable. This means f

(
θ
(
ξ
n

))
= f

(
ξ
n

)
for all θ ∈ Θn.

To complete this proof we have to prove that f
(
ξ
n

)
is S3

(
η
n
, C
)
-measurable.

For this, let z = (z11, · · · , znk) ∈ S, a ∈ Rm, B ∈ Mm×m, and B is

positive definite and symmetric, h be defined by h(z, a, B) = (B
1
2 z11 +

a, · · · , B 1
2 znk + a)t. It is easy to see that h(θ(z), a, B) = θ(h(z, a, B)), ξ

n
=

h(η
n
, ξ̄n, V (ξ

n
)), and f

(
ξ
n

)
= f

(
h
(
η
n
, ξ̄n, V (ξ

n
)
))

but ξ̄n and V
(
ξ
n

)
are

S3
(
η
n
, C
)
-measurable because C ⊆ S3

(
η
n
, C
)
, and they are C-measurable.

But also, f
(
h
(
θ
(
η
n

)
, ξ̄n, V (ξ

n
)
))

= f
(
h
(
η
n
, ξ̄n, V (ξ

n
)
))

for all θ ∈ Θn.

Thus, f
(
ξ
n

)
= f

(
h
(
η
n
, ξ̄n, V (ξ

n
)
))

is S3
(
η
n
, C
)
-measurable. �

In the introduction of this section we have defined the statistics

Tnj = 1√
n

n∑
i=1

ωnifn (Xnij, Xn), for j = 1, · · · , k, we want here to make some

preliminary computations to prepare for the next theorem which will dis-
cuss the conditional asymptotic normality of the sequence (Tnj)n∈N. For
this, assume the same situation of the introduction, and let us first prove
that E (fn (Xnij, Xn) |S3 (Xn)), and V ar (fn (Xnij, Xn) |S3 (Xn)), are inde-
pendent of i and j. One can easily see

E
(
fn (Xnij, Xn) |S3 (Xn)

)
=

1

k

k∑
j=1

fn (Xnij, Xn) [P],

V ar (fn (Xnij, Xn) |S3 (Xn)) =

= 1
k

k∑
j=1

(fn (Xnij, Xn)− E (fn (Xnij, Xn) |S3 (Xn))) ·

· (fn (Xnij, Xn)− E (fn (Xnij, Xn) |S3 (Xn)))
t

[P].
Therefore, for notational convenience we denote E (fn (Xnij, Xn) |S3 (Xn))
by E (fn|S3 (Xn)), i.e.

E
(
fn|S3 (Xn)

)
:= E

(
fn (Xnij, Xn) |S3 (Xn)

)
,
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and V ar (fn (Xnij, Xn) |S3 (Xn)) by V ar (fn|S3 (Xn)), i.e.

V ar
(
fn|S3 (Xn)

)
:= V ar

(
fn (Xnij, Xn) |S3 (Xn)

)
.

Let us now give explicit expressions for E (Tnj|S3 (Xn)), and
V ar (Tnj|S3 (Xn)).

E
(
Tnj|S3 (Xn)

)
=

1√
n

n∑
i=1

ωniE
(
fn|S3 (Xn)

)
[P],

V ar (Tnj|S3 (Xn)) = V ar

(
1√
n

n∑
i=1

ωnifn (Xnij, Xn) |S3 (Xn)

)
=

= 1
n

n∑
i=1

ωniV ar (fn|S3 (Xn))ω
t
ni+

+ 1
n

∑
16i6=l6n

ωniE

(
(fn (Xnij, Xn)− E (fn|S3 (Xn))) ·

· (fn (Xnlj, Xn)− E (fn|S3 (Xn)))
t |S3 (Xn)

)
ωtnl [P].

Hence,

V ar (Tnj|S3 (Xn)) = 1
n

n∑
i=1

ωniV ar (fn|S3 (Xn))ω
t
ni [P].

– For the next theorem we assume first the same situation in the intro-
duction of this section.

Theorem 3.4.15. Let the triangular array ξ
n

be defined by

1√
n

(
fn (Xnij, Xn)− E

(
fn|S3 (Xn)

))
, 1 6 i 6 n, n ∈ N, 1 6 j 6 k,

and assume that the sequence (V ar (fn|S3 (Xn)))n∈N is stochastically bound-
ed. Assume further that the sequence (ωn(t))n∈N ⊆ L2 ([0, 1],Mm×d) is rela-
tively compact sequence of non-random weight functions. Then the sequence
(Tn)n∈N is asymptotically normal under P ∈ H3, and conditioned by the
symmetric sub-σ-field S3 (Xn). More explicitly,

P ∗
(
Tnj − E

(
Tnj|S3 (Xn)

))
∼ N

(
0, V ar

(
Tnj|S3 (Xn)

)) (
S3 (Xn)

)
.

Proof: Let ξnij, i = 1, 2, · · · , n, n ∈ N, j = 1, 2, · · · , k, be defined by

ξnij :=
1√
n

(
fn (Xnij, Xn)− E

(
fn|S3 (Xn)

))
.
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From lemma 3.4.13, the random arrays ξn11, · · · , ξnk, are H3-exchangeable
under P (·,S3 (Xn)). Let

Fnj(t) :=

[nt]∑
i=1

1√
n

(
fn (Xnij, Xn)− E

(
fn|S3 (Xn)

))
,

0 6 t 6 1, and let

F ′nj(t) := Fnj

(
i− 1

n

)
+ n

(
t− i− 1

n

)(
Fnj

(
i

n

)
− Fnj

(
i− 1

n

))
,

where i := [nt] + 1.
Therefore, we can write

Tnj − E
(
Tnj|S3 (Xn)

)
=

1∫
0

ωn(t)dF
′
nj(t).

Hence, all assumption of theorem 3.4.9 are satisfied, and consequently we
have

P ∗
(
Tnj − E

(
Tnj|S3 (Xn)

))
∼ N

(
0, σ2

n

) (
S3 (Xn)

)
.

where σ2
n :=

1∫
0

ωn(t)
n
k
s2
(
ξ
n

)
ωtn(t)dt =

=
1∫
0

ωn(t)V ar (fn|S3 (Xn))ω
t
n(t)dt [P]. Also, from remark 3.4.10 we can

write

σ2
n = 1

n

n∑
i=1

ωni
n
k
s2(ξ

n
)ωtni = 1

n

n∑
i=1

ωniV ar (fn|S3 (Xn))ω
t
ni [P].

By remarking that σ2
n − V ar (Tnj|S3 (Xn))

P−→ 0, we conclude that the as-
sertion is valid. �

Remark 3.4.16. From theorem 1.3.4, it is easy to see that for any
j ∈ { 1, · · · , k } the assertion of theorem 3.4.15 is equivalent to

P ∗ Tnj ∼ N
(
E
(
Tnj|S3 (Xn)

)
, V ar

(
Tnj|S3 (Xn)

)) (
S3 (Xn)

)
,

if the sequence (E (Tnj|S3 (Xn)))n∈N is stochastically bounded.

149



150



References:

[1 ] A. Janssen. How do bootstrap and permutation tests work. The Uni-
versity of Duesseldorf, 2003.

[2 ] A. Janssen. Resampling student’s t-type statistics. The University of
Duesseldorf, 2004.

[3 ] D. Pollard. Convergence of stochastic processes. Springer-Verlag. New
York and Berlin, 1984.

[4 ] E. L. Lehmann. Testing statistical hypotheses. John Wiley and Sons,
New York 1986.

[5 ] F. Pesarin. Multivariate permutation tests with applications in bio-
statistics. John Wiley and Sons, New York 2001.

[6 ] G. Neuhaus. Permutation tests for reflected symmetry. The University
of Hamburg, 1996.

[7 ] H. Strasser and C. Weber. On the asymptotic theory of permutation
statistics. Math. methods of statistics, 8 : 220− 250, 1999.

[8 ] H. Strasser. Mathematical theory of statistics. Walter de Gruyter,
Berlin and New York, 1985.

[9 ] H. Strasser. Asymtotic normality tool box. Technical report, Depart-
ment of Statistics, Vienna University of Economics and Business Ad-
ministration 1994.

[10 ] H. Strasser. Multivariate permutation tests for the k-sample problem
with clustered data. Department of Statistics, Vienna University of
Economics and Business Administration 2000.
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Zusammenfassung:

In dieser Dissertation wird eine Reihe von Resultaten im Bereich der Theorie
der multivariaten Permutationstests hergeleitet und zwar im Hinblick auf die
bedingte asymptotische Normalität verschiedener Permutationsstatistiken,
wobei unter gewissen symmetrischen σ-Algebren bedingt wird. Zur Her-
leitung dieser Resultate mussten viele klassische Aussagen und Theoreme aus
der Theorie der stochastischen Prozesse verallgemeinert werden, insbeson-
dere auf den Fall multivariater Beobachtungen. Diese Dissertation hat drei
Kapitel. Das erste Kapitel gibt eine Darstellung vieler grundlegender Vorbe-
dingungen über bedingte Erwartungen, die bedingte schwache asymptotische
Gleichheit, die bedingte asymptotische Normalität und die Austauschbarkeit.
Die Konzepte und damit in Verbindung stehende Theoreme und Beweise
wurden in Parallelität zu ähnlichen Fällen in der Literatur entwickelt, z.B.
das Buch von Billingsley [1968]: Convergence of Probability Measures, und
auch die Arbeit von H. Strasser und C. Weber [1998]: On The Asymptotic
Theory of Multivariate Permutation Statistics. Im zweiten Kapitel werden
zentrale Grenzwertsätze für stochastische Prozessen bewiesen, aus denen im
dritten Kapitel bedingte Grenzwertsätze für Teststatistiken der bekannten
Hypothesen H0, H1, H2, und H3 hergeleitet werden. Entsprechend enthält
dieses Kapitel vier Abschnitte, in denen die vier Hypothesen einzeln behan-
delt werden. Insgesamt gibt diese Dissertation einen Anfang und Ausblick
auf eine neue Theorie der Prüfung statistischer Hypothesen, in denen die
bedingten Erwartungen die Rolle der Integrale in der vertrauten klassischen
Theorie der Prüfung statistischer Hypothesen spielen.




